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PREFACE 


The present volume has arisen from lectures on the Theory of 
Functions of a Complex Variable which the author has been accus- 
tomed to give to juniors, seniors, and graduate students of Yale 
University during the last twenty years. 

As these students often do not intend to specialize in mathe- 
matics, many topics which might properly find a place in a first 
course in the function theory have not been treated; for example, 
Riemann’s surfaces. On the other hand the author, having in mind 
the needs of students of applied mathematics, has dwelt at some 
length on the theory of linear differential equations, especially as 
regards the functions of Legendre, Laplace, Bessel, and Lamé. Asa 
splendid application of the principles of the function theory and 
also on account of their intrinsic value, three chapters have been 
devoted to the elliptic functions. 

The author wishes to acknowledge in a general way his in- 
debtedness to the works of C. Jordan, H. Weber, C. de la Vallée- 
Poussin, W. Jacobsthal, and others, but to L. Schlesinger his debt 
is especially great for the treatment of linear differential equations 
here given. 

The author wishes also to express his deep appreciation of the 
assistance so cheerfully given by his colleagues, Professor W. A. 
Wilson of Yale University and Professor E. L. Dodd of the Univer- 
sity of Texas, and by his pupils P. R. Rider and G. H. Light. 

Last but not least the author fulfills a very pleasant duty in 
tendering his thanks to the house of Ginn and Company for the 
great care they have given to the make-up of the book and for 
the generous manner in which they have met his every wish. 


JAMES PIERPONT 


New Haven 
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FUNCTIONS OF A COMPLEX 
VARIABLE 


CHAPTER I 
ARITHMETICAL OPERATIONS 


1. Historical Sketch. In elementary mathematics we use for the 
most part only real numbers. There is however a branch of ele- 
mentary mathematics, viz. algebra, where a wider class of numbers, 
the complex numbers, are employed almost from the start. The 


quadratic equation eee a a 


has the two roots OE a/at— 8. (2 


provided a? > 0. If a? < 4, there is no real number which satisfies 
1). As long as we restrict ourselves to the system of real num- 
bers, the expression 2) is devoid of meaning. In fact the square 
root of a number ¢c, in symbols Ve, is a number d such that d? =e. 
But there is no real number d@ whose square is negative. Thus 
Va?—6 does not exist in the real number system when a? < 8, 
The older algebraists found it extremely convenient to enlarge 
‘ their number system, in order that the equation 1) should have 
two roots even when a? < 6. The new numbers are denoted by 
a+6~V—1, or setting i=V—1, by a+b. When 6=0, they 
reduce to the real numbers a. Thus the new class contains the 
class of real numbers as a subclass. With these new numbers it 
was found that not only the roots of the quadratic, but also of the 
cubic, the biquadratic, in short the roots of all algebraic equations 
could be expressed. By their introduction, the theory of algebraic 
equations attained a simplicity and comprehensiveness quite im- 
possible without them. Complex numbers are to-day indispensable 


in algebra. 
if 
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In other branches of mathematics, the importance of complex 
numbers was perceived much later. By means of a formula dis- 


covered by Euler e* =cosd +7sin ¢, G 


an intimate relation was established between exponentials and 
analytic trigonometry. Indeed, a good part of this subject may 
be developed from this formula. 

In the system of real numbers, the logarithm of a negative 
number —a does not exist. In the system of complex numbers 
it does. We have, in fact, 


log (— a)=log a+(2n+4+1)z77, (4 


where n is any integer, including zero. It is thus infinite valued 
like the inverse circular functions. 

A great discovery made nearly a century ago by Abel rendered 
the complex numbers as necessary to analysis as they long had 
been in algebra. He found that the elliptic functions, whose 
properties had been carefully studied by Legendre, admit a second 
period, when one passes from the real to the complex number 
system. Possessed of this fact, Abel and his contemporary Jacobi 
were able to develop the theory of elliptic functions in a manner 
undreamed of before. 

About the same time the illustrious French mathematician 
Cauchy began to show what great advances could be made in the 
theory of differential equations when the variables are allowed 
to take on complex values instead of being restricted to real 
values alone. By the year 1850 complex numbers had proved to 
be of incalculable value in many and widely separated branches of 
mathematics, and before long the theory of functions of a complex 
variable sprang into existence. 

To-day this theory has grown to gigantic size. It forms the foun- 
dation on which much of modern mathematics is built. Without 
a knowledge of its elements, a student of mathematics finds himself 
somewhat in the position of a traveler in a strange land; every 
one is using a language which he does not comprehend. Even the 
physicist and astronomer find that the masters in these subjects 
are using freely the function theory. It is thus becoming daily 
more important for them to gain some familiarity with this theory 


. 
o 
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The present work is intended to give the general reader an 
account of some of the elementary parts of the theory of functions 
of a complex variable. For further study we add the following 
list. The easier books are placed first. The last two are intended 
for the specialist. 


E. B. Wilson, Advanced Calculus. 
Ginn and Company, Boston, 1912. 


G. Humbert, Cours d’Analyse. 
2 vols., Paris, 1904. 


E. Goursat, Cours d’Analyse Mathématique. 
3 vols., 2d edition, Paris, 1910. 


H. Burkhardt, Einfithrung in die Theorie der Analytischen Funk- 
tionen. 
Leipzig, 1903. 


R. Fricke, Analytisch-Funktionen-theoretische Vorlesungen. 
Leipzig, 1900. 


Durége-Maurer, Theorie der Funktionen einer komplexen veriin- 
derlichen Grosse. ; 
Leipzig, 1906. 


E. Picard, Traité d’ Analyse. 
3 vols., 2d edition, Paris, 1905. 


E. Whittaker, A Course of Modern Analysis. 
Cambridge, 1902. 


A. Forsyth, Theory of Functions of a Complex Variable. 
2d edition, Cambridge, 1909. 


W. Osgood. Lehrbuch der Funktionentheorie. 
2d edition, Leipzig, 1912. 


2. Arithmetical Operations. 1. As the reader has already studied 
the arithmetical operations on complex numbers, we treat this 
topic but briefly. The complex numbers are represented by the 
symbol a+a'i, where a, a’ are real numbers and ¢ is a symbol to 
be defined later. The plus sign between its two parts has, of 
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course, no meaning as yet. It is convenient to denote a+a'i 
by a symbol as « We have then 


a=ata't. a 


With 1) we will associate a point A whose abscissa and ordinate 
are respectively a and a as in Fig. 1. Conversely to a point 
whose abscissa is x and whose ordinate is y 
y we will associate a complex number 
L+ yt. 

From this correspondence we are led to 
call a the abscissa of the complex a, and a’ 
its ordinate. We write 


a=Abse , a@=Orda. 


Fig. 1. 


When a’ =0 in 1) we assign to @ the value 
a, and denote a+0z more shortly by a. The associated points 
lie on the z-axis which we call the real axis. When a=0, we 
say « is purely imaginary; we denote 0+a'z more shortly by 
az. The associated points lie on the y-axis, which we call the 
imaginary axis. 

2. Two complex numbers 

Z£=area7 . B=620% 


are egual, when 
As a=b , w=0, (2 


or in symbols 


Absa =A bs "sa Orde Orgs. ; (3 


that is, when the associated points are coincident. In particular 


a=atai=0 
only when peti. Pies 0. 
The swm of « and B is 
ea+B=(a+b)4+(a'4+5')2; (4 
their difference is 
a—B=(a—b)+(a'—J')i. (5 


Let us show how the points corresponding to 4) and 5) may be 
found. . 
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Let A, B in Fig. 2 be the points associated with a, 8. Let us 
construct the parallelogram whose two sides are 0A, OB. Then 
OA' =a AA'=da', 
OB'=b BB =)’. 

Obviously 

OC’ =O0A'+ Al O' =a+ 5, 

CC =C'C" > 0! C= a’ +0. 
Thus @ has the codrdinates a+ , 
a’'+6’ and hence is the point asso- 
ciated with «+ 8 in 4). ar 

To find the point associated with « — 8 in 5), let A, B in Fig. 8 
be the points associated with «, 8. We produce OB backward so 
that OC= OB. Obviously C has the 7 
coordinates — 6, — 6’. Thusifweset 2&8 


y=—b—5)'2, 
we see that 

Co B =a+ Ys 
since both are 


(a—b)+(a' —8')i. 


But we have seen how to plot the & 
point corresponding to a+y. It is eae 
in fact the vertex D in the parallelogram two of whose sides are 


OA, OC. 

3. We note that in adding and subtracting «, 8 in +), 5) we 
have treated 7 as if it were a real number. We do the same in 
defining multiplication, except that we agree that 


?e=—1 (6 
Fins aB=ab+abli+abi+ab'?, 
Eon ©) a8 = (ab—a!8)) + (ab! + a’byi. (1 


We take 7) as the definition of multiplication. 


From 6), 7) we have . , ; 
) ) a2 = —?1 ; ed = il 3 (8 
and hence jtntm — jm, (9 


where m, n are positive integers or zero. 
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4. To define the quotient of two complex numbers we recall 


that in real numbers 
ba =a 


has one and only one solution when 6+ 0, this we call the quotient 
of a by 6 and denote by - Let us consider the analogous equation 
where a, 8 are complex numbers 
a=-atai , B=b+ 6%. 
We shall define the quotient of « by 8 to be the number or num- 
bers & which satisfy this relation. 
Let us first suppose B+0. Then 4, b' are not both =0. Let 


E=a7+a/24 
be a solution of 10). Putting this in 10) gives 
(bx — ba!) +i(b2' + b'x)=a4+a't (11 


This relation yields by virtue of 3) two equations to determine 
Dee waza 
L, x, ba bl = a ba a (12 
From these we get _ ab tas! _, ab —ab! 


~ O24 5/2 z mera 
Thus the solution of 10) is 
pe ae a'b—ab! 
B b+h2 ' B4H72 


(13 
when 8+ 0. 


Suppose 8=0. Then 6=6'=0, and 12) requires that a=a’/ =0, 
ora@=Q. Putting these values in 12) we see that the equations 
are satisfied however a, x’ are chosen, that is, for every value of &. 
We have thus the following result : 


When B#0, the equation 10) admits one and only one solution & 
which is given by 138). When B=, the equation admits no solution 
unless a= 0. In this case it ts satisfied for every value of E. 

For this reason division by 0 is excluded in modern mathe- 


matics. As some students have not been trained in accordance 
with this law, we wish to emphasize its inviolate character, 
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‘5. We prove now the important theorem : 
Tf a product «8 = 0, then either « or B must =0. 
This theorem we know is true for real numbers. On effecting 


the multiplication of « by 8 we get the relation 


(ab —a'b')+ (ab! + a/b)i=0. 
Hence by 3), 
ab—a'b'=0 , ab'’+a/b=0. (14 
We show that these equations cannot hold if both « and @+#0. 
For since «#0 either a or a’ #0; suppose a#0. Also since 
8+), either 6 or 6' #0; suppose6#0. From the first relation of 
14) we get 


This put in the second equation of 14) gives 
ab'2 + ab?= 0, 


a(b? + 67)=0, 
As a0, we must have aEage = 0, 


or 


This requires that both 6 and 6'’=0, and this is contrary to 
hypothesis. In a precisely similar manner we may treat the 
other cases. In each case we are led toa contradiction. Thus 
the assumption that «-8 may =0 without either « or @ being 
= 0 is untenable. 

In an elementary work like the present, it would be out of 
place to demonstrate that the formal laws governing the arith- 
metical operations on real numbers go over without change to 
complex numbers. Thus the reader knows that | 


aB — Ba, 
a(B+y)=a8 + ay, 


etc., just as if «, 8, y were real numbers. 


that 


6. Two complex numbers 
a=a+tib , B=a—ib 
as in the figure are called conjugate numbers. We note that 


p> bale 
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is real, and that pemo 


is purely imaginary. 


Also the product 
a8 = a? + 0 


is real and positive. 


3. Critical Remarks. 1. We have now defined the four rational 
operations on complex numbers, viz. the operations of addition, 
subtraction, multiplication, and division. At this point we may 
retur he symbol . 
return to the symb ata't @ 
which we have employed to represent a complex number. We 
can show what its component parts mean. We begin by consider- 
ing the two numbers . 

5 B=) Va eyant 

The rule for multiplication, 2, 7) gives 

ay = 02. 

Thus the term a/t in 1) may be regarded as a’ times the number 7. 
The number 7 may be called the imaginary unit in contradistine- 
tion to the real unit 1. 

Again let Bima yey 

The rule for addition, 2, 4) gives 

B+y=atat. 

Thus the complex number 1) may be regarded as the sum of a 
real units and a’ imaginary units. We may call a the real part 
and at the imaginary part of 1). When we introduced the sym- 
bol 1) in 2, we did not say that it was the swm of these two parts 
for the reason that we had not defined addition and multiplication 
of these new numbers. Indeed we expressly stated that the sym- 
bols + and ¢ had at that stage no meaning. They acquired mean- 
ing only after the arithmetical operations on the symbols 1) had 
been defined. 


2. Instead of denoting the new numbers by the symbol 1), let 


us denote them by some other symbol, say by 


(a, a’). @ 


ARITHMETICAL OPERATIONS 9 
We may proceed then as follows: Two numbers 
a=(a,a') , B=(6, b') 
are equal when and only when 
a=b, a'=b’, 
The sum of @ and £ is defined to be the number 
(a+ 6, a’ +b’); (3 
their difference is defined as the number 
(a—b, a’ —}b'), 
Their product shall be 


(ab —a'b', ab! +a'b). (4 


When 80 the quotient of « by 8 shall be the number 


(oo a'b — ab'\ 
62452 B24 5/2 / 


The number (a, 0) shall be the real number a, and for brevity 
we will write 
Ca. i yew. 


The number (0, 1) we will denote more briefly by 7. Then 4) 
Jes (a', 0) - (0, 1)=(0, a’) = at. (5 


Also 1) and 5) give 
(a, a')=(a, 0)+(0, a’) =a4+a't. 


Thus another representation of the complex number (a, a’) is 
a+a'i, and we have reached the standpoint taken in 2. 

In both cases we start with a symbol ; in one case with a+ a't, 
in the other with (a, a’). These at the start are mere marks to 
indicate that the new numbers are a complex of two real numbers 
a,a'. These marks take on a meaning when we give them the 
above arithmetical properties. The complex then becomes a 
definite concept which we call a number. 
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3. We wish now to make another remark of a critical nature. 
The complex numbers are often called imaginary numbers, and we 
have in the present work followed. usage as far as to call the num- 
bers a/¢ purely imaginary, the number 7 the imaginary unit, and 
the axis of ordinates the imaginary axis. For the beginner the 
term imaginary is most unfortunate ; and if it had not become so 
ingrained in elementary algebra, much would be gained if it could 
be dropped and forgotten. 

The use of the term imaginary in connection with the number 
concept is very old. At first only positive integers were regarded 
as true numbers. To the early Greek mathematician the ratio of 
two integers as # was not a number. After rational numbers 
had been accepted, what are now called negative numbers forced 
themselves on the attention of mathematicians. As their useful- 
ness grew apparent they were called fictitious or imaginary num- 
bers. To many an algebraist of the early Renaissance it was a 
great mystery how the product of two such numbers as — a, — 6 
could be the real number ad. 

Hardly had the negative numbers become a necessary element 
to the analyst when the complex numbers pressed for admittance 
into the number concept. These in turn were called imaginary, 
and history repeated itself. How many a boy to-day has been 
bothered to understand how the product of two imaginary num- 
bers az and 62 can be the real number — ad. As well ask why in 
chess the knight can spring over a piece and why the queen can- 
not. The pawns, the knights, the bishops, etc. are mere pieces of 
wood till the laws governing their moves are laid down. They 
then become chessmen. 

The symbols (a, a’) or a+ a/i are mere marks until their laws of 
combination are defined, they then become as much a number as 
2or —od. The student must realize that all integers, fractions, 
and negative numbers are imaginary. They exist only in our im- 
agination. Five horses, three quarters of a dollar, may have an 
objective existence, but the numbers 5 and ¢ are imaginary. 
Thus all numbers are equally real and equally imaginary. Histor- 
ically we can see how the term imaginary still clings to the com- 
plex numbers ; pedagogically we must deplore using a term which 
can only create confusion in the mind of the beginner. 
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4. The Polar Form. 1. Let A be the point associated with 
e=atait (Gl 


Let OA=p and angle AOB=0@. We call p the modulus or 
absolute value of « We have 


p=Var+a? 


the radical having the positive sign. The 
modulus of @ is also denoted by 


| « | 


It is the distance of A from the origin. 
The angle @ is called the argument of «; we have 


We often write 0=Arg «. 


Making use of p and @ we have 
f—poos? 5 @ =psin 
— a= p(cos0+i7sin @). (2 


This is called the polar form of « The form 1) may be called in 
contradistinction the rectangular form. 


2. The rule for multiplication and division of complex numbers 
is particularly elegant when the polar form is used. In fact let 


8=b6+4+bi=c(cosd+isind). (3 
Then 
«8 = pafcos 6 cos ¢ — sin @ sin d + i(cos O sind + sin 6 cos $)}, 
«a8 = paicos(6+¢)+isin(@+ ¢)}. (4 
From this we have eter aie A (5 
Arg(a8)=9+¢=Arga+ Arg B. (6 


This may be expressed as follows : — 


The modulus of the product is the product of the moduli, and the 
argument of the product is the sum of the arguments. 


12 FUNCTIONS OF A COMPLEX VARIABLE 


The above enables us to plot the product ag 
af very easily. Having plotted « and 8, 
we compute the product po and describe a 
circle about the origin O with the radius. 
We then lay off on this circle the angle 
6+. The resulting point is that asso- 
ciated with the number @, as in the figure. 


8. Let us now turn to diviston. The 
quotient 


uy 0) 
cae B= 


is defined by 2, 13). This expression is complicated and not easy 
to remember. If, however, we use the polar forms 2), 3) of «, B, 
we can readily prove that 


Ba 10s (8 — $b) + isin O— 9} ; (7 
oO 
or that 2 aly (8 
o 
and Mees Arg a— Arg B. (9 


This may be expressed as follows : 


The modulus of the quotient is the quotient of the moduli, and the 
argument of the quotient is the difference of the arguments. 


The proof of 7) may be effected by replacing a, a’, 0, 6! in 2, 13) 
by their values 


a=pcos 0, a’ =psind, b=ccos¢, b! =csing, 


and performing the necessary reduction. A more instructive way 
is the following: Since 8#0 by hypothesis, the equation 


BE=e (10 


admits one and only one solution. The relation 7 states that this 
solution is 


E=F tcos (0—$) + isin (0 —$)} Ci 
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This is indeed so, for by the foregoing rule of multiplication 
[BE|=0-P=p=|a 
y Res 
Arg (BE) = +(0 _ a) 0= Arg . 


_ Thus 8-€ having the same modulus and argument as a@ is in faet 
a Thus 11) satisfies 10). 

The above enables us to plot the quotient «/8 very easily. 
Having plotted «and 8, we compute the quotient p/o and describe 
a circle about the origin with this radius. We then lay off on 
this circle the angle @—¢. The resulting point is that associated 
with «/8. . 


4. We have seen that two complex numbers a, 8 are equal 
when and only when their associated points coincide. Let us 
suppose e«, 8 are expressed in their polar forms 2), 3). Then 
from the relation 


a= f 
we may conclude at once that 

p=c. (Oy 
We cannot conclude, however, that 

co; 
We can only conclude that 6 can differ from ¢ by a multiple of 
27, or that Peo (13 


where vn is an integer or 0. 
In particular we have: 
For « to =0, it is necessary and sufficient that its modulus = 0. 


5. Some Inequalities. Geometrical Correspondence. 1. Let us 
plot the points A, B, C’ corresponding to, 


a, B, a+ 8 
asin Fig. 1. Then ler 00. 


a very useful relation. Since from geometry we have 


OC < OA+AC 
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we conclude a relation of utmost im- 
portance 


je+8| S|a/+|Al. Cd 


The < sign holds unless 0, A, B 
are collinear, and A, B are on the 
same side of O. 

From 1) we have 


[ea Oa oS let eel y i © 


and so on for any finite number of terms. 
To prove 2) we note that 


a+B+y=a+(B+y). 
je+ B+yl=|e+(8+%)|<le|+|8+y), by D 
<|a|+|]8|+] |, also by 1). 


Itave, ip 


Hence 


2. Let us now consider | «— 8]. 
Let A, B in Fig. 2 be the points associated witha, 8. Then, 
following the construction given in 2, the point D is associated 
with a— £. 


Thus |a-g| 


OD "a3. 


But obviously AB = OD, hence 


|a—6|= AB. 


Bigs 2: 


This gives us a result we shall often use: 


If A, B are the points associated with a, B, then the length of AB is 
|a—B|. 


3. Let us also note the relation 


|e—8| <]a|+]| 8}. (3 
For a—B=a+(— 8). 
But seinen 
Thus 


je—B|=|a+(— &)|</e|+|—8l=|«|+/8|. 
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4, Let a be a real positive number and 8 any complex number. 
We wish to find the points Z associated with the complex numbers 
¢ which are subjected to the relation 


|o-—Bl <a. (4 


If B in Fig. 3 is associated with 8, the condition 4) says that 
ZB must be <a. Thus Z is restricted to the interior of a circle 
whose center is B and whose radius is a. 

The condition 


|¢—-B\=a 

states that Z must lie on the circumference 

of this circle. The condition O 
|\¢—B|<a 


Fia. 3. 


requires that Z lie within or on the circumference of the circle. 

In the following pages we shall make great use of the geometri- 
cal interpretation of complex numbers by points ina plane. The 
point associated with a complex number « may be called its «mage. 
Moreover, instead of using another letter as A to denote this point, 
we shall usually denote it by the same letter « This will not 
produce any ambiguity and is shorter. 

We shall introduce another change. Up to the present we 
have usually denoted real numbers, angles excepted, by Roman 
letters as a, 6, e --- and complex numbers by Greek letters «, B, y 
--- in contradistinction. There is no further need of this; any 
letter may denote a complex number. It may be well to recall 
that real numbers are merely a special case of complex numbers, 
just as integers are aspecial case of rational numbers. Thus when 
we say let a be a complex number we do not at all mean that it 
may not be real. 

As in algebra and the calculus, so in the theory of functions 
we deal with constants and variables. ‘The former are usually 
denoted by the first letters of the alphabet, the latter by the 
last. 

Let us consider a few examples of a variable : 


Example 1. Let z=a+y%, where a is a real constant and y is 
real and ranges from —% to +%. Then the point associated with 
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z in Fig. 4 ranges over the right line AA’; or more shortly we 
say z ranges over AA’, 

Example 2. Let z=x+ yi, where x, y are 
real numbers satisfying the inequality 


a, 6 real. Then z ranges over the interior and 
the edge of the ellipse 
Zee 
oe ee il 
Coe ae 


Example 8. Let z—a=r(cos@+isin @) where a is any con- 
stant, 7 >0, and 0<@<2r7. 
Then z ranges over a circle whose center is a and whose radius is r. 


Example 4. Let Z=o+ yl, 


where 2, y are real and satisfy the relation 
y =f). (5 
Then 2 ranges over the curve whose equation is 5). 
5. Let us note the following relations : 
|a—3| = |b—a| (6 


Also if |a—b|<e and b-—¢ 


then 


<7 
|a—e|<e+y (7 


To prove 7) we observe that 
a—c=(a—b)+(b—-e) 


Hence by 3) |a—ej<|a—b|+|b-e| 


—e- 


6. Let us recall from algebra the notation 


n 

> Um = Ay + Ag +++ + Any (8 
m=1 

n 


UL Gye Cg ig Cee (9 
m=1 
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Thus the left side of 8) is read: the sum from m=1 ton of a, 
is, etc. The left side of 9) is read: the product from m=1 to n 
of a,, is, ete. . 


6. Moivre’s Formula. In 4 we saw that any complex number « 
can be written 


a = p(cos @+ sin @). él 
Then by 4, 4) 


w= p*(cos 20+ isin 26), 
Bon poveral a" = p"(cos nO + zsin né). 2 
Let us take |a|=p=1. Then 1), 2) give 
(cos 6+ 7 sin @)"= cos n? +7 sin n9 6) 
which is Motvre’s Formula. 
Now, the Binomial Theorem for a positive integral exponent n is 


(a+b)"=a"+ (am + (Sante ee (i aoe +o. 4 
Here 


n\ 7 mY Ba (3) = 225 BG) - 
SS j & mates 2 XS 1.2.3 


are the binomial coefficients. Let us make use of the relation 4) to 
develop the left side of 3). It becomes 


cos" 6 + i(f eos 6 sin 0 — (F)eos2 6 sin? @ 
— i(} Joost* Osine@+-. (6 
Thus 3) may be written 


ae n ee Ee) 
cos n6 +7sin nO = cos" 8 —(7 eos" 2@sin?6+... 


_ 


f a ) 
+ i, (7) cos” 1 @ sin 6 — (*) cos” 3 @ sin? @ +... 
Equating the real and imaginary parts of this relation by 2, 2) we get 
cos n@ = cos" 6 — a) cos *? @ sin? 8 + () cos" * @sint@—..- (6 
sin n0 = @ cos” 14 sin 8 — @ cos™ 3 @ sin? @ 
3) 
+ (4) cos” OsinbA—.. CT 
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Giving n the values 2, 3, 4 .-. in these equations, we find 


cos 2 6 = cos? 6 — sin? @ 
cos 3 0 = cos? @ — 3 cos @ sin? 6 (8 
cos 4 6 = cost 6 — 6 cos? 6 sin? 6 + sint 0 


sin 20=2cos @sin 8 
sin 3 6 = 3 cos? @ sin 6 — sin? @ (9 
sin 4 6 = 4 cos? @sin 0 — 4 cos 8 sin? @ 


In the relation 8) we notice that sin @ occurs only in even powers. 
Since sin? @ = 1 — cos? 0, we see that : 


cos nO can be expressed as a rational integral function of cos @ of 
degree n. 


Making this substitution, we get 
cos 20 = 2 cos? @—-1 
cos 3 8 = 4 cos? 6 — 3 cos 0 (10 
cos 4 6= 8 cost @— 8 cos? 641 


In equations 9) we notice that cos @ enters in even powers 
when v is odd, and in odd powers when v is even. Thus we see 
that: 

sin nO is an integral rational function of sin @ of degree n when n is 
odd. When nis even, it is the product of cos @ and arational integral 
Function of sin 0 of degree n—1. 


Making the substitution cos? 6 = 1— sin? @ in 9) we get 


sin 2@=2cos@sin@ 
sin 3 6= 8sin 0— 4sin?@ (il 
sin 4 6 = cos @(4 sin 0 — 8 sin? 6) 


7. Extraction of Roots. 1. In the domain of real numbers 
Ci 1 a een 


has one root if n is an odd positive integer, and two roots if n is 
even. The equation 


Ce 


— en os) 
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has one root if m is odd, and no root if n iseven. Let us now pass 
to the domain of complex numbers. We ask how many roots has 


=a al 


where @ is any complex number, and » is a positive integer. Let 
us write a and z in polar form 


a= «a(cos@ + 7 sin 6) (2 
z=C(cosd+isin @d). (3 
Then if 3) satisfies 1) we must have 
E(cos nd +t sinnd)= a(cos 0+7sin 6). (4 
Then from 4), 12), 13) we have 
Bg =e (5 
and : 
np=O0+4+2kr , kan integer or 0. (6 
From 5) we have pas i (7 
and from 6) we have 
0 20 
o=-+k-—- (8 
n n 


Thus the modulus € and the argument ¢ of any number z which 
satisfies 1) must have the form 7), 8). On the other hand by 
actual multiplication we see at once that 

= >) ») 
a= Valeos(?+h=™)+ isin(F + B=) | (9 
n n n 


17) 


is a solution of 1). In fact 2," is a number whose modulus is the 
n f_ ° . é 2 7 
nth power of Va and whose argument is m times -+4——- But 
nN n 


this number has therefore the modulus « 
and the argument 0+ 2k7, or neglecting 
multiples of 27, the argument @. It is 
thus a. Hence the nth power of 9) is a. 
To plot the numbers 9) we describe about 
the origin as in the figure a circle whose 
radius is Va. On this circle we lay off the 


angle Ee Let us call this point 2). Start- 
n 
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ing from zg, we now divide the circle into m equal parts which give 
the points 2), 2) -** 2,-1 im the figure, corresponding to k= ie 
-++m—Lin 9). 

If now we give to & any other integral value, we will get one of 
the values Zp, 24, °** 2,-, already obtained. Thus 1) has just n 
roots whose values are obtained by giving # in 9) the values 
Oe Re acca re Be 


Example 1. Pout 
Here nes tod be et eee 
n 


Thus 9) gives 


ar 

z,= cos 120°+7sin 120° = oe ee 
217 V3 

Z = cos 240°+7sin 240 = ae : 


Example 2. pans 
Here n=3, a=—8, «=8, OG=7, = = 60°. 
Thus 9) gives | 
Z = 2§cos 60° +7 sin 60% = 14 7V3, 
2, = 2{cos (60° + 120°) + 7 sin (60° + 120°)? = — 2, 


2, = 2{cos (60° + 240°) + 72 sin (60° + 240°) = 1—7V3. 


Example 3. a 


9 
Here n= a — Tbe @ = 0, ol = 90°, 


Nv 
Thus 9) gives eet 


2, = cos 90° + 2 sin 90° = 7, 
2, = cos 180° +. 7 sin 180° = — 1, 
2g = cos 270° +7 sin 270° = — 7. 


2. The n roots of . 
ow (10 
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are called unit roots. They are of great importance in algebra, 
and occur in other branches of mathematics. Their values are 
given by 9) on setting«=1,0=0. We get 


My = 1, 
9) ra) 
SAR ot oh ee Map 
@, = COS +2s1n , 
n nv 
») ”) 
¢ -_ T ‘ e nl T 
@, = cos 2. esin 26, Gt 
n n 


2 2 
27 nee Tv 
@n-1 = cos (n — 1)—— + 7sin(n— 1). 
n n 
We notice that , has the property that 
Oo = @,2 @.= 0,2 oe =w,"1 On ie 
2 ea oe n—1 1 yr 13 
that is all the roots of 10) are merely powers of @,. Such a root 
is called a primitive unit root. It is easy to show that: 
If m is relatively prime to n, then o = @, is a primitive root ; 


that is, that See er C2 


are all roots of 10) and are all different. 


For See eae el 9 ar\8 
oO — oe" —| COs 7 >——_ —- 7 Sin m—— 
Nn n 
a eee 2 a8 
= cos m$§ + —- +251IN MS - 
n n 
Let now ms=In+p. Then 
oo rae 2 or 
o@* = Cos p -—— + 751n =, 
pP nN a 


Thus o* is a root of 10). To show that the roots 12) are all dif- 
ferent let us suppose that Pee or 


2 2 
Then their arguments rm=-—, sm—— can differ only by a multiple 
n n 


of 27. Hence, e denoting an integer, 
: 9 
Tr a 7 
rm» —— — sm—_ =e2r7r 
n n 


or m(r — 8) = en. (13 
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As mand nare relatively prime, they have no factor in common; 
e must be divisible by m as 13) shows. . Thus if we set e = gm 
13) gives 

d§ r—s=gn 
or r—s is a multiple of n. This is impossible, as 7, s are both <n. 
Hence no two of the roots 12) are equal. 


3. Let us now return to 9). We set 


9 9) 
AT . . PARTS pie 
@= cos— + 2sIn—, 


n n 
and notice that 
=, Ps ne : — synr—L 
dj == Oly 4 ep =O ee nee aes (i4 
where = 0 Aan) _ 
= Ve cos’ +4 sin= }. (16 
n n 


This may be easily generalized as follows : 


All the roots of 1) may be obtained from any root by multiplying 
this root by the n roots of unity. 


Hence in particular the two roots of z2= a = « (cos 6+ Zsin 0) 
are 

— Va W Paci 6 Ay 

% = Va(cos= + 2sin= |}, (16 


ol 


= — 2: Cli 
The three roots of 22 = a are 
ey = Va (eos u + 7sin =) (18 
B 3 


Ee 2 
Zj= 0% , 2 = 02, (19 


where @ is the first imaginary cube root of unity, viz. : 


eve) 
= = Soa (20 


@ 
8. The Casus Irreducibilis. As an application of the foregoing 


let us consider the irreducible case of Cardan’s solution of the 
cubic 5 
oP — pe Gg = Veep, 9 real. @l 
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The roots of 1) have the well-known form 


w=V—49q+VR+\-39-VE ce 
where R=},P-+yp?=— A. G 


Now when the roots of 1) are all real, it is shown in algebra 
that A is positive, hence R is negative, and VR. is purely imagi- 
nary. Thus 2) expresses the real roots x as the sum of imaginaries. 
To Cardan and his contemporaries, who had no idea how such 
cube roots could be found, this case was highly paradoxical. 
Since that time mathematicians have attempted to present these 
real roots as sums of real radicals. As their efforts were unsuc- 
cessful, this case, that is, the case when A >0O, was called the 
easus irreducibilis. It is only recently that a proof has been 
given that this case is indeed irreducible.* Let us see how the 
roots 2) may be computed, using our new complex numbers. 

We set 

—lgt+iVA=r(cos¢+isin ¢). 

Then 


Thus the three roots of 1) are 


ie Ae cos (2 +k 120°), (enti EY (4 
Example. Let us take the equation 
8 —22—2742=(4—-N@w+)De-—2)=), (5 
whose roots are pa ee 1 


To reduce this to the form 1) we set 
a=3+y. (6 
Then 5) goes over into 


whose roots by 6) are 


* Holder, Math. Annalen, vol. 38 (1891), p. 307. 
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Here ; 943 


p=h , a3 » A=a 
~ 1Oaey 4 
S61 ly Sekar ee 
i 1 343 
ght Ame aap 
Hence VES 
Die 
Also ENAN 
2VA 243 
t = eee 
an pb ; 10 


log 243 = 2.3856, 
log V243 = 1.1928, 
log (— tan @)= 0.1928 , 6=122°41', 
as ¢ lies in the second quadrant by 8). 
Hence 1 = 40° 54, 
log 343 = 2.5353, 
log V348 = 1.2676, 
log 27 = 1.4314, 
log r = 9.8362, 
log Vr = 9.9454, 
log 2= 0.3010, 
log cos $d = 9.8784, 


log yp = 0.1248 , y)=1.383= 4. 


46+ 120°=160° 54’ , cos 160° 54’ = — cos 19° 6, 
logvees 196! ==.9. 9754. 
log 2-V/r = 0.2464, 

log (—y,)=9.2218 , y,=—1.666=—§. 

4p + 240° = 280° 54’, cos 280° 54’ = sin 10° 54’, 
log sin 10° 54! = 9.2767, 
log 2-Vr = 0.2464, 

log y, = 9.5231 , y.=.333= 4. 


CHAPTER II 
REAL TERM SERIES 


9. The reader is already familiar with infinite series. An im- 
portant chapter in the calculus treats of Taylor’s development 


FAtD)=FO+FP@+ EH @t 


2! 


By its means we find for example that 


2 x a hos x 
ihe ie — a ~ a AAG 
fie sie 51 or fe 
ae I ea oe ‘ 
ee ae oq tt @ 


Infinite series were first used to compute the values of a func- 
tion. Later it was found that they could be used to great ad- 
vantage to study the analytical nature of a function in the vicinity 
of a given point. They are still used for the purpose of com- 
putation especially in constructing tables ; but their chief value 
to-day in the theory of functions is the aid they afford us in 
establishing existence theorems, and in studying the properties 
of functions. 

We propose in this chapter to develop only as much of the 
theory of infinite series as is necessary for our immediate purpose. 
Later we will give further details. 


10. Definitions. 1. Let a,, a,, a, «+: be an infinite sequence of 
real numbers. The symbol 
d,+d,+ 4, +-> Cl 
25 
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is called an infinite series. We may also denote it by 


ea) 


Dah 
m=] 
or by 
J DE in = 2, oer 
We call 
; A, = 0, + dy + ++: Os 
n 
Sano hae 
m=] 


the sum of the first n terms of 1). Suppose that as m increases in- 
definitely, A, converges to a definite value. Then we say 1) is con- 
vergent and assign this value to the series; we call it the swm of 1). 

If A, does not converge to some definite value as nm increases 
indefinitely, we say the series 1) is divergent. Whether 1) con- 
verges or diverges, it is often convenient to denote it by a single 
letter, as 4; we may write 


A= 4,+ dg+43 + ++ (2 


When this series converges, it is customary to denote its sum 
by the same letter A. This notation may be slightly confusing at 
first, but the reader will soon recognize in which sense A is used 
in any given case. 

Associated with the series 2) is the series 


A, = An+y ae An+9 iz ve (3 


It is called the deleted series, or the remainder after n terms. It 
will be convenient to denote the sum of the first s terms of the 
series 3) by A, ,; thus 


Apr = Anty te An+9 ae ine ar An +s: 4) 


Let us now recall a notation with which the reader is already 
familiar. 
When A, converges to A as » increases indefinitely, we write 


lim A,=A 


n= 


and read it: “the limit of A, for n=o is A.” The same fact 
may be expressed by the notation 


A,=Aasn=o. 


The symbol = is read “ converges to.” 
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2. Let us establish here the obvious theorem : 


Let A=a,+a,+ ++. The series B= kay + kay + «++ wherek #0, 
converges or diverges simultaneously with A. When convergent, 


= ieA.. 


For Bata. 


If now A or B is convergent, we have 
fan Bo be lim: A, 
J5gey 7.8 


or 


11. The Geometric Series. This is 
G=ligigigt+--. Gl. 
Let g#1.. Then by elementary algebra 
Ter ees FESS Be ears (2 
This identity is often useful and the reader should memorize it. 
Then using the notation of 10 


Ge btgt gp +g 


Se @ 
l-g l1-g 
by 2). Now when 24 lim g* = 0 
Hence in this case Gane eG 
n=xl—g 
Thus 3) gives Hes ee = ales . lg | Eat 
1—g 


The series 1) is therefore convergent when |g| <1 and in this 
case 1 


G=1l4+ygt+gt- Rare 
Hence G,=%u 
and lim G,=-+o. 


Thus @ is divergent when g= 1. 
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When G2 ad eae 


Hence G,, = 9 when n is even, 


=1 when nis odd. 


Thus G, does not converge at all as n =a. 
Hence G& is divergent in this case. 


V ] t} is r] SS) 
When the series ASO G Paes 


is such that iim A= tos, 


it is sometimes convenient to indicate this fact by the notation 


Similarly if lim A, = —0, 
we may write A=—o 


Returning to the geometric series, we see at once that when 
g>1, G,=+0; while wheng <—1, G, oscillates between ever 
larger limits. We have thus the theorem : — 


The geometric series 1) is convergent when|g|<1. It diverges 
when |g| 21. When convergent, its sum is 


G= 
i 


12. The Harmonic Series. This is 


H=1+i3+4+t+4+}44+.. ei! 
We show that Tees e 
and is therefore divergent. 
In fact | ee 
p+ htd+h>d 
Hues Wie ane 
etc. Thus H, >}, Hy >4+4, Hya> t+i+3 


and in general 
2 : Hm Payi7j), 9 B. 
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Thus, however large the positive number @ is taken 


U5 Big oe 
if n is greater than some integer v. Thus 


lim H, = +0, 
which establishes 2). 


13. Fundamental Postulate. In order to go on with our work 
we need to use a fact which the reader will admit as soon as 
understood. 

Suppose a variable v steadily increases 
as in Fig. 1, and yet always remains less V 
than a fixed number G. Then obviously Lae 
v must tend toalimit V7. This limit may = 9 
be less than G but it certainly cannot be ai 
greater than G. We have then Fra. 1. 


V=limy < G. ad 


Similarly suppose a variable w steadily decreases as in Fig. 2, 
and yet always remains greater than a fixed number G. Then 
manifestly w must tend to a limit W 
and : 

W=limw=> G. (2 


We take it that these two facts are self- 
evident and require no proof. 


2. By means of this postulate we can 
establish a theorem of great importance 
in the theory of series : 


Bic: 2; 


Let A =a, + a, + ---be a positiveterm series. If A, < some fixed 
number G, however large n is taken, then A is convergent andA < G. 


For as A, < G, lim A, exists by the above postulate and this 
limit is < G. But then A is convergent and 


A=lim A, < @. 
14. The Hyperharmonic Series. This is 


at ae ee a 
Pe at ge 
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We establish now the following theorem : 

The series S is convergent if s > 1, and divergent if s <1. 

For when s=1, S becomes the harmonic series H, which is di- 
vergent as we sawin12. Whens<1, each term Zs is greater than 


ee n 
the corresponding term = in #. 
n 


Thus 
iS = 
As H, = +, so does S,,= +, and Sis divergent in this case. 


Let nows>1. Then 


UDR Wied rent Pn 1 
oe 5 A ee ak pay: 


= 


Ass lyg 18 1. pimtlarly 


Ee —_ << = if 
Tea eater Tae A ae fs As-1 os 
ne Ley alee ae 
— — eee —=>— = 7%, te 
ge ip ge gets tole 


Thus however large m is taken there exists an integer n such that 

S,<l+g+P+-:+g*1= G,. (2 

As here g < 1, the geometric series G is convergent and @,< @. 
Thus 2) gives G2 

for any m. Thus by the theorem in 13, 8 is convergent, and 


noreover 
: Mi S =< Gs (3 


15. Alternating Series. 1. Let a, >a, >a,>---=0. 
Then the series, | 
A=a,—d,+a3;—a,+ + al 
is an alternating series. 


Examples. 
}: 1—}44-1}4... 
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The last two series are the developments of cos 2, sinz as we 
observed in 9. 


We prove now the theorem : 


The al } ‘te 'S converge } 
ternating series 1) is convergent. Its sum A is > 0, and 
the remainder after n terms A, is numerically <a 


For 


nt] 
Agniy = (Gy — Ay) + (4g — ag) + ++ + (gy — Aan) + onty 
Thus A,,,,; >4,—a,>0. We also have 
Ani = A — (dg — 43) — (Ay — As) — + 


Thus A:,,; is steadily decreasing and < a,—(a,—4a3)< a. 
Hence by the fundamental postulate 13, 
lim A»,44 
i / pe 2) 
exists and is < a, — a, and < a, —(a,— az). 
Next we note that 
Anis =e Ay,+ Con+4: 


As lim a,,., = 0, by hypothesis we have 


lim “A;,= lim A,,..,. 
Hence lim A,, exists. 
m=n 
Thus A is convergent and 
A. < Wy: Q 


Finally we note that the series 


P= i — On + aay — 


is an alternating series; it is therefore convergent and therefore 
analogous to 2 ; 
s )s Oe Pian G 


But obviously the series P and the residual series A, differ at 


most by their sign ; hence eee, 


Thus using 3) | A,| age 
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2. The fact that the remainder after n terms in an alternating 
series is numerically less than the next term enables us to estimate 
the error in calculating such a series and stopping the summation 
at the mth term. 


Example. Wet us Compute sin 10°, using the development 


: x oe 
ae co Ee 
BY 


We first convert 10° into circular measure and find 
x= .17453829. 
log # = 9.2418774. 
log z= 1.7256322 , a? =.0053165. 
log a= 6.2093870 2? = 0001619: 


ee. .0008861. 
3! 


~ 


a 
re .00000135. 


3 . 


. a < .00000001. 


Thus the first two terms in 4) give sin 10° correct to 5 decimals, 
and the first three terms to 7 decimals. We have in fact 


3 
7—= —.1736468. 
oO. 


1 py 
ee x x is: 72R1Q09 
i Stes oe 


From the tables we find 


sin 10° = .1736482. 


16. The ¢ Notation. 1. Sooner or later the student must learn to 
use the e notation. We propose to introduce it gradually, so that 
it will not seem difficult to him. The object of the notation is to 
enable one to think more easily and accurately when dealing with 
limits. 

Suppose we have a sequence of real numbers 


Cy, Cg, Cy ve GE 
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What do we mean when we say ¢, = a 


or lime, =e. (2 
n= 

Let us plot the numbers 1) and the limit ¢ on an axis. Let e 
be a small positive number. The points 
e—e, e+e determine an interval EF of Areca 
length 2e.as in the Figure.. Then the or; £ ere 
limit 2) simply means that the ¢, eventually lie within # no 
matter how small e¢ is taken. 

Put in more precise language, the limit 2) means that taking 
e¢ > 0 small at pleasure and then fixing it, there exists an index m 


such that 
Cmi1) Cm+9) Cm+3 ey 


all lie within #. The fact that these lie in His expressed by the 
inequalities 
|e—e,|<e , n>m. (3 
For the relation 3) merely states that whenever the index n is 
> m, the distance of c, from cis < e. 
It will be convenient to adopt a standard notation. To express 
that ¢ is the limit of the e, we shall write 


ef 0 eye — Gece. 4) Nim. (4 


This we will read as follows: 


For each positive ¢ there exists an index m, such that |e — ¢,| <€ 
for all n> m. 


Conversely if 4) holds, we know that 2) does. 

This may sound elaborate and formidable to the beginner and 
quite unnecessary to express a very simple fact. This is indeed 
so if we never deal with but very simple limits ; or never employ 
but very simple reasoning on limits. Now the fact is that the 
function theory is founded on the notion of limits. We are con- 
stantly reasoning on limits. The same is true in the calculus. 
But in a first course in the calculus the student is too immature 
to pay much attention to a rigorous treatment of limits. His 
main object should be to seize the spirit of the methods of the cal- 
culus and to learn how to use them easily. Then as he becomes 
more mature he can pay more attention to the demonstrations on 
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which these methods are founded. In the present work we have 
no intention of insisting on rigor. Being a first course in the 
function theory, we shall endeavor to avoid all topics which 
require delicate handling. A demonstration of such matters is 
quite out of place in a first course. On the other hand, the stu- 
dent has advanced in maturity since his calculus days, and has 
reached the point when the subject of limits may be treated 
appropriately with more care. 


2. Let us note that if c,=0, then 4) becomes 
e> 0, 1, | ¢,|— & ean. (5 
Conversely, if 5) holds, lim ¢, = 0. 


3. A simple reflection will show that if lime, = e then not only 
does 4) hold, but we also may write 


e> 0; m, le=—e,|<0 = vm, (6 


where 6 may be any fixed positive number < e. 

For the relation 6) merely says that we have replaced the 
interval H above, of length 2e¢ by another smaller interval of 
length 2 6. 

We frequently have to deal with several inequalities of the 
type 6). In such cases we shall see that it is convenient to take 


or - etc. 


bo! 


17. Necessary Conditions for Convergence. 1. When dealing 
with infinite series our first care is to see if the series in hand is 
convergent. As we never deal with divergent series in the 
elements of the function theory, if a series is found to be divergent 
it must be discarded. The following theorem is often useful : 


For the series A=a,+ d,+ +++ to converge it is necessary that 
== 0. 


For suppose A is convergent. Then by 16, 3 we have 
e>0, m, |A-—A,| <5 , a>m. 


Al 
oy JA — Any] <5 


REAL TERM SERIES 385 
Hence by 5, 7) 
But 
Thus 


|\Anii—A,l<e. 
Ansy —A, = A441 
| @n41| <€. 
Hence by 16,5) lim a,,,=90, or what is the same, lim dG, = 0. 
2. Although it is necessary for a,=0 when A=a,+a,+ - is 
convergent, this condition is not sufficient as the following ex- 


ample shows. 
The harmonic series 
H=1+}3+4+4+4+. 


is divergent as we saw in 12. Yet here 


a, = : = 4) 
rn 
3. Let m be an arbitrary but fixed index. The two series A, A, 


converge or diverge simultaneously. When convergent 


A=A,,+A,,. 
For when A is convergent A=lim A,. Let n=m+s. Then 
AZ — AS =F As. 


When n=, s0 does s. As A,, is a constant, we see that when 
lim A, exists, so does lim A,, ,, and conversely. 


n=x2 3 
4. If A is convergent, lim A, =0. 


For any x we have A= A, + A,,. 
As A is convergent, lim A,= A. Thus 
A,=A—A,=0. 
18. Adjoint Series. 1. In studying the convergence of a series 
A=4,+4,+ 43 + + a 


it is convenient to consider the series obtained by replacing each 
term a, by its numerical value «,=|a,|. The resulting series 


= oy + Oy + thy + + @ 
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is called the adjoint of A. We write 
Y= Adj A. 


In the function theory we often have to deal with the numerical 
or absolute values of numbers as a, 6,¢ +... It will often be con- 
venient to denote them by the corresponding Greek letters a, 8, y 
Sometimes the Greek letter is so much like the Roman letter that 
the reader is apt to mistake it. We will replace it by the corre- 
sponding German letter. Thus Greek A, M look like Roman 
A, M; we therefore replace them by YF, We. 

The following examples will illustrate the notion of a series and 


its adjoint. 


Example 1. AACE eee” 
Its adjoint is hemes Twist 1k 
Example 2. oe eas ee ake eee 
7 ee el 
ee a 4 
Its adjoint is = ate thee sera. 


Oa ae Gu 


where according to our notation = |z]. 
Should the terms of a series A be all positive, then A and 9% are 


identical. 
2. We prove now the fundamental theorem : 


If % converges, so does A. 
For let js a ey Misi ote 
be the series formed of the positive terms of 1) taken in order, and 
C=ey +e, +03 + acc 


be the series formed of the negative terms of 1) taken, however, 
with positive signs. Then 
By S & + ty + yg + + = A 


since B, contains only a part of the terms of %. Hence B is con- 
vergent by 13, 2. Similarly C,,< % and hence Cis convergent. 
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Suppose A, contains r positive terms and s negative terms. Then 
A= BC, rite=n. 
Let n=oo, then B,= B, C,= O and hence 
fin A, = lim B.—lim ¢,, 


A = JK = Of 
Hence A is convergent. 


or 


3. A series may converge, although its adjoint does not. 


Example. (Ace lt- po 1... 


is convergent because it is an alternating series, by 15. Its adjoint 
fee 
is divergent since it is the harmonic series, by 12. 

A series whose adjoint is convergent is called absolutely conver- 
gent. If A converges while %&f does not, we say A is simply con- 
vergent when we wish to indicate that A does not converge abso- 
lutely. The greater part of the series employed in the elements 


of the function theory are absolutely convergent. We shall there- 
fore have little to do with simply convergent series. 


4. The following theorem is very useful in ascertaining if a 
given series is absolutely convergent : 


Tet B=b,+6, +6, +--+ converge and have all its terms > 0. 
Then the series A=a,+4,+43+-+- is absolutely convergent if 
a, <6,. Moreover |A|<B. 


For passing to the adjoint of A, we have 
WM, = ay tay tee $< 5,46, 4+ ++ 4+6,<B. 
Thus & is convergent by 13, 2. 
= |A,|<%,< B 
we have |A|<B. 
19. The Remainder Series. 1. Suppose we wish to compute the 


value of the convergent series 
A=6,+4,+%+ +: ea 
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correct to a certain number of decimals, say to p decimals. We 
compute successivel 
; Yo A, =a 

Ay = ay + a 

A, = 4, + a, + a; 
etc. In order to know if we may stop at A, we must know if the 
remainder A, affects the pth decimal in A,. We must know, 
therefore, if = 

Ae |<e LOS ee 


In case that A is an alternate series the theorem of 15 shows that 


we may take m so that | dng | < 107? 
n+] . 


For we showed that ve 
| A, | a An+1° 

When the series 1) is not alternate, it is not so easy to estimate 
the magnitude of the remainder. The theorem of 18,4 may some- 
times be applied with advantage to A,. In fact if «,<6, we have 


PAS aR, 8: 
2. Example. Let us use the theorem of 18,4 to show that 
exponential series 23 
Home ates ay ps1 (2 
oO. 


is convergent for x >0, and to estimate the magnitude of the 
remainder £,. 

Let us take x large at pleasure and then fix it. We next take 
m so large thatm+1>2. Then 


Jem m + a c 
Let us set Whe ce 
m ! 


As xz and m are fixed, Wis a constant. Then 


gqmts am xs 


(m+sy! m! “(m +1) “(m+ 8) 


< Mg. 


Thus each term of 
am gmtl gm 2 


a m! a (m + Lyi 7 (m + 2)! = 
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after the first is less than the corresponding term of the con- 
vergent geometric series 


M+ Mg+ Mf +... =MA+¢g 49+.) 


ss 
1—g 
Hence the remainder series £,, is convergent. Thus # is con- 
vergent and “ 
jg ik re 
1—g 


where g is given by 3). 


Positive Tern Series 


20. Theorems of Comparison. Series whose terms are all positive 
are of especial importance for deducing tests of convergence. 
To ascertain if a given positive term series A is convergent it is 
generally advantageous to compare it with some other positive 
term series B whose convergence or divergence is known. We 
begin therefore by establishing two theorems of comparison. 


2. Let A= a, +a,4+ +, B=b,+6,4 --- be positive term series. 
Let r, 8 be positive constants. 


7 a be r<in<gs », n=l, 2,3... 
b, 
or 2° lim ‘a exists and is # 0, 


then A and B converge or diverge simultaneously. 

For on the 1° hypothesis a,<8b,; hence if Bb converges, 
A, <8sB,<sB. Thus A converges by 13, 2. Also a, >76,; 
hence A, >rB,. Thus if B is divergent, so is A. 

On the 2° hypothesis, let 
= =landl>0. 


n 


: a 
Then as n increases, 2 gets nearer and nearer 1. Hence for a 
n 


sufficiently large m, there exist two positive numbers 7, s such 


that a 
iB, WM 


n 
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Thus the terms of the series 
a Am+1 F An+9 aS 


satisfy condition 1° above. Thus this 2° case is reduced to the 
preceding. 


EHxample 1. 1 1 1 
A= see 
(9) 9232 e145 
Here i= = <a ib 
n(in+1) wv 
Thus each term of A is less than the corresponding term of the 
convergent series 
pee Sk ee 
ie eee 
Hence A is convergent. 
Example 2. ae oe eo 
e* CF 


The adjoint series is 


Os 2 
gf = Loos 2 | |cos2a|. 
et a e2t + 


As | cos u| <1, each term of this series is < the corresponding 
term of the convergent geometric series 


tae 1 
ae ae 


Hence & is convergent, and thus A is absolutely convergent. 


IDSs A= 3a, = log (1 +H 4S) Sera sal 
TO SE 
where pw is a constant and 
|@,| < some G. 


By the calculus we have, setting r=1+s, 


1 2 
3 (# + 22) =22(u + 22) Pera al 
n n n ne 


If » = 0, we have wee 6, (1-228) 


a, = 
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which is comparable with the convergent series 
1 
— 9 , rs. 
Vv 

Thus A is convergent in this case. 


Tf » #0, we see that na, = uw. Thus A is comparable with the 
divergent series 
5 H=1+4+4+4+4+44-.. 


When » > 0, we see the terms of A finally become positive and 


A=+a. When » <0, the terms finally become negative and 
A=—o. 


~ Example 4. ol at ui 
cample C= S$ {5 - log (1 ate Ve ee 
1 


n 


This series is convergent. For if n>1, by the law of the mean, 


log (a +2)=740,- 2 , |4,|< some 
n n n2 
Thus M 


Cn | <= 
n n2 


The adjoint of Cis thus comparable with the convergent series 


1 
uy> es 


The series ( is therefore absolutely convergent. Its sum is 
called the Eulerian constant. By calculation we find 


Cm ites 20s... 
3. The second theorem of comparison is : 
Let A=a,+a,+4+° ; B=6b,+6,+6,+ + 


be positive term series. If B is convergent and 


Ons < Onty , n=l, 2,-- 
£5 bp 


n 


A is convergent. If B is divergent and 


An+4 x Ont 
On, On 


A is divergent. 
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For on the 1° hypothesis, 


Thus An 


and we may apply 2. 
On the 2° hypothesis we have 


and may again apply 2. 


21. D’Alembert’s Test 1. As an application of the second theo- 
rem of comparison 20, 3, we will establish a test for convergence 
or divergence of a positive term series which is perhaps more 
often used than any other. It is called D’ Alembert’s test. 


The positive term series A =a,+ a, +--+. converges vf there exists 
a constant r<1 for which 


a eee 
tl <--, or lim =f, 
ay a An 


The series A diverges uf 


Set > 1, or if lim > 1. 


Ay a, 
Let us suppose that 
Snel <p, 
(eee 


We compare A with the convergent geometric series 


R=1lt+r4+r4... 
and apply 20, 3. 
Let us next suppose that ibs nat aa) d 
Then we may choose ¢>0 so small that s=r+e is also <1. 
Then 1) states that there exists an m such that 


a 
as) en: 
a 


n 


Thus we are led back to the former case. In a similar manner 
we may treat the divergence part of the theorem. 
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Example 1. A=a+2a+3a34... 


zs convergent if 0<a<1. For the ratio of two terms 


Gy +1. 
a 


a=a<l. 


n 


Example 2. Let us show that the exponential series 


at re ee 
args ota 


converges absolutely for any x. To this end we consider its 
adjoint 
pee ee 
€=1 +55 ott a2 


The ratio of the n+ 1% term to the n" is 


oe eth E.9 


ni (n—1)l n_ . 
for any given & Thus in this case r=0 in D’Alembert’s test. 
Hence € converges, and thus # converges absolutely for any za. 


Example 3. Let us consider the convergence of the series 
which are the developments of the cosine and sine, viz. : 


x at 
Sole sicat 9 
ge ee  @ 
Sitar ans 


The adjoints of these are 
C= il a ce & + + 
2! 4! 


As ere eee 
er liao Bie. 


The terms of these series form a part of the series € considered 
in Example 2. Thus C<€ , S<E 


and hence ©, S converge for any & since & does. Thus C and 
S converge absolutely for any «. 
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This result may also be obtained directly from D’Alembert’s 
test. For the ratio of two successive terms of € is 


2n n— 2 . 2° 
me poe Pe 


(Qn)! (2n—2)! Tenens) 


Hence € converges for any &, and a similar result holds for ©. 


Example 4. Wet us show that the logarithmic series 


2 ye 


L= 


Le: 
ko 
converges absolutely for any |x| <1 and diverges for|x|>1. In 
fact the adjoint series is 
Baa eA 
nage ary 


The ratio of two successive terms is 
Ertl & ie Nn : _ é. 

; Mak ae. we 1 
Here the limit r in D’Alembert’s test is &. 


2. We must note that when in D’ Alembert’s test the limit 


a el 
ligne =o ie 
An, 
we can neither conclude that A converges or that it diverges, as the 
following example shows. 


Hvample. Let eee ace 
1s Ys 3s 
Here Qnty 8 1 


=e 


n 


e. (n+1) (1 i = 
Now when s>1, A is convergent, while when s <1, A is 
divergent. 


a2. Cauchy's Integral Test. 1. This is a test of great power; 
it is expressed in the theorem : 


Let f(x) be a steadily decreasing positive function such that 
ICQ) Aut 
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Then the positive term series 


A=a,y+ da, + a3, 4+ + 


T= [ fa@)aw 


ts convergent if 


as convergent. 


For on the ordinates 2 =n, in Fig. 1, let us lay off the values 
of a,. Then A, =area of the shaded region from «=0 tov=n. 
But the curve belonging to y=f(2) 
les above this shaded region. Thus 


Ae mm An+y + An+2 A rar 9 Onin < J. 
- Hence A, is convergent, and 
hence A is. 

2. Similarly we have a divergent 
test: 


Let f(x) be a steadily decreasing Hig.s1, 
positive function such that a,>f(n). Then the positive term series 


A=a,+a,++: 


is divergent if = i f(@)de 
is divergent. ‘ 


For consulting Fig. 2 we see that 


— m+nt+l 
Anes = An+4 aia Amn +9 ae Osu b ares I (@)dz 


m+1 


Let now n=o. The integral on the 
right + + by hypothesis; hence A,, is 
divergent, hence A is divergent. 

3. In the last section the student might 
be tempted to reason as follows. A,, is 
the area of the rectangles from z= m to ». 


This is greater than the area of the curve 
from z=m to ©. Thus one would have 


at once 4, a I. 


As the integral K=, so is A,, hence A=. 
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Against this form of reasoning one can urge the objection 
that one is dealing with oo as if it were an ordinary number. 
It is true that in a first course in the calculus the student 
often falls into this habit. At times this is quite convenient, 
at other times it can create great confusion. To avoid such 
loose reasoning mathematicians to-day do not operate on infinite 
quantities as if they were finite. For example in the present 
case we wish to show that A,, is divergent. To this end we 
have compared two infinite areas in 2) and asserted that one is 
larger than the other. The modern mathematician avoids this; 
instead he would reason as in the foregoing section 2. The 
relation 1) compares finite areas. In this relation the variable n 
is allowed to increase indefinitely. Since A,,, increases indefi- 
nitely, the series A,, is divergent by definition. Hence also A 
is divergent. 

The reader will perhaps think this a very small point. In the 
present case it is indeed trivial. We have chosen it however to 
illustrate a great principle : 

The student must avoid operating on infinite quantities as if they 
were finite. All operations must be performed on finite quantities, 
except in the single operation of passing to the limit. 


23. The Logarithmic Scale. 1. As we have already remarked, 
the convergence or divergence of a positive term series 


A=a,+a,+a,+ ++ 


may often be determined readily by comparing A with some series 
whose convergence or divergence is known. Two such series we 
have already found. The geometric series 


Galtgt+g7tgi+-. a 
and the hyperharmonic series 
ae pe | 
INES A eS es A 
Moy aoe (2 


We propose now to use Cauchy’s integral test to show that the 
series 
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Lan 3 

nln C 
1 

> nlyni,in CG 
1 

pS nlyn Inla*n ce 


all converge when 8 > 1 and diverge when s < 1. 
For brevity we have set 


Ln=logn , ln=log(logn) , 


We must note that in the domain of real numbers, log 2 does not 
exist for x<0. Thus the summation in the series 3), 4) + 
must begin with a value of » for which J, exists. 

Let us consider the series 3), or 


1 1 if 
j fe so ee ne 6 
Si) Ses ee ¢ 


when s>1. 
From the calculus we have 


dlogi‘*x_ 1-8 


dx —_ x log? co 
Thus 
B dz i { 1 il 0 
= = : a: 
ff elertz 4#—1 log ta loe*1 nie 
Hence iat) ee ee 1 
« wlog*z s—llog*t« 


is convergent. Hence by Cauchy’s test 6) is convergent when 
is J. 
Let us now take s=1. From the calculus we have 


diye _ a cae 
Bee log(log z) Te 
Hence 


ib dt _ _\og(log 8) —log(loga) , 0<a<fP. 


x log x 
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Thus ie dx Basel wie 


vlog x 


Hence by Cauchy’s test 6) is divergent for s=1. Hence @ 
fortior’ it diverges for s < 1. 
To treat the general case we would employ the function 


i 


Bl, Glae ++ Uy 4 El 9h 


f(a) = 


2. The series 3), 4), 5), --- forma scale. _That is when s > 1 
each converges more slowly than the foregoing. When s=1 
each diverges more slowly than the foregoing. To apply this 
scale to test the convergence or divergence of a given positive 
term series A we begin by comparing the terms of A with those 
of 3). If no test results, we next employ the series +), and so on. 


24. Kummer’s Test. 1. This is embodied in the following 
theorem : 

Let A=a,+a,+ ++ be a positive term series. Let ky, ky +++ be 
a set of positive numbers chosen at pleasure. A is convergent if 
Sor some constant k > 0. 


KV =k. = An —ky 2k ; i 2, ase (ei 
An+4 
A is divergent if ei € as ry (2 
ky hy 
is divergent and WG Sala hott IR tr 


For on the first hypothesis 


dy S ; (kya, — katy). 


1 
ls < a (hyd, — kag). 


Ay = : hy Fn—4 = nae); 
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Hence adding these 
(= ee at Grr Phen) a(1 3 4). 
Thus A is convergent by 13, 2. 


On the Second Hypothesis 


CS oe 
tic aussi 
Any k,, 


or 


Thus A is divergent by 20, 3. 


2. We shall call the divergent series 2) Awmmer's series. 
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25. Raabe’s and Cahen’s Tests. 1. From Kummer’s test we may 


deduce a set of tests of great usefulness. Thus if we take 


et ee 
we get D’Alembert’s test 21. 
If we take eke ae ee ee 
we get: 


Raabe’s Test. The positive term series A=a,+a,+°" 


vergent if 
Ag(n)=n(4e—1)>1 pelhee lis 


a 


n+] 
A is divergent if r,(n) <1. 
For here K,=n an —(n+1)>k>0 
n+] 


if 1) holds. On the other hand 


Hoe 
if 2) holds. 


2. In the foregoing we have used the divergent series 
Dia pe 
and ji ata ee Cores 


78 con- — 


cl 


(2 
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to get D’Alembert’s and Raabe’s tests. If we use the scale of di- 
vergent logarithmic series considered in 


1 
Pa 


Sy 1 
nl ,tlyx’ 


we get a set of tests which may be stated as follows : 


Let A=a,+ a, + ++ be a positive term series. Let 


On ~1)=1} =n iryu)— 1, G 


An+y 


A (2) = In| n( 


\ 


A,(2) = te tn{ es 1) — 1|- 1) = I,n{r4(n) — 1}. 


Aniy 


Then A converges if there exists an s such that 


A(n)>S>1 for somen>m; 


A diverges if A(nN)<1 forn>m. 


Let us prove the first test 3) in this set. The others are proved 
similarly. We take here 
k, =n log n. 

Then A converges if 


a 
K,, =n log n— 


—(n+))logrn+1)>k>0. 


An+4 


n+1 =n(1 +=), 


n 


As 


K, = y(n) —log(1+7)"—log(1 +), 
n r 


1\nt1 
Se log(1 +" 


=A,(n)—-(l+e) , a>dO0. 
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Thus A converges if 


A4(rn)2S>1~= for n > some m. 


In this way we see also that A div erges if 
Ay(v) <1 for n > some m. 


3. From 3) we deduce 


Cahen’s Test. IPf the positive term series A = ay + dy + +++ ts such 
that for every n 


{ 
C= 1” )- 1} < some G, 
n+] 
then A is divergent. 


For We vk ee log nv ; Ge 
Here the right side =0. Hence cree 1 for n >some m, and 
A is divergent by 2. 


26. Gauss’ Test. Let A=a,+ a,+ -+- be a positive term series 
such that 

= s+ an t+ -- +4, 

re one = Byrne) + wee + B. 


(cl 


where 8, 0, ty +++ By, B,+++do not depend on n. Then A ts con- 
vergent if 

a: By = i 
and divergent if ae, — 8, <1. 


This may be deduced from 26 as follows. Here 


= Pytr = Pa ass 


Ay (nr) =n( — — SS ee Q 
An+1 ee ves 


Thus lim A,)(1) = a, — Py. 
Hence if «, — 8, > 1, certainly there exists some 7 > 1 such that 


n (4+ jz l for all n > some m. 
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Thus Raabe’s test shows that A is convergent. If a, — 8, =1, 
Raabe’s test does not always.apply. ‘To dispose of this case we 
may apply the A4(n) test of 25,2, Or, more simply, we may apply 
Cahen’s test. We find at once 
lim C, = & — B,— Py: 

Thus C,< some @ 
and A is divergent. 

27. A test similar to Gauss’ test in 26 is the following : 


Let A= 4,+ 4+ be a positive term series such that 


dh, Cee 


Any nm ne 


where »>1, and 8, < some G. Then A is convergent if « > 1, and 
divergent tf « <1. 
For | : 
or here Oe n{ = 1) ee Bn eae 


An+4 He 


Thus A is convergent if «@>1,and divergent if a<1. If e=1, 
we have ae Bes 
Ay(m) = Ln} rm) — 1} = mre -B,=9, 
and A is divergent. 


28. Binomial Series. This is 


= bop le pep le 
BH=1+4 wrt+ ont i a ee 


_ B\o PN oe ee 
“+(e +Qe+Qer ; 


This series arises when we develop (1+2)# by Taylor’s theorem ; 
here we wish merely to consider the convergence of the series 
as an application of the foregoing tests. 
If » is a positive integer, B is a polynomial of degree pw. If 
w=0,B=1. We now exclude these exceptional values of p. 
Applying D’Alembert’s test to the adjoint of 1), we find 


eel 


tt, 5 lel = 121. 


Thus B converges absolutely for |2| <1, and diverges if |z|> 1. 
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Letx=1. Then 
= pepo 
Es ea 


Then Oy (en T) . 1. 


a, n 


As D’Alembert’s test gives us no information in this case, we 
apply Raabe’s test. Here 
Ap(2) = n( So = Ss ett : 
n+ ip 1+y 


n 
for n sufficiently large. Thus 


Ap(m) = 1+ pb. 


Hence B converges absolutely if «> 0, and its adjoint diverges 
if w< 0. 

But in this case we note that the terms of B are alternately 
positive and negative. Also 


>} 


Oney_|y__1 +H 
| “nm | 


so that a, form a decreasing sequence from a certain term, provided 
p#>—1, when «,=0. Thus B converges when »>—1 and 
diverges when w< —1. 

Letx=—1. Then 

= beo—1 
: alee AG Fy ea 

If «>0, the terms of B finally have one sign and A,(n)=1+ p. 
Hence B converges absolutely. 

If 1<0, let ~=—2r. Then B becomes 


AA+1 , A-A+1-A42 


14+A+ 1.2 =f 3.3 aie 
Here Ay(n) = = = =1-), 
gS ea 


and B therefore diverges in this case. ‘To sum up, we have the 
theorem : 
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The binomial series 1) converges absolutely for \|x|<1, and 
diverges for |v|>1. When x=1, tt converges for w>—1 and 
diverges for w<—1; it converges absolutely only for p>0. When 
x2 =—1, it converges absolutely for 4 >0 and diverges for w< 9. 


29. The Hypergeometric Series. This is 
a-a+1-8-B+1 5 


F(a, By 2)=14 Pot 
24 


1.2-.y-y+1 é! 
; : Dey Se ; 2 
ae a+l-a+2-8-8+1 B+ Pee cs 
1-2-5-y-qy4+1-y4+2 


Let us find when this very important series converges. Passing 
to the adjoint series, we find 
nig  |(4+2)(B +N) ee ( 
ney |(+1)(y +2) 


bo 


Thus F converges absolutely for | 2|<1 and diverges for | x|>1. 
Letx=1. The terms of F finally have one sign and 
Ons,  W+nl+y)+y¥ 
Anse Wt+n(at+ B)+ ap 


Applying Gauss’ test, 26, we find # converges when and only 


when Dae joe Bae) 


Letv=—1. The terms finally alternate in sign. We may 
write #=a,—a,+a,—---. Let us find when a,+0. We have 


a8 (a+1)--(a+n)(B+1)---(B+n). 


Cae : 
“ey G+)D-d+n@4+)--@+n) 
s : 
Now w+ m=m(1 +) »> Btm= m(1+2), 
m m 
nae I Y 
li+m=mi1+=— ; y+m=m(1 +X), 
; m m 
i tae 
e207) m ‘3 m 


CDE) 
m ne 
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But 1 1 om 1 ve Ts, 


Sie fe 


2 ; 2? 
mM mM { 2 
if 1 l yi nL nv 


m vd 


Om=1 , T,=7? asm=oo. 


Hence ig, = Tl € 4 #\a A: e\a else =\(4 ey ae r=) 
if m m m me Mm m2 


a+ E— yo 111s) 


Il 
tee, * 

pon 

4. 


1 m m 
Hence 
lop a. = Slog(1 =f SS Dad a a 
ti oe m m 
=e) Se Fae 
1 
*hus L=lim log ay45= Sly 
N20 u 
Now for a, to = 0 it is necessary that L,+— oo. In 20, Ex. 3, 


we saw that this takes place only when «e+ 8B—y—1<0. 
Let us now see if Z isan alternating series. If so, we must 


also have a, > a,.,;< +++. From 2) we have 
an a —y-1,6 
a2 — {- get Chet =k ae 
ele n n 


Thus when «+ B—y—1<0 the L series is alternating. 
Summing up, we have the following theorem : 


The hypergeometric series F converges absolutely when |x| <1, 
and diverges when \x|\>1. When x=1, F converges only when 
a+ B—y<90, and then absolutely. Whenx=—1, F converges only 
when a+ B—y—1< 0, and absolutely if a+ B-—y< 9. 


CHAPTER III 
SERIES WITH COMPLEX TERMS 


30. 1. Having discussed series whose terms are real, we now con- 
sider those whose terms are complex numbers. As heretofore such 
series will be represented by 


A=4,+ 4,+4,+ + ei 


the sum of the first n terms by A,, and the residual series by A,. 
If we replace each term of A by its numerical value «, =|a,|, the 


resulting series 
2) Qf = of, + Gy + Oy + 


will be the adjoint series. 

Before defining the sum of 1) we must define what we mean by 
the phrase ‘*A, converges to a number JZ as n increases indefi- 
nitely,” or in symbols A, = LZ as n= o,-or 

hina a (2 
no 

Suppose we plot the points associated with the complex numbers, 
A,, A,, A,-.-and £2. Then when we say A,= ZL, we mean that 
these points get nearer and nearer Z. More precisely this idea may 
be expressed as follows: 

About £ describe a circle of radius e as small as we choose. 


Then all the points 
P Agen YA es Ass: 


fall within this circle for some m, as in the figure. In other words, 
there exists an index m such that 


|L-A,|<e foralln>m. (3 


If the reader will turn to 16, he will see that 
this is a natural extension of the term limit when “4m 
the numbers considered were real. 
56 
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We are now ready to give a final definition. We say 2) holds 
when for each positive e there exists an m such that 3) holds. 


This definition applies to the limit of any sequence of complex 


numbers as 
Cy A Cy 3 Cg 


To express that ¢ is the limit of ¢, we shall write 
e-0 3m | |e@—o,|/<e | n>m. (4 


This we read as in 16, viz.: For each positive e there exists an 
index m, such that | e—e,|<e for all n>m. 

Having now defined the term limit we may extend the terms 
convergent, divergent, sum, defined in 10, without further comment 
to the series 1) whose terms are complex. Thus when lim A, 
exists, we say A is convergent. |The limit of A, is the sum of 1). 
If lim A, does not exist, A is divergent. 

A number of results established in the last chapter hold for 
series whose terms are complex. In fact the reader will see that 
the demonstration apples equally well to complex terms. For 
the convenience of the reader we state some of them here. 


2. Let A=a,+a,+--- be a series with complex terms. Then 
A and the residual series A,, both converge or both diverge. If 
A is convergent, A,=0, also a,=0asn+ax. If A converges, 
B=ka,+ka,+ --- converges and B=kA,k+#0. 


3. We have just noted that when A is convergent, a, must 
+0(. From this we draw the obvious yet important conclusion : 
If A=4,+ 4,4 +++ is convergent, then 


'é,|<s0me G@ , w=1, 2,8, (5 


For, describe a circle C about the origin. Then since a, = 0, all 
the terms @n44, Gnsg- lie within C for some definite m. Let us 
now describe another circle D about the origin so large that it 
contains the m points a,, a, ++ d, and also (. If @ is the radius 
of D, the relation 5) holds obviously. 


4, The reader should note that although the terms a, a, ++ of 
the series 1) are complex, it does not follow that they may not be 
real. The class of complex numbers contains the class of real 
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numbers as a subclass. It follows therefore that any theorem 
established for series with complex terms must necessarily hold 
when the terms of the series are all real. 


31. Absolute Convergence. 1. The terms of the series 


A=a,+4,+ 43+ + ad 

being complex, let us set 
G,=6,--i¢é, , WH, 2, (2 
ee Beh see GB 
C= 6, + Cy + Cg + + (4 
Peale Ble lie Oe, (5 


We show now that: 
If B, C converge, so does A,and A= B+iC. Conversely, if A 


converges, both Band C' converge. 
For if B, Care convergent, we have from 5) 
lim A, =lim B, +7 lim C,, 
mr A=B+i0. 
Conversely, let 1) be convergent. Let its 


sum be A=8+%y. Then Fig. 1 shows that 
as A,= A, then B,=f and C,=y. 


2. As already remarked the adjoint of 1) is 
W=a,+a,+a,+ + 
where | a,|=o,. From Fig. 2 we see that 


8, =| 6,| <«, ’ Gal Sac 


Similarly the adjoints of Band Care 


C=4,+ 7+ G06 


We now prove the important theorem : 


If the adjoint of A converges, A is convergent. 
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For obviously 8, < %, < YM, hence % is convergent, and there- 
fore B converges absolutely. Similarly €,< %, <M and hence 
C converges absolutely. The theorem now follows from 1. 

3. When the adjoint of A converges, we say A converges 
absolutely. 

The great importance of the last theorem is obvious. It en- 
ables us in nearly every case in practice to reduce the problem 
of determining whether the series A is convergent or not to the 
same problem relative to the adjoint series %. But the terms of 
% are real positive numbers, and the convergence, of such series 
was treated in the last chapter. 


4. Having established the last theorem, the reader will note 
that the reasoning of 18, 4 holds for complex terms. Hence the 
theorem : 


If each term of A=a,+a.+ -- is numerically < the corresponding 
term of the convergent positive term series B=b,+6,4+ --- then A is 
absolutely convergent and \A|<B. 


5. Returning to 2, let us note that the reasoning there shows 
that: 


For 1) to converge absolutely, it is necessary and sufficient that 
the two real series 3), 4) converge absolutely. 


32. Addition and Subtraction. From the two series 
A=, + 4,4 dg-+ -- 


B=b,+6,+ 63+ 300 
let us form the series 


O = (a, + 01) + (4g + bg) + Cag + 03) + - 


We now show that: 

Tf A, B are convergent, Cis convergent and its swm is A+ B. 

For C,= (4,+ 5,) + AOE + (a, + 5,) 
== 1): Wee Sao Be 

Now iA =A , . limb, = B. 


Hence Ct AB: 
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Similarly we prove: 
The series Data hee eee 

converges if A, B converge and D =A B: 
33. Multiplication. 1. Suppose we have two polynomials 


m 


P= py+ Pat + Pm = 2 Po 
Q=HAtetrt+ n= 2H 

Then from algebra we know that 
PQ= UP + GPa t+ UP ms 
+ 9 P1 + YoP2 + + Io Pm 
+ Gn Pi + InP2 Foot F Yn Pm 


The general term of the product is p,q; We may thus write 


i=l, Ze een 


PQ == pa; 1 
iJ : 2 = Tle Dy. oot N. ‘ 
Instead of two polynomials P, Q let us take two infinite series 
A=a,+4%+ +: . B=b,+b,+ + (2 
and from them form the series 
C= ab, (3 
ing 


which contains all possible terms a;5; without repetition. We 
prove now the theorem : 


If the series A, B are absolutely convergent, sois Cand C=A.- B. 
We begin by considering the adjoint series 


A =te, S= zs; C= 2a,8.. 


Let us look at the product %,,%, 3; it contains all terms a8; 
whose indices %, 7 are both <m. Let us now take x so large that 
the sum of the first » terms of ©, that is ©,, contains all the terms 
of 1,8, In general ©, contains other terms of the type a,8, 
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where r, s are not both < m. On the other hand let no term Hagcp 
have an index > pvp. Then 


©, — UnBn < 1 8m+4 + M4 Bmig +o + 08, 
+ OB ingy + Cy Smog + 1+ + OG, 
is ae 

+ Bary + CyBmag + ++ + a8, 

+ By Omi + By mig + ov + By 

+ By Onis + By msg + <-> + Byte, 


For every possible term «,8, which ©, — ,,%,, can contain is to be 
found among the terms on the right. Moreover all the terms 
involved are positive numbers. 

Now the first row on the right gives 


(Beit + Bmig + + + B,) < 4 Bn, 
and a similar relation holds for the other rows. Thus 
C, — AnBn < G Bat +48, 
+ Bm + + BMn 
< (ey + + &) But By t+ B)Un 
< AB, + VA,- 
Let now mo. Then Y, = 0,%, +0 by 17,4. Thus the left 


side =0. But 
lim 2,8, = lim Y,, lim B,, = W- B. 


Hence € is convergent and 


C=1%-%. 


This shows that the @ series is absolutely convergent. To 
show that C= A-B, let m, n have the same meaning as before 
only now referred to the A, B, (series. Then 
0, — A,B, is numerically < the sum of the corresponding terms 
in ©, —%,8m- Hence 

| OC, — AnBn| < Gn — UnBmn: 
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Now when m = ©, the right side = 0. Thus 
lim (C, ~A,B,) = 9. 
As lim A,,B,, = AB, this gives C= AB. 


2. In forming the product series 3) it is well to have a definite 
law in order that no term a,),; is omitted, and no term is repeated. 
Such a law is expressed as follows : 


O = a,b, + (aybg + agb1) + Caybg + agb, + 496,) 
+ (a,b, + gb, + Agby + a4b,) + + (4 


We notice that the sum of the indices 7 +7 is 2 in the first term, 
it is 38 in the second term, 4 in the third term, etc. Also in each 
term the index 7 increases while 7 decreases. In this way it is 
possible to form all the terms a,); in 3) without repetition or 
omission. Of course there are many other simple ways of doing 
this, but this is in general the most convenient. 


34. Cauchy’s Paradox. 1. At this point we are face to face 
with a paradox. One would expect that if the series A and B 
converge, the series C’ in 33, 4) would converge and have as sum 
A-B. Incase that A, B converge absolutely, we have just seen 
that this is indeed true. We now exhibit an example due to 
Cauchy which shows that if A, B are convergent but not abso- 
lutely convergent, then the series C may not even converge. 


In fact, let 4 eee ee ee 
Vi ON Ie NS 


ava VO) we. Wwe 
The series A being an alternating series, is et by 15,2: 
Its adjoint is ieee by 14 since here s= 4. 


Let us now form the series Cin 38, 4). 
We have 


al 1 —( i 1 = 
Vivi \viv2 v2vi 


(4 1 Leal ef i ~) 
VU BVI Vy Sat 
= Cy 4 Cg 4", sate 
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1 ail il 1 il il 
le.) = —~—+ + ate see Sa = 
Vivn—-1 V2Vn—2 Bea ik val pe 


Now from algebra we have 
Vm(n—m)y<in , n>m>O0. 


Hence a! ax 2 2(n— 1). 


Vi(n—m) 2 av 


Thus @ is divergent since ¢, does not = 0, as it must if C were 
convergent, by 17, 1. 


2. The foregoing paradox arises from the tacit assumption that 
the earlier mathematicians made and which students to-day are 
too prone to make; viz. that infinite series have the properties of 
finite sums. The sum of an infinite series is the limit of a sum 
of a finite number of terms, in symbols 

Azmi As 

Now it does not follow that the properties which each A, may 
possess also hold in the limit. In other words we must learn 
to discredit the dictum: what is true of the variable is true of 
the limit. In general this dictum is valid; there are, however, 
countless cases where it is not. In particular it is true that 
infinite series have many properties in common with finite sums, 
but they do not have all their properties, witness the foregoing 
paradox. It is helpful indeed in our reasoning to remember that 
in general infinite series do behave as finite sums. It is also 
extremely helpful to-remember that very often what is true of 
the variable is true of the limit. Such partial truths are of great 
value in exploring the way and in seeking for proofs that are 
really rigorous. Their value is heuristic and every student 
should employ them freely. He must, however, learn to replace 
reasoning founded upon them by proofs of a more binding 
character. 

3. Let us note a few cases where the student is apt to go 
astray unless warned. 
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Example 1. Let us plot a finite number of real positive num- 
bers, @, dy +++ Gm, no two of which are equal. Then there is 
always one point which is nearest the origin. ‘This is true for 
any m. Is it true for an infinite sequence of such numbers 

M+ 5 Gg 5 ag 


Not always, as the sequence 


Le ao Weare 


: ; i! ae oe 
shows. Obviously there is no a,=-— which is nearest the origin. 
8 


t. 
For a,,, = —— 1s nearer 0 than a,. 
2 


Example 2. Similarly in any finite set of different numbers 
there is always one which is greatest. In an infinite set this 
is not always true. Thus the set 


has no greatest. 

Example 3. In the interval (0, 1) formed of the point x such 
that 0 < «<1 there isa first point y= 0 and a last point g=1. 
On the other hand, in the set of points x such that 

Ores h 
there is no first point, and no last point. 


35. Associative and Commutative Properties. In any sum of a 
finite number of terms as 


Ss=at+(b+e)t+d+te, @! 


we may leave out parentheses or put them in wherever we choose. 
This is called the associative property of sums. Thus the sum 1) 


may be written Saree by aed) 
Sal a) , C7 é 


=a+b+c+(d+e), 
etc. Also the value of 1) is not changed when its terms are 
rearranged in any way. ‘Thus 
S=b4+¢e+d+ete 
=et+et+d+a+, 
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etc. This is called the commutative property. The student is so 
used to making these transformations that he does it almost with- 
out thought. It is natural for him to extend these properties to 
infinite series. Yet simple examples will show him that this is 
not always permissible. 
Example 1. Wet 
A=14+(1-—-1)4+(0—-1)+(-1)+.-.. (2 
= A, + Ay + dg + Ag+ tee 


Here, A,=a,+ ee +a, 
=1+(1—-1)+-:-+(1—-1) , mn terms 
= 1. 

Hence 


hcl sol: 


Thus 2) is convergent and its sum is 1. 
If we remove the parentheses from 2), we get the series 


B=14+1-14+1-—-14+1-14+-- 


=b,+6,+6,+ aie 
Here, B 


2 = 
ere ee =. 


Hence lim B,, does not exist and B is not convergent. 


m2 


Example 2. (Dirichlet.) Let 
A=1t—4+ 3—-i+-- 6 
This we saw is convergent. We shall show directly that we 


may group the terms of A by twos or by fours without changing 
its value. Let us admit this fact fora moment. Then we have 


A=A-D)+G-DH+G-H+~ c 
=(-J+4-D+QG-d+}-pt+~ — G 
From 4) we have 
FA=G—H+G-3)tGr- tt 
Adding this to 5) gives 
g8A=(4+4-4)4+G+}-Dt+- (6 
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We shall show directly that it is permissible to remove the 
parentheses in 6) without changing the value of the series. Thus 


pAalt}-}44+d-]4~ G 
Let us now compare the two series 3) and 7). We notice that 
T) is obtained from 3) by taking two positive terms of 3) to one 
negative. Each term of 3) is to be found somewhere in 7) and 
no term is repeated. Thus the series 7) is merely a rearrange- 
ment of 3). If now all infinite series enjoyed the commutative 
property, the rearrangement of the terms of 3) would not affect 
its value. But the left side of 7) shows that the sum of 7) is 3 
times greater than the sum of 3). Thus not all infinite series 
are commutative. 


36. Since it is often convenient to put in or to leave out paren- 
theses in a series and also to rearrange its terms, it becomes neces- 
sary to ascertain when this is permissible. To this end we estab- 
lish the following theorems : 


1. Absolutely convergent series are commutative. For let 


A = 4, + A, + dg + + 


be absolutely convergent. Let 
B= b, +b, +b, +++ 
be a series obtained from A by rearranging its terms. We wish 


to show that B is convergent and that its sum is A. 
Since the adjoint series 


YW = @, + &y + Hy + + 


is convergent, we may take m so large that 
a, <é. a 


We may then take n so large that B, contains all the terms of 
A,,, and y so large that A, contains all the terms of ioe 


Then ae . (2 
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contains no term of index <m and the terms of the sum 2), each 
taken in absolute value, lie among the terms of the residual series 


ae OME 2 
PI ence Moar ie 5. 


< €. 
Thus B is convergent and ,. 
= ; him 6, =A. 


or, using 1), 


2. Let us now turn to the associative property. We begin by 
showing that we may insert parentheses at pleasure in any con- 
vergent series, a fact we embody in the following theorem : 


Let A=a,+a,+a,+ +++ be convergent. Let 
b, =A,+-> + Dan, : by = Om.a14 + a + On, 5 0c 
Then the series 
B=(a,+ + tte (Gnas 22> + Om) + ++ 
=6,+6,+ + 


is convergent and A= B. Moreover the number of terms which b,, 
embraces may increase indefinitely with n. 


For = 
a eo (3 
i is rercent : 
Since A is convergent, jj... Ae A 
N= 


Thus passing to the limit n = » in 3) gives 
=A. 


3. The next theorem relates to removing parentheses from a 
series. Thus if we remove the parentheses from the series 


B=(a,+ aD) = i Man Gig J Gy, ey ose +m.) + vee 
=6,+6,+ eae 


(4 


we get the series A=a+ +4 +-© (5 


We show now that in the following three cases the parentheses 


may be removed from the series 4). 
1° If A is convergent, B converges and A= B. 
2° If A is a positive term series and B converges, then A is 
convergent and A= B. 
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3° If the number of terms in each parenthesis in +) is < a fixed 
number p, and if a, +0, then A converges if B does and 
A= B. : 
For on the 1° hypothesis, we have only to apply 2 to show that 
B converges and A = Bb. 
On the 2° hypothesis, we have 


Ga, A, OD ea Ce en. (6 


If now we take s > m,, B—A, will contain only terms in the 
residual series B,. As the terms a, are positive, we have from 6) 


B_-A, <«. 
see A,= B or A= B. 


On the 3° hypothesis, we note that the terms of A, will embrace 
a certain number of terms of B, say B,,, and in general a part of 
the next term of B. We may therefore write 


AGB en Gr 


where 0/,,,, is a part of 6,,,;. Since 4,,,; contains at most p terms 
a, and as by hypothesis a, = 0, we see that 


bean: 


Passing to the limit in 7) we see that 


Avene 


4, Let us now return to verify the statements made in 35, Ex. 2. 

Since the series 3) in that article is convergent, we may indeed 
group its terms by twos or by fours without changing its value. 
In the series 6) we see that p = 3 and that in 3) 


Pe abe as 
n 
Hence this series falls under the 3° case of the theorem 3 above. 
Hence if we remove the parentheses from 6), the resulting series 
7) has the same value as 6). Thus the series 3) is not commuta- 
tive. It is also not absolutely convergent and the theorem 1 does 
not apply. 
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37. Riemann on Simply Convergent Series. 1. It will interest 
the reader to see that a simply convergent real term series may be 
rearranged so as to give a series whose sum is any desired real 
number. 


Let the given series be 
A=a,+a,+ a3 ++ @! 


Let B=b,+b,+b3+ + O 


be the series formed of the positive terms of 1), keeping their 
relative order in 1). Let 


C= ey + ey +e, ++ B 


be the negative terms of 1) with their signs all changed. We 
begin by establishing the following theorem : 


If A is a real term simply convergent series, both B and C are 
divergent, t.e. 
eon Wea =e) 

For in the first place B and @ must both have an infinite 
number of terms. Otherwise some residual series A, would have 
terms with only one sign. As A is convergent, A,, would con- 
verge absolutely. Hence A would be absolutely convergent, 
which is contrary to hypothesis. 

Let us thus suppose that A, contains 7 terms of B and s terms 


of C. Then 
Y= B+C0, 5 n=rt+s. 


If now B and C converge, we see that % also converges and thus 
A is absolutely convergent. On the other hand 
A,=B,-C, 
shows that if B or @ were convergent, both would converge, since 
A, =A by hypothesis. 
2. We can now establish 


Riemann’s Theorem. If A is a simply convergent series with real 

; ee ae 

terms, it is possible to rearrange the terms of A forming a serves S 
for which lim S,, is any prescribed number 1, or +o. 
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To fix the ideas let 7 be a positive number; the demonstration 
of the other cases is similar. Since by 1, B,=+, there exists 


an m such that , 
by + bgt eh + Oy, > b (4 


Let m, be the least index for which 4) holds. Since also 
CO, = +, there exists an index m such that 


(by +e FO) — Cyt oe +m) <i. (5 


Let m, be the least index for which 5) holds. Continuing, we 
take just enough terms, say m, terms, of B so that 


(,+ ey On) a (4+ JOOS Cae (Cae Ries a Saree > l. 


In this way we.may form the series 


P= (b+ -- +b, )—Cyt ten +-C J-€C Jee 


It is easy now to show that 


Nren dew 


For since A is convergent, a,=0. Moreover we choose our 
terms in 7’ so that 7’, differs from / by an amount < some a, of A. 


Thus 
T,—t=0. 


Let now S’ be the series 7’ with the parentheses removed. Since 
the terms in the parenthesis are positive, the series S is con- 
vergent and has 7’as sum. 


3. The foregoing theorem shows that Dirichlet’s example con- 
sidered in 35 does net illustrate an exceptional case, but the rule. 
This remarkable behavior of non-absolutely convergent series 
should make the reader more careful in dealing with infinite 
series. On the other hand, it would be a great misfortune if he 
became afraid of them, Let him consider infinite series just as if 
they were finite sums when striving to prove a theorem or solve a 
problem. Only he must not neglect at the end to go back over 
his steps and justify them carefully. 
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4. Let us make an obvious extension of the foregoing result to 
series whose terms are complex. If 


A =a, +d, + a3+ + 


a, = 6. ++ te. 
we saw in 81, 1 that Ti gee 


where 


when A is convergent ; while we saw in 81, 5 that if A does not 
converge absolutely, at least one of the series B, Cis not abso- 
lutely convergent. 

Suppose the series B is simply convergent, then B is not com- 
mutative. Hence A cannot be commutative. Thus we have the 
theorem : 


No simply convergent series of complex terms can enjoy the com- 
mutative property. 


Power Series 
38. The series 
A =a, +42 + 27 + age fee él 
is a power series. Here the coefficients a), a,, a, --- and 2 may be 
complex numbers. Such series are of utmost importance in the 
function theory. Indeed one is tempted to say they form the 
most important class of series. Special cases of such series 
are the series afforded by Taylor’s development in the calculus. 
In fact Taylor’s series 


F (0) 4274+ EO + Mae 


is only a power series as is seen by setting 
fon(0) 
Ay — FO) b) An, = n ! 
Thus the developments of sin 2, cos 2, e”, etc., given in 9 are power 


series. The variable z is there real, of course. 
A slightly more general form of 1) is 


dy + a,(2—@) + a,(2 — a)? + a,(2 — a)? + + 2 


Since the series 2) goes over into 1) on replacing z — a by 2 we 
may reason on 1) without loss of generality. 
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39. Circle of Convergence. 1. A fundamental theorem in the 
theory of power series is the following : 

Let the series A= us pap eeage el 
converge forz=b. Then it converges absolutely for any ¢ within the 


circle K through b with the origin as center. If A diverges for z=6, 
at diverges for any point d without K. 


For the adjoint series corresponding to 2 = ¢ is 


= a + ayy + ayy? + + Q 
where «,=|a,|, y= |e|. To show that 
this converges we observe that by hypothesis 
Ay +440 + ab? + --- é 


converges. Thus by 30, 3, 


Oh 4 a8 > Coe ; 


are all < some gy. We now write % thus: 


9 B(% plLY + ag(X) 4 
= % + a (%\4a (x) + @ (2) +++ 
. 0 1 B 2 B 3 B 
Comparing this with the convergent geometric series 
crus 5) \B B ¢ 


we see each term of 4) is < the corresponding term of 5). Thus 
2) is convergent and A converges absolutely for z =e. 

Suppose now A diverges for z2=6. Then it diverges at any 
point d without A. For if it converges at d, it must conyerge, 
as we have just seen, at all points within a circle & passing 
through d and having O as center. Thus A would converge at 
z = 6, which is contrary to hypothesis. 


2. If the circle C whose center is z=0 and whose radius is R is 
such that 1) converges for every point within C and diverges for 
every point without C, this circle is called the circle of convergence 
of the power series 1). 

Nothing is said about the convergence of 1) at points on C. It 
may or may not converge at a given point on C. 
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3. Let us note before passing on that the series 4), 5) enable 
us to give a rough estimate of the numerical value of the series 1) 
ata pointz=c. For let A, denote the sum of 1) for the point 


z=e. Then | A, | < of 


by 31,4. But we saw that %, or what is the same the sum of 4), 
is less than the sum of 5). But the sum of this series is 


Thus 
aa. ae: 
Y (6 
which is the relation we had in view. 


4. Let us find the circle of convergence of certain series which 
we shall employ later. The value of the radius R is placed at 
the right. 


1) enl+54+5454- R=o 
2) cosz= 1-542 — Pee 
3) sing=—7, Z _ i= 
be oe Po? 
5) log 1t2)=2-54+5-T4 R=1 
6) sinh z=zt S++ Pate 
T) cosh = 14 42 4 Piascs 
8) Ble, By, = 1+ SB a4 SAE EET At ia 
A, Fi | '~3@ 5 +o 4an One n ryt] 


(o@) 
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For convenience of reference we have added on the left side 
their values as functions of the complex variable z. For the 
present the reader should consider the series on the right merely 
as series whose circles of convergence are to be found. Since these 
circles all have z= 0 as center, it is the radius R which we seek. 

Suppose now that the adjoint of one of these series, call it A, con- 
verges for |z|=y. Then £& is certainly as great asy. If, on the 
other hand, A diverges for |z|=y, & is certainly no greater 
than y. Finally, if A converges for |x|<y while it diverges 
for |w| >, then the radius of convergence # is = ¥. 

Now the series 1), 2), 3), 4), 5), 8) we have already considered 
for real values of z. In 21, Ex. 2, we saw that 1) converges for 
any realz. Thus for this series R = o. 

Similarly 21, Ex. 8, shows that & = oo for the series 2), 3). 

In 28 we saw that 4) converges for real x such that |z| < land 
diverges when |z|>1. Thus R= 1 for this series. 

Similarly 21, Ex. 4, shows that # = 1 for the series 5). 

Finally in 29 we saw that 8) converges for real x such that 
|2|<1 and diverges for |v|>1. Thus R= 1 for this series. 

Thus there remain only the series 6), 7), 9). The first two are 
at once disposed of. For the terms of their adjoint series form 
a part of the adjoint series of 1). Thus R=oo for both 6) and 7). 

As to 9), the ratio of two successive terms of its adjoint is 


“ 2 
Gesil — (0) 
a, 2(s+1)(n+s4+1) 


for any given ¢ Thus R= for this series. 


6. The following development we shall use later 


1 1 = th 2—a\2 
es 1 k 
uUu—zZ —| ape. * ee 


valid for |z—a|<|u—a|,. 


To prove it we note that 


U—zé=(u—a)—(e—-a) 


=(u—a){1—2=4| 


U— a 


=(u—a)(1—v). 
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Now 1 


poe eet P| OieceL: ai 


Thus oe 1 


uw—2 U—a l—yv 


gives 10) on using 11). 


40. Two-way Series. 1. In the series considered up to the 
present | 


n 


ay + Ay + Ag + “= Sa 
1 


the index takes on only positive values. It is sometimes conven- 
ient to consider series in which n takes on both positive and 
negative values. This leads to the symbol 
s $A gta _.+a,~+a +a, +a, +a, + +: @! 
2 
or Sas 


We call 1) a two-way series. 


Example 1. We shall see that in certain cases a function of 
z can be developed in the form 
Ay + ay2 + ag2?+ +> 
pee Uae O 
414-24 784 
eee eg 


If we set 6, = a_,, this can be written 
S Ane”. @ 


Example 2. In the elliptic functions we consider series of the 


type fe ger v9 qher?ne + ier riz 4 Hae 


4 
+4.+ 4+ 
é é 


e272 2°2rriz 


9 
pee: 


3°2rriz 


which may be represented by 
S Of ene © 
2. With the series 1) we associate the two series 


B=$a, , C=$ay 4 
0 sf 
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If these two series converge, we say A is convergent and its sum 
is 
A=B+ 0. 


If either or both the series 4) are divergent, we say A is 
divergent. , 

Thus the theory of the two-way series is made to depend on 
the two one-way series 4). 

Instead of the series 4) we could use any two other series ob- 
tained from 1) by breaking it at any other index m. Obviously 
the same results would be obtained with these as with the series 4). 

If the adjoint series 


Py = s ay % hy = Ay | 
-2 


converges, we say that A converges absolutely. Thus if Band C 
converge absolutely, A is also absolutely convergent. 

8. Another definition of convergence and sum of the series 1) 
is the following. Let 


A pn, = Cam 4 Comay He FO Mg + ay Ff + + Gs, (5 


Suppose that as m, n=oo independently of each other, A,, , 
converges to some fixed number which we denote by 
Lite, (6 
Mm, nN=0 
or more briefly by 7; that is, suppose that for each e > 0 there 
exists an 7 such that A,,,, differs from 7 by an amount < e for all 
mand »>r. In this case we say that A is convergent and its 
sum is the limit 6). This definition leads to that given in 2, but 
we do not wish to urge this point. 


4. As an example let us show that 3) converges absolutely for 
any given z=az+ty when r=| q\| <1. For, assuming for the 


moment that . 
etn = OOK 
we have 


ermine = ecTine, enemy 


Hence 


e2ming | pie 


The adjoints of the B and ( series defined in +) are here 


2) 2 ¢ } 2 « 
B= Son e72mny . = S pr ernny, 
0 1 
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The ratio of two successive terms in ¥ is 


ntl)? 
y en2ry == gentle-2ry 3k, 0 


ye = 


as nm=oo. Thus B converges absolutely; similarly C also. 


5. Two-way Power Series. Let us consider the series 


Grae A 
Z a e a 2 a ci 

If we set 1 

U 


it becomes ; 
AU + agu® + au? + ++ 

If this series converges for wu = ¢, it converges absolutely for all 
|u|<je|. Hence if 7) converges for z = 6, it converges abso- 
lutely for all |z| > ||. 

Let C be a circle about the origin such that 7) converges for 
every 2 without ( and diverges for every z within C. Then (is 
called the circle of convergence of 7). 

Let us now consider the two-way series 


a, + a2 + agz*+ + 
b iD 
eae oY: © 


where P is the series in the first line. If C is the circle of con- 
vergence of P,and D that of Q, the ring R= C — D lying between 
these two circles is called the ring of convergence of 8. 

The radius of @ may be intinite. 


41. Double Series.- 1. A point whose codrdinates x, y are in- 
tegers or zero is called a lattice point. Any set of such points is a 
lattice set. Let a,, be given numbers, the indices m, ” corre- 
sponding to points of some lattice set. The symbol 


A= 2a; 4 (a 


is called a double series. With 1) we may associate a series 


B= 2b, (2 
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where 8, is some term a,,,, of 1) and where each term a,,, of 1) 
is some 8, of 2). If 2) converges absolutely, all these B 
series, being merely rearrangements of one of them, have the 
same sum. In this case we say 1) is convergent and its sum is 
that of 2). As heretofore it is often convenient to denote the 
sum of the series _A when convergent by the same letter. When 
the series 2) does not converge absolutely, we shall say 1) is 
divergent. 

r oe 

The series es ay eee 
is called the adjoint of 1). From our definition of convergence 
it follows that % converges when A does, and conversely. 


2. Let us note that the multiplication of two simple series 


n 


Se eee 
1 


1 


leads to double series. In fact let us set 
Cm, n = Online 


Then C= Xe (38 


m,n 


is a double series, and when A and B are absolutely convergent, 
we saw that Cis convergent and A. B=. In the series 3) the 
indices m, n range over the lattice points in the first quadrant, 
excluding those on the z or y axes as for these m or n would have 
the value 0. 


3. We have seen that 


HO 
: =14+6+4+22 
Thus. 1 Z 
7 = Pa ym r—> 
@! a a)(1 = b) m, nea b Cn, n (4 


where m, n range over all lattice points in the first quadrant, 
including those which lie on the 2 and y axes. 
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4. In studying the double series 1) it is often convenient to 
suppose the terms a,,, placed at the lattice points m,n. From this 
point of view any simple series 

Ares et 

1 
may be converted into a double series as follows. Choose an 
infinite lattice set 2 at pleasure, e.g. the points in the first 
quadrant. Put each term a, at some lattice point 7, s, so that 
each point of & bears one term of A. If a,, lies at the point 7, s, 


we may denote it by 8,.,, so that 4,., is only another symbol for a,,. 
In this way we get a double series 


B => 2b, s* 


™m 


5. Example. Wet a, 6 be any two complex numbers, such that 
the three points 0, a, 6 are not collinear. If m,n range over all 
lattice points, the origin excluded, 


ma + nb 


will be the vertices of a set of congruent parallelograms, as in the 
figure, which completely cover the plane. 


The series 1 
i 5 
= > (ma + nb)? C 


is important in the elliptic functions and will be employed later. 
We now establish the theorem : 


The series 5) converges 
when p>2 and diverges 
when p < 2. 


For brevity let us set 


®nn = ma + nb. 


The adjoint of 5) is thus 


Then by definition 5) and 
6) converge simultaneously. 
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We replace 6) by the simple series 
B= =P, 


where 8, denotes the sum of the terms of 6) whose indices m, 
correspond to points on the first parallelogram P, whose center is 
the origin O; 8, is the sum of the terms of 6) whose indices lie 
on the second parallelogram P, about QO, etc. 

Let d and D be the least and greatest distances of the sides of 
P, from 0. Then each of the 8 numbers o,,,, which lie on P, 


satisfy the relation 
CBF Mare nce 8 
Similarly each of the 2-8 numbers @,, which lie on P, satisfy 


the relation 
2d S| Oy, | = 2D, ete: 


Thus 8 < 8 
Des tome 
2.8 2.8 
< , ete 
1, (2D)? = Oa ad 
1us 2 
eo 
(sD)? *— “1 (sd) 
or 8 


As 1 
~ gpl 


converges when p>2 and diverges when p< 2, the theorem is 
proved. 


42. Row and Column Series. 1. Let us consider the double 
series 
A=4,,+ 4+ Aig + °° 
HF Mg) + Ag + gg + ++ 
ee wn Gl 
m, n=1, 2, - 


> 
ar aby n 


The m row of A gives a series 


Lin, = Amy + Ong + °°: (2 


nr 
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and from these we can form a series 


00 
=f eee 
R Pb fer eae (3 
m=1 
t @ a 
F => Sa 
o_o a it M,N 
m=1 n=l 


putting in the value of 7,, as given by 2). We say the series R is 
obtained by swmming 1) by rows. 
Similarly the n column of A gives a series 


wo 
= Ss = 
= 2 An, n = Ayn + Aan +o (4 


C=eytegt +s eH: 
m,n* (5 
We say the series Cis obtained by summing 1) by columns. 

2. To sum a double series A which is known to be convergent, 


we may often use the following theorem with advantage : 


If A is convergent, each series r,, ¢, 1s absolutely convergent. The 
series R and C both converge absolutely and 


She (6 


For let Bab fit = 2b, (7 


be one of the simple series associated with the double series A. 
Since A is convergent, B converges absolutely by definition, and 
A=B. Let |ayun|= mn. The adjoint of A is 


A= Se. 


Let us denote the series formed from %& analogous to 
en Mee We Gn Ds, 


Dy Pm >» Ym > rn Or Brn: 


To show that 7, is absolutely convergent we observe that we 
can take s so large that each term of 


Pm, p = %m,1 + %ma + °° + En, p 
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lies in B,. Hence 


Thus 


Pim, p 3, < B. 


(io = lim Pm, p < 8B. 
p=0 


Hence the series p,, is convergent and 7,, is therefore absolutely 
convergent. The same holds for e,. 


To show that #& is absolutely convergent let us consider 
R =p, + pot --- = lim K,, 


= lim(p, + pa + +++ + Pm)- 
But 
u Pm = %my + Sma 2° 


=']1Ml Pry,» = MIM (ny Omg 1°" F Onn) 
If therefore we set 
Urn, n= yy + yy + re + On 
A yy HF Egg + ott* + lon 
ae 
a Chaar Gar 299 Wie 
Way Renee 


m) 


we get 
t/a) 


ot = lim lim 2, ..- 


M=H NSO 


and hence 


Now let us take s so large that each term of Wf, ,, liesin %,. Then 
Nie eee Oh 
Passing to the limit n =» gives 
Fn SB. 


Passing to the limit m = oo shows that R< S. 


Hence Sf is con- 
vergent. As each 


| Yn | < Pm 
we see that / is absolutely convergent. 
To show that & = A we begin by taking s so large that 


Be <e. 
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Next we take p, q so large that every term of 9% not in ales 
in 8,. Then B — 7 


contains only terms of 8, when m > p, n > gq. Thus 
B—=- Min <e 
Now the numerical value of B—A,,,, is < the sum of the nu- 
merical values of the terms of this series. Thus 
| B— Ann| << B—Mnn <e 
Letting now n=, we get 


|B- fee | aS €. 
Letting m=, we get |\B— B|<e. 


Ase > 0 is small at pleasure, this gives 
B=Rk. ..A=R. Q.E.D. 


Similarly we show that C is absolutely convergent and A = (. 


3. Let us now show conversely : 
Tf the R or the © series converges, A is convergent. 


Let us suppose that # is convergent. Taking s at pleasure, we 
may take m, n so large that the terms of &, lie in ,,,. Hence 


B, < nn S Rn S He. 


Thus % is convergent by 13,2. Hence A is convergent by definition. 


4. The following example will show that double series cannot 
be treated as if they were finite sums. They are the limits of 
such sums and often illustrate the fact that what is true of the 
variable is not necessarily true of the limit. Consider the series 


a? 
3! 


a 
gta 


9,4 (2a)? _ (Ga)? 
+1—2a4+S50 SO +. 


hol 


Za)? (3a)? 
41-844 09_C° foo 


where a > 0. 
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The m* row has here the sum 
YP Nett Fa aces 
Thus summing A by rows we get 
Khar, +i, 
=ert+teg 44 e%14.., 


This is a geometric series and conyerges absolutely since a > 0. 
We cannot infer, however, that A is convergent or that if it were 
its sum = R. In fact Ais divergent. For if it were convergent 
each e, series must be convergent by 2. This is not so, for 
—! ee=i+14+14.-- 
is divergent. 

43. Application to Power Series. We wish to apply the fore- 
going theorem to obtain a result which we shall use later. Let 


the power series 
P(@) = a + a2 + a427 + -- ad 


have € as a circle of convergence. About any point 2 within € 
let us describe a circle ¢ of radius p which also 


lies within ©. The point 2+A will lie in c if : 
|4| <p. Hence the series 1) converges abso- 
lutely when we replace z by z2+A; that is O 


Path) =a +a,(2+h)+a(2t+h)?+-. (2 


is an absolutely convergent series. Let us expand 
the terms of 2) and write the result as a double series. We get 


A=a,+0+0+4+0+4... 
+az2+ah+04+04-.. 
+ agz?+ 2a zh+af?+04.- c 
+ 922 + 3 age*h +3 ageh? + 13 4+... 
ae 
If we sum 3) by rows, we get the absolutely convergent series 2). 


From this we cannot infer that 3) is convergent as we saw 
in 42, 4 
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The series A is, however, convergent, as we may easily see as 
follows. Let us set|z|=7. Then 1) converges absolutely for 
z2=r+op since this point les within © Thus 

Oy +a (7 + p) + (7 + p)? + + 
0 1 2 p 


: (4 
= % + yr t+ apt ay + 2 arp + ap? + ae ) 


is convergent. Thus the simple series 
B= ay t+ a2 + ah + az? + 2agzh + ah? + 
is absolutely convergent since each of its terms is numerically > 


the corresponding term of 4). Thus A is convergent and we can 
sum it by rows or by columns. Summing by rows gives 


A = Ne + h). 
Summing by columns we get, since the result is the same as before, 


P(x th) =P) +hP\2) + HPPA) + SPs) oe Aone 


where P,=4,4+2a.2+ 3a + -- 


P,=2a,+2-3a2+3-4ag*7+ -- 


CHAPTER IV 
THE ELEMENTARY FUNCTIONS 


44. 1. The functions employed in elementary mathematics are 


the following : 


Integral rational functions. Exponential functions. 
Rational functions. Hyperbolic functions. 
Algebraic functions. Inverse circular functions. 
Circular functions. Logarithmic functions. 


Except in case of the algebraic functions the independent vari- 
able 2 is usually real. 

We propose in this chapter to define these functions for complex 
values of the variable, and to study a few of their simplest and 
most useful properties. 


2. The reader is perfectly familiar with all these functions, the 
variable being real, except possibly the hyperbolic functions. For 
such as have not used these functions in the calculus we add the 
following. They are defined by 
ap . Cia 
SS F SE lan cee (1 

The left sides are read “ hyperbolic cosine of 2” and “ hyperbolic 
sine of .” We see that they are merely linear combinations of 
e and ea; 

These functions have been computed and tabulated, so that one 
is as free to use them as sin z, cosa. The reader is referred for 


example to 
B. O. Peirce, A Short Table of Integrals. 


Ginn and Company, Boston, 1899. 
Jahnke and Emde. Funktionentafeln, 
Teubner, Leipzig, 1909. 
86 
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By means of these tables we may draw the graph of these func- 
tions which we herewith give. The graph of cosh z is the familiar 
eatenary, that is, the form 
of a chain supported at 
two points on the same 
level. It is important to 
note that : 


cosh x never vanishes, 
while sinh x vanishes just 
onee, viz: for z = 0. 


y=cos h x 


We note also that cosh x 
is symmetric with respect 
to the y-axis, and sinh x with respect to the origin. 

If we express e*, e~* as series we find 


iaeeat 
cosh r= 1+ ere ao (2 
: oe ie 

|S lee 
sinh z= 7 ace (3 


From 1) we find at once that 


cosh? # — sinh? 7=1. (4 


45. The Integral Rational Function. These functions have the 
form 
Ay + 2 + age? + + + 2, a1 
where the coefficients a), a1, +++@, are any given complex num- 
bers and the independent variable z is free to take on all complex 
values, or as we say is free to range over the whole z-plane. 
The exponent m is an integer > 0, and is called the degree of 1). 
Such functions are called polynomials in algebra. Since 1) 
involves only the operations of addition and multiplication of 
complex numbers, its value can be calculated for any given 
value of z. 
In algebra we learn that 1) vanishes for just m values of z, say 


4 5 Zo wae 2m) (2 
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some of which however may be equal. We call 2) the roots or 
zeros of 1). Knowing the roots 2) and denoting the expression 
1) by w, it is shown in algebra that 


W = Un(2 — 2) (2 — @y) «++ (2 — 2m)- (3 


The theorem which states that : 
Every polynomial of degree m has m roots 


is called the fundamental theorem of algebra. As often given 
in algebras, its demonstration is long and difficult. Few students 
really comprehend it. It is a luxury which most students are 
willing to dispense with. And quite rightly, for it is far beyond 
their powers at that time. Later we shall give two proofs of this 
important theorem which the student will comprehend ; one is so 
simple that he will not need to set pen to paper to follow it. 


46. Rational Functions. The quotient of two integral rational 
functions of zg is a rational function. Such functions have the 


form ay + ae+ set Pe Ae fal 


ee a 


where the coefficients aj), a, --» 6), 6, -»- are constants and m, 
n are integers > 0. The expression 1) involves division by 
0 for those values of zg for which the denominator vanishes. Let 
these be ¢ 

Big ee eee (2 
For any value of the complex variable z not included in 2) the 
value of the expression 1) may be computed by rational opera- 
tions. These values of zg form the domain of definition of the 
expression 1). We may thus state: 


The domain of definition of a rational function of z is the whole 
z-plane exceptiny the zeros of the denominator. 


The degree of 1) is the greater of the two exponents m, n, sup- 
posing of course that a,,, 6, are #0. 

When 1) is of the first degree, it is said to be linear. The type 
of a linear rational function of z is therefore 


a+ bz 


e+ dz c 
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The rational functions include the integral rational functions as 
a subclass. In fact let the numerator of 1) be exactly divisible 
by the denominator; then 1) reduces to a polynomial. This 


takes place in particular when the denominator reduces to a con- 
stant, that is when n= 0. 


47. Algebraic Functions. 1. We say w is an algebraic function 
of z when it satisfies an equation of the type 


w+ Ri(z)w" 14+ Ri(z)w™? + «- + B,(z) =0, d 


where the coefficients R, R, + are given rational functions of 
z, and m is a positive integer. The degree of w is n. 

Let us give to za definite value, real or complex, say z=a. If 
a is a zero for one of the denominators of the coefficients, we 
shall say that the point corresponding to this value of a is an 
exceptional point. Obviously 1) has no meaning at such a point. 
Suppose now that @ is not sucha point. Then all the coefficients 
in 1) can be calculated, and 1) reduces to an equation with constant 
coefficients. But such an equation admits n roots, which in general 
are unequal, a aed 5. Bn labs (2 
Thus the equation 1) defines an n-valued function w of z for all 
values of z not included among the exceptional points of the coeffi- 
cients. These values of z, or, using our geometric language, the 
points in the z-plane corresponding to these non-exceptional points, 
constitute the domain of definition of the algebraic function w. 

The number of exceptional points is finite. For the highest de- 
gree of any coefficient R,, R, --- being say A, no coefficient has 
more than hf exceptional points. As there are only n coefficients, 
there are at most hn exceptional points. Hence: 


The domain of definition of an algebraic function of z embraces 


the whole z-plane, excepting possibly a finite number of points. 


2. Let us note in passing that the class of algebraic functions 
embraces the rational functions as a subclass. 
For let n=1 in 1); it reduces to 


w+ R,(z) = 9, 


or w=— &,(2), a rational function. 
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3. We have said that the roots 2) are in general unequal. Let 
us denote the equation 1) by F(w,z)= 90. If we eliminate w 
from the two relations 


we will get an algebraic equation in 2, say 
Ga) =); (3 


of degree m, let us say. It is shown now in algebra that the 
roots 2) are all distinct at a point z=c when ¢ is not a root of 
3). We may call the roots of 3) critical points; they are finite 
in number. The exceptional and critical points together may 
be called singular points. All the other points may be called 
ordinary. 


48. Explicit Algebraic Functions. 1. The two roots of the alge- 
braic equation Eo Rae, a 


where #,, #, are rational functions of z, are 


Since 2) satisfies 1), it is an algebraic function of z. To calculate 
this function we have to perform, besides the rational operations, 
the operation of extracting a square root of a known quantity. 


2. The three roots of the algebraic equation 


w+ R,(2)w + R,(z)= 0, (3 


where F,, R, are rational functions of z, are given by 


3 3 
C= V- ¢ Ro + vq Ret oh BS + V-3 R,—VE_RA+ gh Re. (4 


Since 4) satisfies 3) it is an algebraic function of z. The right 
side of 4) exhibits this function by means of roots of quantities 
which can be successively calculated by rational operations. We 
say 2) and 4) are explicit algebraic functions of z. 

In general we say w is an explicit algebraic function of 2) 
when its expression involves the extraction of roots of rational 
functions of z, or the extraction of roots of such roots, or the 
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rational operations on such roots, each operation performed only a 
finite number of times. This definition is clumsy, but its idea is 
very simple. The expressions 2) and 4) will serve as illustra- 
tions. 

3. It is shown in algebra that every explicit algebraic function 
of zis a root of an equation of the type 47,1). The demonstration 
is simple but will not be given here. 

On the other hand it is not true that every algebraic function 
of z is an explicit algebraic function. The demonstration of this 
fact is anything but simple. The solution of the cubic and bi- 
quadratic equations was effected by the Italian algebraists in the 
first half of the sixteenth century. The algebraic solution of the 
quintic was then sought. This became one of the celebrated 
problems of the seventeenth and eighteenth centuries. The great- 
est mathematicians of their time sought its solution, but in vain. 
At last Abel in 1826 demonstrated that the roots of the general 
equation of the fifth and higher degrees cannot be expressed as 
explicit algebraic functions of their coefficients, in other words 
that these equations do not admit an algebraic solution. 

If then the roots of the general equation of fifth degree cannot 
be expressed in terms of radicals, in terms of what functions can 
they be expressed? In 1858 the illustrious French mathemati- 
cian Hermite showed that these roots may be expressed in terms 
of the elliptic modular functions. This will be referred to again 
when we take up the study of elliptic functions. 


49. Study of Vz. 1. Let z=r(cosf+ising), then as we saw 

in 7, 3 the two values of Vz are 

w= Vr (cosf | isin$) > Wa= — Wy. Gl 
If we let z describe a curve in the z-plane, the two roots w,, w, 
will describe curves in the w-plane. 

For example, let z describe a circle € of radius ras in Fig. 1. 
When z is at A, 6 =0, hence w,=V7r, w,=—Vr. Thus w, is at 
a and w, is at 6. Let z describe the quadrant AB. Then ¢ 
increases from 0° to 90° while r remains constant. From 1) we 
see that the argument 4 ¢ of w, increases only half as fast while 
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its modulus Vr remains constant. Thus when z describes the 
quadrant AB, w, describes the octant «. Since w, = — W,, we 
see that at the same time w, describes the octant de. Let now z 
describe the second quadrant BO. ‘At C, 6=180°, hence } 6=90°. 


w plane 


2 plane 


A 


Big. 1 


Thus when z has reached C, w, has arrived at y, while w, has got 
to €. Continuing, we see that when z has gone all around the 
circle, P= 360°, hence 4 6=180°, and hence w, is at 6. Meantime 
Ww, has moved from ¢ to « Now when we began, w, was at a, 
and w, at 6. After the circuit, w, is at 6 and w, ata. The two 
roots have been interchanged. 


2. We will now let 2 describe any closed curve & about the 
origin as in Fig. 2. 

To any point P on & whose polar codrdinates are r, @ will cor- 
respond a value of w, given by 1), and the point in the w-plane 
corresponding to this value w, has the polar codrdinates V7, 4 ¢. 


Fie. 2. Pies 3: 


As z describes ® starting from A, ¢ will increase steadily from 
¢=0° to d= 360° when zg will have returned to A. The 
modulus 7 varies continuously from its original value, say r = a, 
sometimes increasing, sometimes decreasing, but finally returning 
to its original value a. From this we see that the argument io 
of w, will increase steadily from 0° to 180° while the modulus Vr 
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will vary continuously. Thus w, will describe a continuous curve 
as in Fig. 3, whose end points A,, B, lie on the real axis at the 
distance Va from the origin in the w-plane. Moreover, as 
W, = — w, we see that wy, will describe a symmetric curve on the 
other side of the origin. Hence when z has completed its circuit 
about the origin of the z-plane, w, and w, have interchanged posi- 
tions in the w-plane. 

Thus we see that this more general case behaves in an entirely 
analogous manner to the simple case considered in 1. The main 
facts to remember are these : 

1° When z describes a circuit about the origin, w, and w, each 
describes a curve, but not a closed curve. 

2° At the end of the circuit, w, and w, have interchanged 
values. In other words, a circuit about the origin effects the 


substitution 
é ; i 
Wy Wy 


For this reason the point z = 0 is called a branch point. 


3. Let now z describe a closed curve, 
as in Fig. 4, which does not enclose the 
origin 0. Let the polar codrdinates of 

A B Gg D E 
be SiMe = 6 ft) 1, OS 6, €. 


The value of w, at the point A is thus, by 1), HG. 4 


w, = Va (cosfa+isinj @). 


The point A, in Fig. 5, corresponding 
to this, has the polar codrdinates 
Va, ia. Let now z move along the 
are ABC... Its argument ¢ steadily 
increases till the radius vector becomes 
tangent to the curve at E; that is o 
increases from ¢=«a to 6=e. Thus the argument }¢ of w, 
steadily increases from }a to }¢, as w, moves from A, to F, in 
Fig. 5. The modulus r of z increases from r = a to r= d as it 
moves from A to a point D in Fig. 4, when it begins to decrease. 


Fre; 5. 
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Similarly, if to fix the ideas we suppose 7 > 1, the modulus Vr 
of w, will increase from Va to Vd as w, moves from A, to a point 
D, in Fig. 5. As z moves from # back to A.and so completes the 
circuit, @ decreases from ¢ back to its original value « The mod- 
ulus 7 also assumes its original value 7 = a, at the close of the cir- 
cuit. Thus w, also comes back to its point of departure A,. Hence: 

When z describes a closed curve not including the origin, w, 
describes a closed curve also. 

Since w, = — w, we see that w, will describe a symmetric closed 


curve on the other side of the origin. 


4. When z describes a circuit about z= 0 we have seen that the 
two values of w= Vz are permuted; on the other hand, we have 
seen that if z describes a circuit about any other point, which does 
not include the origin, the two values of w are unaltered at the 
end of this circuit. We therefore say that z=0 is the only 
branch point of w. 


50. Study of w=V(z—a)(z—6). 1. Let 
z—a=a(cos 6+ isin @), 
z—b=—P(cosfd+isin®¢). 

u, = Va(cos 4 6+isin } 6) ; Uy =— th, ad 

1,=VB(cos4p+isindd) , %=—%. (2 


Let 


Then the two values of w are 
W, = Uy, 5 Wy = — Uy2. 


We note that the expressions 1), 
2) defining u,, v, have precisely the 
same form as that defining w, in 49. 
From this it follows that when z 
describes a circuit Y about a, u, 
will go over into w,=— u,. Onthe 
other hand the curve % lies outside 
of 6, and hence by 49, 3, when z de- 
scribes %f, v, returns to its original value at the close. Thus v, is 
unchanged. Hence the effect of the circuit { on w, is to change 
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it inte — UV, Or Wy. AS Wy=—w,, We see that the same circuit 
converts w, into w,. Thus a circuit of z about a effects the sub- 
stitution AA ee 
(2) 
Wy, Wy 


Similarly if 2 describes a circuit B about }, but excluding a, the 
roots W,, W, are also permuted. 

For this reason the points z= a, z= are called branch points. 

The same reasoning shows that if z describes a circuit about a 
or 6, but in the opposite direction, the two roots W, Wy are per- 
muted also. 

Next let z describe a closed curve © which does not include 
either a or 6. Then 49 shows that both u,, x, return after the 
circuit to their original values and hence w, = u,v, also returns to 
its original value. 


2. Let 2 move from ¢ to d over the path %._ If it describes the 
same path in the opposite direction, 7.e. from d to e, we may denote 
it by © 1. Let Yt denote the other path from e to d as in the 
figure. Then 2)?! will denote the closed g 
curve from ¢ over & to @ and back to e 
over the curve QM. . 

At each point z, the algebraic function 


w=V(z—a)(z—b) 


has two values. The values of w for z=e 
let us call y and —y. When z ranges over the curve &, the differ- 
ent values that w has group themselves into two curves or branches 
which we may call Z, and Z,. An end point of one of these curves, 
say L,, is y. Let 6 be the other end point of L,. Lf % does not 
pass through one of the branch points 2=a, z= b, the two values 
that w has for each value of z are distinct. In this case the two 
branches Z,, LZ, have no point in common. We may thus distin- 
guish the two branches L,, L, by giving one of their points. Thus 
the branch Z, is determined by the fact that it passes through y, 
or through 6. 

Suppose now we allow z to range from ¢e to d over%. If we 
start with w=-y, what value will we have when z reaches d if, as 


96 FUNCTIONS OF A COMPLEX VARIAPRLE 


we pass over % we always choose that determination of w which 
will form a continuous set of values? Now at z=d, w has two 
values w=6, and w=—6. From the foregoing the value we 
must choose is obviously w=6: Let us indicate this by the 


notation 5 
We = 


whereby we mean that if we start from z=e with that value of w 
which is = y and allow z to range over the path & the value that 
w has at the other end of % is 6. 

Suppose that we next allow z to move from ¢ to d over the path 
yw. We prove now the important fact : 


Tf % M do not pass through or enclose a branch point, 
Ye = Vax = © 


In other words, if we start with the same determination of w at 
2=c we arrive at the same value of w atz=d, whatever path we 
choose, provided no two paths pass through or enclose a branch 
point. 

The proof is very simple. For by 1, 


Yem-1 = Y- 
Hence 
Yem—lym = Yor- 
But 
Yem—lm = Ve 
Hence 


T= TRS 


3. Suppose we start at z=e with the determination of w=y. 
We allow z to describe the circle € as in the figure. We ask what 
is the value of w when z returns toe? As w has only two values 
at e we have 


Y=7 T ¥e=—-¥- 
To determine which, we introduce the paths 


de and ce. 


Then 
Ye = Ved-de-ec* 


As the two paths de and de. ce do not include a branch point, 


YE = YVed-de-ce-ec* 
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Now ed- de is a circuit about the 
branch point z=a. Hence 
Ved- de = — ry 


1 thus 
anc 1us Ye = (= es 


Also ce-ee is a circuit about the 
branch point z=%8. Hence 


(— pee =e 
Thus finally 


Cmts 


51. The Elliptic Radicals. 1. When we take up the elliptic func- 
tions, we shall find that two radicals 


w=WV4(z — €,)(2 — &)(2— eg) (1 


aud w=VO—2)0 — 2) Q2 


figure very prominently. Let us consider first 1). If we set 


2— Cn =T1n(Ccos O,, +72 sin 6,,) 
and — ae 
Um = VT m(Cos 4 0, +7 sin 3 4,,), 


the two values of w in 1) are 


Wy = UjyUgUg 5 Wo=— Uj. 


Now the radicals u,, = Vz —e, have the same form as those con- 
sidered in 50 and we may therefore conclude at once : 


The branch points of 1) are e,, ey, es. When z describes a circuit 
about one of them, w, and w, are interchanged. A circuit which in- 
cludes two of the branch points leaves w,, w, unchanged ; a circuit which 
includes all three branch points interchanges w,, Wy. Finally a etr- 
cuit which includes none of the branch points leaves w,, w, unaltered. 


2. Let us now turn to the radical 2). Since 


i! 1 
_ je ae os = 
a-2)1—-P2)=(z Det H(z (e+z) 
we set 


z—1=7,(cos6,+7sin6,) , z2+1=7,(cos@,+7sin 4), 


z— 7 = 1r4(c0s 6, + isin 6) : 2+ 7 = 14(cos 8, + isin 64). 
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Finally we set Um = V7r,(cos 3 6,, +i sin 4 6,,), m = 1, 2, 3,4. 


Then the two values of w in 2) are 


W,=kujuglgt, 5 Wy =— Wy. 


From this we conclude : 


The branch points of the radical 2) are 1, —1, I 


ece 
describes a ctreuit which includes no branch point or an even number 
of them, the values of w 1, Ws are each the same at the end of the circuit 
as at the start. If the cireuit contains an odd number of the branch 
points, the values of w,, We are interchanged after the circuit. 


st 


When x 


Cae 
z—b 
radical is the same as that employed in 49, 50, and 51. We set 


The method we adopt to study this 


52. Study of w= sj 


2—-a=a(cos@+isin#) , z—b=P(cos$+isin gd) 


and introduce the cube root of unity 


9 
o= cos = +2 sin ay 
We also set 


3/— te eee a! 
t= Val cose Ly sing) 5 Ug=OU, , Ug= on, 


3/7 0 8 
m= Va(cos$ + isin$) 5 U=OVv, , ee ae 


Then the three values of w are 


Wy= 


= Ls 


u ou 
» W=o , w=? 1. 1 
: v v 
4 1 1 

Let now z describe a circle CO about 
2= a, as in the figure. Then @ in- 
creases from say 0=t to 0=t+4 27, 
while ¢ returns to its original value. 
At the beginning of the circuit 


VE V «(cos st+zsindt). (2 
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At the end of the circuit, w, has acquired the value 


a7 7 eae 
(@y)o= Va(cos d(t+2 7) isin d(t+27)) 


= @U,- 
Thus (Ug) ¢ = @(Uy) ¢ = @7U, = Uys 


(Ugo = wo (Uy Jo = wu, = Uy; 


The effect of Cis to convert 


into Us 
As v, remains unaltered by the circuit O, the relation 1) shows 
that after the circuit 


go over into 


The circuit thus effects the substitution 
> hee ue Wo a 
Wy We Wy 
Let z now describe a circle D about z = 6 in the positive direction. 
The same considerations show that ¢ increases from say ¢ = p 


tog=p+27. On the other hand, 6 returns to its original value. 
Thus at the beginning of the circuit D, 


v1,=VB (costp+isinip), 


At the end of D, v, has acquired the value 


(01) p = VB(cos (p+ 27)+isind(pt+27)) 
=). 


Similarly (0) 
"2 


p= OV, =Vg 3 Vg = OV3 = V4. 
As u, remains unaltered by the circuit D we have 


u,\ 1p eC ee, 
no=(H = Lag’ t= 0, = V3. 
V,/D Ov, OF 


° 
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Similarly «, goes over into w, and ws, into w, after D. Thus the 
circuit D effects the substitution 
B -("1 W, v0). 
We, Wy, We 
We notice A?= 8B; that is, going around z=a twice in the 


positive direction produces the substitution B. If we go around 
a three times, w, Ww, ws take on their original values, or 


Ate We 2). 
W, Wy We 


A substitution which effects no change in the roots is called the 
identical substitution and is denoted by 1. Thus 


Ate 1. 


Let us now see what happens when z describes the circuit C in 
the negative direction. This path according to our agreement is 
represented by C71. In this case 0 decreases from say 0=¢ to 
@=t—27. At the end of the circuit C4, u, as given by 2) has 
acquired the value 


(uy) o1 = Va(cos 4(t — 27) +¢sin £(t — 2ar)) 
= OF T= Oy Uae 


Similarly Gigi =, and’ “Gish = oe: 


As v, is unaltered by this circuit, we see that C-! produces the 


substitution 
vee (1 We, fer ye 
W, Wy We 


Since the circuit C7? just undoes what (0 does, we should have 
AA+1=1 and this we see is indeed so. 
Similarly the circuit D+ produces the substitution B= A. 
We notice that A, B combine as products. 


53. 1. One and Many Valued Functions. The integral rational 
function, 
W= Ay + 42+ ++ +a,2", 
assigns for each value of z, a single value to w. It is a one-valued 
function of z. Let w=b for z=a. If we allow z to describe 
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some curve in the 2-plane returning to its point of departure 
z2=a,w will describe a curve in the w-plane which starts from 
w= 6b, and returns to this point. 


2. On the other hand the function 


w=V2—a 


assigns to w two values for each value of z except z= a where w 
has only one value w=0. This function is a two-valued function. 


For a similar reason ee 
ie 3/2 — 
; : Nees 
is a three-valued function. 
3. Since the equation 
w+ Ryw*+ .. + Rk, = 0 Cl 


considered in 47 has in general n distinct roots, the function w of 
z defined by this relation is called an n-valued function. 

Let zg=a be an ordinary point [47,3]. If now z describes a 
eurve C’ which does not pass through a singular point, the n 
values which w has at each point of C can be grouped together 


w plane 


so as to form n curves or branches. If w=a is one of the roots 
of 1) for z=a, one and only one of these branches will pass 
through the point w=«. It thus serves to characterize this 
branch. 

Now when dealing with many-valued functions we very often 
have to solve this problem : 

We take one of the values as w= a which w has at the ordi- 
nary point z=a and ask what value of w do we get when z 
describes some curve ( leading to z= 6 and avoiding all singular 
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points. The many values which w has for the points of O will 
be distributed over certain continuous curves or branches and 
the value of w we always want is that value of w for z=6 which 
lies on the branch passing through the point w= «. 

This general problem we have studied in several simple cases 
in 49-52. 

If this value of w is w= £8, we say that branch of w which 
takes on the value w= a for z=a, has the valuew=£8 at z=8, 
when z describes the curve (. We have used the notation 


to denote this fact. mae 

If z describes some other curve D not passing through a singu- 
lar point and leading from z=a to z=46, the end value of this 
branch will not be in general 8. In any case it must be one of 
the many values which w takes on for z= 0. 


The Exponential Function 


54. Addition Theorem. 1. In the foregoing articles we have 
considered the algebraic functions which include as special cases 
the rational and the integral rational functions. All functions 
which are not algebraic are called transcendental. The first such 
function we shall study is the exponentiul function. 

It is defined by the series 


gat cnmae 
Depa a 


In 39, 4 we saw that this converges absolutely for every z. 
Thus it defines a function of z which is denoted by the symbol 


Ore xe. 


The domain of definition of this function is the whole z-plane. 
When z has a real value 2,1) reduces to the well-known expo- 
nential function é 
wv ee 
Itt 
studied in algebra and the calculus. 

A most important property of e* is the addition theorem, as it 
is called, viz. : 


a8 
= 1 Apaet sor 
oO. 


ol = oF 
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, 


Let us show that the relation holds for complex values. Let wu, 
v be complex numbers. Then by definition 


i! 2b 3! 
Nes, vv vs 


If we multiply these absolutely convergent series, as shown in 
33, 2, we get 


) 2 2 
eal t (+ aids + Ta +a) 


Thus 


ever = eure (2 

holds for any complex numbers u »v. 
2. From the addition theorem we can show how to calculate e* 
for any : 
Z2=a+iy , 2, y real 


by using our ordinary logarithmic tables. We have in fact 


of = erty = exe, (3 
Now ev = 14 fe te Cue + Cor 5 AD 

= a - vo ve 
Hence ev = cosy +isiny. (4 


Thus from 3) we have ,, _ e7(cosy + 7siny). © 
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The relation 5) is an expression of the complex number e’, which is 
nothing but the sum of the series 1), inits polar form r(cos @+7sin @). 
Thus the modulus of e? is e*, and its argument is y. In symbols 
gs ao eR EN (6 
Thus to plot the value of », _ 92 — pzpiv 
we first describe a circle of 
unit radius about the origin 
of the w-plane and then 


lay off on this an are of N 
length = y asin the figure. Y 
On a radius through the 
end of this are we now lay 3 ~ 
off alength =e. Theend 
Z plane w plane 


point of this segment is w. 
To calculate e? by the tables we first compute 


fi es 


Then we convert the arc y into degrees, getting an angle @. 


Then Ww=e=Pr (cos 6 -+- 2 sin 0). (7 


If we wish to reduce w to the rectangular form 


w=utiw 
we have, comparing with 7), 


u=rcos@ , v=rsin@. (8 
Let us note in passing the important theorem : 


The exponential function e vanishes for no value of z. 


For e? cannot = 0 unless its modulus e7 = 0. But e? vanishes 
for no real a. 


3. As an example let us compute w = e? for 


Pies — 1G a oP. 
Here 5 
ez=—16, y=— 2.8. 
Hence 
r= e =e hl, 
Let us set 1.6 : 
Piss eg 
then 


log s = 1.6 log e = t, say. 
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Here the symbol log stands for the logarithm whose base is 10. 
log e = 0.43429 
log (log e) = 9.63778 
log 1.6 = 0.20412 
log t = 9.84190 
log s = 0.69487 
log r = 9.30513, r = .20190 


We now convert y into degrees. From our tables we have 
vs nce) EE a Set 
0:83 = 45.00 12 
Hence 6 = — 160° 25) 42", 
or adding 360° @ = 199° 34! 18/', 


To simplify our calculation let us take 
f= 190" 3 
log (— cos 6) = 9.97417 
log (— sin 8) = 9.52492 
log r = 9.30513 
log (— w) = 9.27930 w= —.19024 
log (— v) = 8.83005 v =— .067616 


As a check for our work we should have 


tan 6 =~. 
U 

on: log” = 9.55075 
U . 

or 6 = 199° 34! 


as before. Asa final result we have therefore’ 
w= — 19024 — .06162 2 
|w|=.20190 , Argw= 199° 34’. 


4. Since the function e? for real x often occurs in calculations, 
tables of this function have been prepared. We mention those of 
B. O. Peirce and those of Jahnke and Emde already referred to 
in 44. 


106 FUNCTIONS OF A COMPLEX VARIABLE 


From Peirce’s Tables, p. 114, we have 


loge =\9-50071 
loge® == 9,73942. 
Hence lope t= 920513 ee? = 2019), 


which agrees with its value obtained in 3. In the Tables of 
Jahnke and Emde we may take out the value of e+ directly from 
the table on p. 6. 


55. 1. Huler’s Formula. Let us suppose the real angle ¢ is 
expressed in circular measure. Then 54, 4), gives Huler’s cele- 
brated formula an 
e? = cos @+isin ¢, 1 
which we referred to in 1, 3). The point in the g-plane as- 
sociated with this number lies on the unit circle, z.e. a circle about 
the origin of unit radius. It les on the radius making an angle 
@ with the real axis. Since every complex number can be ex- 


pressed in polar form co 
z=r(cos¢+z7zsin >), (2 


2 


we have, using 1) ies ( 
—y e 3 


We call this the exponential form of z. Thus we have three ways 
of representing a complex number: the rectangular form x4 7ty, 
the polar form given by 2), and the exponential form given by 3). 
Each way of expressing z is useful at times. 

From 1) we have 


6% 9, ce SS et oe ae eo te (4 


The n roots of unity are represented by 


27% Q77 Qt 


274 


2 3° 


1 ? e” ; e n ; e n- Caste n © 


The n roots of ar (cos Oh cain 8) 


are eee = (e422 =e ae 
Z=Vvre" : ae a) 10s Zn y= Vre * (n n ip (6 


Or if © is the first imaginary n root in 5) 


6 
(Lee PLS 
& = Ve ie ’ cal => WZ, 5 eee Cin 9] = Oa . Ci. 
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2. In plane trigonometry the two formulae 
cos (9 + $)= cos 6 cos d — sin @ sin (8 
sin(@ + @)= sin 6 cos ¢ + cos sin b @ 
are of fundamental importance. They express the addition theorem 
of the cosine and sine functions. Let us show how they may be 


derived from Euler’s formula. 


Fr av yen 
rom 1) we have e-# — cos $— isin d. (10 


From 1), 10), we have, adding and subtracting, 


cos d = 3(e* + e*) (il 
ARE sin 6 = 1 (es — et), (12 
2% 


These last two formulae expressing the cosine and sine as ex- 
ponentials are often useful. 
Let us now multiply 1) by 
. e® = cos 0+ 7sin 0. 
We get 
eed — e+) — cos(9 +6) +isin(O+}¢) (13 
= cos 0 cos d — sin 6 sind + i(cos @ sin d + sin O cos ). 


Equating the real and imaginary parts of this equation gives 8) 
and 9) at once. 


3. Let us show how the powers of sin @, cos @ may be expressed 
in terms of the sine and cosine of multiple angles. To this end we 
ah u=ee , v=e*, 


Then 11) and 12) give 
(2 cos p)” = (u fi, v)™ = u™ + ae + (3 june + fay 


oa (u” ate ym) +(7) (Hie + um) uv 
+(B) Curt + om tat + os 
Now uv = e%e-% — 1. 
Also 


um + y™ = em + e~ mb = 2 cos mp. 
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Thus 14) gives for m = 2, 3, -- 
2 cos? =cos2+1 
4 cos? @ = cos 3 f + 3 cos d * (6) 
aires og AOU aioe 


Similarly (23 5 sit ae is hs = ae 


gives — 2sin?¢=cos2¢—1 
—4sin?d=sin3¢—3singd 
+8sintd=cos4¢—4teos2$+438 (16 


56. Period of e*. We are familiar with the fact that 
sin («+ 27)=sinz 
for any real xz. _ We say sin z is periodic and has the period 2 7 
It is easy to show that e? admits the period 2 77, that is, 
e2t2nt = ¢e 
tor all values of 2) Mor e724 =e" “by 54, 3) 
ee 
In the same way we see that e? admits 2 mmi as period, where 


m is an integer. 
We say any complex number «@ is a period of e? when 


ert = @ @ 


holds for all values of z. Let us show that e? has only the periods 
2 mi just given. 

For let «=a+726b be a period. Then 1), holding for every 
value of z, will hold for z= 0, and we have 

e=e= a 
or putting in the value of « 
ert — | = gagid. 
Thus e*=1, 6 = 2kr, k an integer. 


Hence a=0. Thus any period must have the form 2ka?t. But 
these we have already seen are periods. 

We call 2 wi the primitive period of e, since all its periods can 
be expressed as multiples of this period. 
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57. 1. Graphical Study of e*. In the calculus the student has 
become thoroughly familiar with the notion of the graph of a 
function, and has seen on many occasions how useful it may be. 
In the function theory of a complex variable, the graph of a func- 
tion is also most serviceable at times. Let us study the graph of 


wae? = ere” = e*(cosy+7tsin y) a 


z plane w plane 


We have seen that when the variable z describes some curve C in 
the z-plane w will describe a curve € in the w-plane, and we call 
€ the image of C. 

Let z range over a line parallel to the z-axis. Then z=2+ 2b, 
where z ranges from — » to +0, and 4 is constant. Let us call 
this parallel 7. The value of w corresponding to such a z is, by 1), 

Dp = ee”. 


As 


as moreover 


lwj=e? , Arg. w=), 


lim e7 = 0, lim e?7=+ %, 

cd r= 

we see that w describes a straight line or ray r issuing from 

w= 0, and making the angle 4 with the real axis in the w-plane. 

Thus to each point on 7 corresponds some point on tr. As 6 in- 

creases from 0 to 2 7, that is, as 7 moves parallel to itself through 

the distance 27, the corresponding r rotates through an angle 27. 
Let z now range over a parallel ) to the y-axis. Thenzg=a+ ty, 

where a is constant and y ranges from —x to +. From 1) 
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the value of w corresponding to such a z is 
WwW = ere 
As wae, Ate. wy 


we see that the corresponding points in the w-plane lie on a 
circle ¢. When 2 moves over a segment of length 27 on the 
line ’, y moves over an angle of 27, and hence w goes once 
around the circle c. 

The parallels 7, \ divide the z-plane into a set of rectangles A. 
To each such R,, corresponds in the w-plane a _ curvilinear 
rectangle #,, bounded by the rays r and the circles ¢. When 
z lies in R,,, the corresponding value of w les in Rt, In this 
way the relation between 2 and the corresponding value of w is 
roughly given. The smaller we take the rectangles & the more 
accurately we will know the value of w corresponding to a given z. 

Suppose now that z describes a curve C. To find approximately 
the curve © which w describes we have only to note the points 
dy, A+++ Where z enters and leaves the rectangles R. Then € will 
enter and leave the corresponding rectangles # at points which 
may be estimated roughly by proportion. ‘The smaller we take 
the #, the more accurately we will be able to plot ©. 


2. Let us draw the lines 
yomaima , m= +1, 2 2). 


parallel to the z-axis. This divides the 
z-plane into a system of bands B, B,, B_,, 
BIR Ee 

If we take a point z=x+7y in B, the 
point z,,=2-+2m7i will have the same position relative to B,, 
as z does to B. We say 2,, is congruent to z. On account of the 
periodicity of e 


e2m — ez tami = e?, 


Thus w has the saine value at z,, as it has at z. For this reason 
we call these bands, bands of periodicity. 

All the values that w can take on at any point, it takes on in 
any one of these bands as B. Let us show that : 


The function w = e does not take on the same value twice in B. 
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ey ee ee eee 
are two points in B for which e =e*. 

Then 


eattb — ett ts 


op ee = eter, 
This requires that |, 
f= or a= «a; 


also that b= B+2mr. 


As 2,, 2, both lie in B we must take m=0. Thus }=£8. Hence 
21 = &o- 

Thus to each point z in B corresponds one point in the w-plane, 
and conversely to each point w in the w-plane corresponds just one 
point in B, if we agree to reckon only one of its two edges as be- 
longing to B. 

For this reason B is called a fundamental domain of e?, that is, a 
domain in which e? takes on every value it can take on, once and 
only once. 


The Circular Functions 


58. 1. Addition Theorem. We wish now to extend the definition 
of the circular functions to complex values. In the calculus we 
learn that the developments 


2 4 

cose=1— + - 

sing => — ae a 
Sica elai os 


are valid for all real z. If we replace x by the complex variable z, 
the series on the right converge absolutely for every value of z, as 
we saw in 39, 4. 

This affords a natural extension of the circular functions when 
we wish to pass from the domain of real to complex numbers. 
We thus set 


a) 48 
Pee 
cos2=1l——tayo ad 
3 5 
: 2 @ z 
s1n Zz ——S —_- —— oe (2 
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The domain of definition of these functions is the whole g-plane. 
When z becomes real, cos z, sing reduce to the familiar cos a, sin x. 
For real values of z therefore, cos z, sin z have the properties of 
cos #, sin Z. 

We wish now to show that these properties still hold for com- 
plex z. The most important of all these is the addition theorem 


sin (wu + v) = sin wu Cos v + COS u Sin 2, (3 
cos (U+V)= COS u cos ¥v —SiN¥ SiN v. (4 
Here u, v are any complex numbers. Let us establish 3). The 


reader may prove 4) in the same way as an exercise. 
From 1), 2) we have on multiplying 


3 2 ayo 87)2 4 
5 U UV UV 
sinu cosy =u—( + cy So eS as 
! smal ahubeaih Nh ey 


7) BLOl | S140 1161 


ey: 5 1342 4 
GOS Us Si Tn Cerin er ee 
a1 2) Ok ooh iy 


ve veu2 veut vue 
ae St’ 3141 11 sabi 
Adding we get 
sin &% Cos v + Cos w sin v = (wu +v)— si (uw+v)e+ = Cu + v)i—-- 
=sin(w+v) 
which is 3). 
2. Since we have now defined 
Es CF 5 Sie 
for all values of z, let us note that the relation 54, 4) holds 
whether y is real or not. We therefore have 
e“=cosu+i7sin u (® 
for any complex uw. Hence also 
e+ — ev(cosv +7 sin v) (6 


holds for all complex w and »v. 
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We note that 5) is a generalization of Euler’s Formula, 55, 1). 

Since 5) holds for complex u, we see that we may also generalize 
55, 11), 12). We thus have 

eit y—tu 

COS U = nui 


”) 
a 


Ch 


pith e iu 


sin w=‘ (8 


24 
and these relations hold for any complex w. 


Let us set w=2+ = in 8); then 


sin(z +7)= is { ass i oD} 


=4(e*+e), by 55, 4) 
= €08 2,- Dy 7). 


vans sin( 2 + *)= cosz , sin(@+7)=—singz. © 


etc., as for real values of z. 


3. From the addition theorem we can show how to calculate 
cos Zz, sing for any complex 


g=x2+ly 
by using ordinary logarithmic tables. We have in fact from 3) 
sin z=sin(x + iy)=sin x Cos ty + Cos @ sin ty (10 
ee cere. 
Now cos iy = 1-0 CP, 
es Oe ae Bee 
=1+ 1 eee + 
=coshy by 44, 2). 
Thus cos ty = cosh y¥ (11 
Similarl yee en O78 ak OB 
3 5 
=i(+ rt ae see -f- --) 
1 ! 3 ! ers 


=isinhy, by 44, 3) 
Thus sin ¢y =7 sinh y. (12 


114 FUNCTIONS OF A COMPLEX VARIABLE 


Putting 11), 12) in 10) we get 

sin zg =sin(# + ty) = sing cosh y +7 cos x sinh y. (13 
Similarly we get 

cos 2 = cos(a + ty) = cos # cosh y —7@sin # sinh y. (14 
The formule 13) 14) express sin z, cosz in the rectangular form 
u-+ iv, where u, v are known. 


4. Asan example let us compute 
w=coszg=u+tv 
for z= —1.6002—2.87. 
Here e=—1.6002 , y=—2.8. 


We first reduce z to degrees. From our tables we have 
Ea OL Liao 
.6002 = 34 23 20 
Thus —x=91° 41! approximately. 
log | cos x| = 8.4680 
log | sin z| = 9.9998 
log cosh y = 0.9166 
log | sinh y | = 0.9184 
log |u| = 9.8846 w= —.2424 
log v= 0.9132 v=8.188 


Hence cos = — .2424+4 8.1887, approx. 
5. As an exercise in multiplying series, let us show that 
sin? z+ cos*z= 1. (16 
From 1) and 2) we have 
Ll Ne a bea ei! 
Cy ee oe 6 
ae ag Peslleansaig ha, 
ee ee wl (ph waa 
ze 
NG ig oy 
1 ‘! 
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2 
© 


8-00-04 ‘ 
| 


z8 | (") j be a 6 
eoeg eh bs pee PA a eat 
61] \a/t g/t \4 (s)tt}+ 


Now from elementary algebra we have for a positive integer m 


(a +b)" = a+ (a ra fe am-2B24..., +( : i jae bm, (17 


Uf 


If we set here a= 1, 6=—1, it gives 


om1-()+(GQ)-G)r- temas 


This relation shows that all the § ---} in 16) vanish. Thus the 
right side of 16) reduces to its first term, and establishes 15). 


6. When a function f(z) is such that 
yi 2) — J (2) 19 
for all values of z for which f(z) is defined we say f is an odd 
function of z. Similarly if 
H-D)=f@ (20 
we say f is an even function. 
Since 1) involves only even powers, and 2) involves only odd 
powers, we have: 
The function cos z is an even function, and sin z is an odd func- 
tion of z. 
7. Let us now define the other circular functions for complex 2. 
This we do as in trigonometry. We set 


ip 
~ ke = 5 COxioe? = —=—c 
COS Z sin Z COS 2 sin 2 


These functions are defined for all values of z for which their 
respective denominators do not vanish. 
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59. Zeros and Periodicity. 1. Let us find for what values 


sing = 0: ad 
We already know that such values are 
Z2=MT  y m=0 5 sei! 5 +2 oy se (2 
We show that there are no others. Suppose in fact that 
sin (a+%)=0. 
Then by the addition theorem 58, 13) 
sina cosh6+7cosa sinhb=0. 
Hence sin a cosh 6 = 0, (3 
cos a sinh b= 0. (4 


Now when a product «8=0, either a or 8 must =0. Thus in 
3) since cosh 6 does not vanish at all [44, 2], we must have 
sna=0. Thusa=m7. Putting this value of a in 4) it gives 


sink b= 0)" 
But this requires [44, 2] that b=0. We thus get the important 
result : . 
The function sinz has the same zeros as the real function sin z ; 
they are given by 2). 
From 58, 9) we see that the zeros of cos z are 


7+ mr Sn 10) etl crore 


_ 


as for real cos a. 


2. Let us now investigate the periodicity of 


w= sin 2. 
From 58, 9) we have 


sin(gé+2mmr)=sing , m=+1 , +2 , 


Thus 2 m7 are periods. Let us show that there are no others. 
For say a+ 7b were a period. Then for all values of z we would 


have hay a3 : 
sin (¢+ a+ %b)= sin z. 
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In this relation set z= 0; it gives 
sin (a+ %b)=0, 
But this equation is satisfied, as we saw in 1, only when 
G=nr , 6=0: 


Thus all the periods of sin zg must be included among the numbers 
nz. But among these we know only those are periods for which 
nm is even, orn=2m. We have thus established : 


The periods of sinz are2mr. m= +1, +2,-- 

Since all of these are multiples of 27, this is called the primt- 
tive period. 

60. Graphical Study of w=sinz. Let z describe a parallel J 


to the z-axis. Then z=2+ 72) where dis constant. Then 


w=sin(x+7b) =sin 2 cosh b +7 cos x sinh } 
=u+iv. 


Thus to the point z whose coérdinates are 2, 6 corresponds in 
the w-plane a point whose coordinates are 


u=sinz cosh 6, v=cosz sinh 6. jal 


Thus the image e of the line 7 is the curve whose equations in 
parameter form are 1). As sina, cosx have the period 27, we 
see that when z describes a segment of / of length 27, w comes 
back to its original position in the w-plane. The curve 1) is 
thus closed. It is in fact an ellipse. For 

We Oy 


+ — = sin? x + cos* x 
cosh? 6 sinh? } 


=1, (2 
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Next we let 2 range over a parallel X to the y-axis. Then 
z=a+iy, where a is constant. As before we have 
w=sin(a+7zy) = sin a.cosh y +74 cos a sinh y 
=u+i 
so that w= sin a cosh y, (3 
v=cosa@ sinh y. 
As z ranges over A, w will describe a curve } whose para- 
metric equations are 3). As before we have 


2 2 
uh ea teoaie ale 
= = cosh? y — sinh'y 


sinza cos? a 
=1, by 44, 4). (4 


Thus f is a hyperbola. 

The ellipses 2) and the hyperbolas 4) are confocal and hence 
eut each other orthogonally. 

The parallels 7, \ divide the z-plane into a set of rectangles R, 
to which corresponds a set of curvilinear rectangles #. When 
z lies in some R,,, the corresponding value of w will lie in the 
image Rt, of R,. Thus the smaller the rectangles R are taken 
the smaller the rectangles $2 become and therefore the more accu- 
rate is our knowledge of the true value of w. 


The LHyperbolic Functions 


61. For any complex z we define 


e+e" 22 gt 
cosh z= =1l+—+4*4... Gi 
2 uM ay 
4 ez— e-* 2 4 gd 
sinh z= co og age anes (2 
2 Te BH sil 
From these we further define 
sinh z s 
tanh z= — , cothe= cosh 2 (3 
cosh a sinh z 
woe 1 
sech 2=—— , cosechz=— : (4 
cosh 2 sinh 2 
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We saw in 39, 4 that the series 1), 2) converge absolutely for 
every value of z. The domain of definition of sinh z, coshz is 
therefore the whole z-plane. That of the four functions 3) 4) is 
the whole z-plane except those points for which their respective 
denominators vanish. 

Since we have now defined 


sinzg , cose , sinhe , coshz 


for all values of z, the relations 58, 11), 12) are not restricted to 
real y as we easily see, but hold for any complex value. 

We have therefore the important relations connecting the cir- 
cular and hyperbolic functions, viz. : 


cos 7z = cosh 2, (5 
sin 7z =? sinh g, (6 
tan 72 = 7 tanh g, etc. Ci 


These relations show that all the analytical properties of the 
hyperbolic functions may be deduced from the corresponding 
relations between the circular functions. 
Thus the addition theorem 

sin (w+v)= sin uwcos v + cos usin v 
a sini (w+v)=?tsinh (wu+v) 

= sin iu cos tv + cos iw sin tv 

=isinh wcosh v +7 cosh wu sinh », 

or dividing by 2, 


sinh (w+ v)= sinh wu cosh v + cosh w sinh v. (8 
ee ees (u + v)= cos u cos v— Sin w sin v 
ht ae cosh (u + v)= cosh wu cosh v + sinh w sinh v. cq 


The formule 8), 9) express the addition theorem of the sinh and 
cosh functions. 


Again the relation .:12,, 4 cos?u = 1 


becomes on replacing u by ww 
sin? iu + cos? iu = 1, 


or ee! cosh? uw — sinh? wu = 1, (10 
and so on, 
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In a similar manner, when we have considered differentiation 
and integration, we shall see that all formule involving these 
operations on circular functions go over into corresponding for- 
mule for the hyperbolic functions on using the relations 5), 6). 

A student of a new subject is naturally eager to see its use- 
fulness made manifest as soon as possible. We submit the results 
just obtained as an example. As another example we recall the 
treatment of analytic trigonometry founded on Euler’s formula 
which we indicated in 55. We adduce also the elegant manner 
of establishing the formule of 6. Other examples will occur as 
we advance, 


Legarithms 
62. 1. In the equation yey ‘al 


let us find the-values of w corresponding to a given z. We set 


U=U-ime, eee (2 


Here r, @ are known, and we are to find u,v. Putting 2) in 1) 


ives ; 
8 ete = re". (8 


Equating modul, we have e’= 7, whence 


Omir: (4 


5 


Equating arguments in 3) gives 


v=O0+42rm , man integer. (5 


This shows that all values of w which satisfy 1) must have the 


form ; 
w=logr + 10+ 2 mri. (6 


If we set these values of w in 1) we see that they do in fact satisfy 


it. Thus 6) is the solution of 1). We call it the logarithm of 


z, and write 
w = log 2. Gi 


There is a slight ambiguity which custom and usefulness sanction. 
In 6) the symbol log 7 means the logarithm of algebra. For each 
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= 


positive 7, log r has one and only one value. On the other hand 
the symbol log z has an intinity of values, viz. those given in 6), 
As the reader is never seriously in doubt which of the two mean- 
ings the symbol Jog has, there is no need of denoting w by a new 
symbol, as Log z for example. 


2. In algebra y = log z is defined by 


=z. (8 
But here 2 is restricted to positive values. By enlarging our 
number system, the equation 8) admits a solution whatever value 
x has, the value x = 0 excepted. In doing this we find, however, 
not one but an infinity of solutions as given in 6). If we allow 
z to range over a curye, the corresponding values of w will trace 
out an infinity of congruent curves or branches. Each value of 
m=Q0, +1, + 2, --- in6) will give one of these branches. The 
branch corresponding to m = 0 we will call the principal branch. 
The branch belonging to a special value of m as n, say, we may 


denote by log, z. 
Thus w, = log, z=logr+70+ 2 nmi. (9 
3. The relation log zy = log x + log y (10 
established in algebra for positive z, y is called the addition 
theorem of logarithms. It is an immediate consequence of 


Sea eu 


A similar relation holds in the complex domain. For let 
w= ree 5 vse. 
Then Pare Cee ie 
Hence by 2) and 6) 
log uv = log (rs) + 10+ ¢) + 2n7i ant 
= (logr+i0+2n'ni) + Clog s+ib+2 nm) 
when nv’, n'’ are any two integers such that 


Wt+nl=n. 


Thus 11) may be written, using 9) 
log, (uv) = log,,w + logy. (12 
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If we leave the symbol log undetermined, we may write 11) 
log uv = log w+ log v. (18 
The relations 12), 13) express. the addition theorem of the 


logarithm in the complex domain. They are the generalization 
Ore LU: 
4. Let us find the zeros of log z. If we set 
w=loge =u + 0, 


h nie 
we ae Pil Sv eee 


= Vlog? r+ (8+ 2 m7)? 


This being the sum of two squares cannot vanish unless 


logr=0 , 042mr=), 
or unless 


that is, 


r=1 , 6=—2mr7, 
z= 1. 
Since log 1 = 0 this shows that : — 


The function log z has one and only one zero, viz.: 2=1. 


5: Branch Points. Let z describe in the positive direction a 
circle of radius r about the origin. Then 7 in 2) remains constant 
while @ increases from say 0=@, to 0=6@,+27. If we start 
with the value of w corresponding to 0 = @, in 9), w, will acquire 
at the end of the circuit the value 

Ww, = log r+7(8, +2 7)+ 2 n7i 
= log r + 70, + 2(n4+ Li 
= Dyi4- 
Thus a circuit about the origin in the positive direction converts 
each branch w, into w,,,. 

Suppose now that z passes around ( in the negative direction. 
Then @ decreases from say 0= 0, to 0= 0,—27. Thus w, will 
have at the end of the circuit the value > 

w, = log r+%(8,—27)+2 nri 
= log r + 10, + 2(n— 1) wt 


= Wy: 
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Thus a circuit about the origin in the negative direction converts 
each branch w, into w,_,. 

Finally, let 2 describe a closed curve € which does not include the 
origin as in the Figure. In this case both x and @ vary as z moves 
over ©. But if z starts from the point 
2=2 for which r=", @= 0, as in the 
Figure, obviously x and @ acquire these 
same values when zg has returned to 2p. 
Thus if we start out with the value of w 
corresponding to r=”, @= 6, in 9), w, 
will have this same value when z has 
returned to 2. Hence each w, remains 
unaltered when z describes a closed curve which does not enclose 
the origin z= 0. 

Since the branches w, permute when z describes a circuit about 
the origin z = 0, this point is called a branch point. There is no 
other point in the z-plane having this property; that is, z= 0 is 
the only branch point of the logarithmic function w = log z. 

Since logaz in the real domain is not defined for x= 0, it 
follows that the formula 6) has no meaning for r= 0; that is, 
when z=0. Thus the domain of definition of w is the whole 
z-plane excepting z= 0. 


63. The Function z*. 1. Letting w denote any complex number, 
we define the symbol 


2 by at = eles Gl: 
Let z= re'?, 
then log z= log r+ if+ 2, 872, 8 an integer. 
Hence 1) gives pe — pulogr guid p2suni, (2 


Let us consider special cases of the exponent p. 
1° wa positive integer m. AS 


ezmsni - 
2) becomes gm = pmlogrgmid, 
But by algebra, emlogr — pm, 
Hence gn = pmo (3 


Zug sss2, -m times, 


which agrees with 4, 4). 
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2 wa negative integer. Let w= —n. Then we find 
go = yp rep = = 
gn’ 
as in algebra. 
90 m . 4 
3° »=—,a fraction. Here 
n 
Mo + 
print ae gn o, 
an n™ root of unity by 55, 5). 
Also et logr — e nlogr nae Ny, 
Hence e wy, (4 


27 =NV/rm oe uk m 


as in algebra. Here the radical 
Vpn 
has the value heretofore assigned to it; that is, it is the positive 


real root of the positive real number 7”. One often denotes the 
right side of 4) b as 
5 ) y W/E. 


4° wa real number not a fraction, and z real and positive. 
Let us denote this value of z by a. Hered=0, r=a. Then 


elt logr = et loga = a", 


as is shown in algebra. Then 2) gives 
ge ate 9 g=0, +1, +2... (5 


This shows that in this case zg“ has an infinity of values, each 
differing from the others by a factor of the form 


ersurt, 


For = 0 9 eka ak 


2. From the foregoing it follows that the function 1) is in 
general infinite-valued, as the logarithm is. If we give to logza 
definite one of its many values, the exponent on the right side of 
1) takes on a definite value, as v, say. Then 1) gives 2“ as the 
absolutely convergent series 

Us hie 


oles Cla it ae 


Its value is thus completely determined. 
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3. Suppose pm is not a positive or negative integer or 0. Then 
z= (isa branch point of 2“. For if we start at 2 =a with one of 
the many values of w= 2", w will not have this value when z 
describes a circuit about the origin. 

Since z= 0 is the only branch point of logz, the only branch 
point of wis alsoz=0. That is to say, if we start at ¢=a with 
one of the many values of w, as w,, and allow z to describe a closed 
curve, which does not enclose the origin, w will return to its 
original value w, when z returns to z=a. 


Inverse Circular Functions 
64. 1. In trigonometry we learn that the equation 
sin gy =) x a. 


has two sets of solutions y when 0<a2<1. If y = y is one solu- 
tion of 1), all solutions are given by 
— 2 mr, 
Fre | ak, mn=0, +1, + 2,--. (2 
y= T7—Yy+t+2nT7, 


Thus 1) defines an infinite-valued function which is denoted by 
y = sin 42 or y = arc sin z. 


Of these two, we shall empioy the latter only. 

Let us now pass to the domain of complex numbers. We seek 
the solution w of 
hi Sin w= zZ (3 
where z is any given complex number. 


Now by 58, 8) 


5 TAD ew 
sin w= . 
24 
This in 3) gives giiw 2 Yoo = 1, 
or setting t = ei, 
we get 2 — Jizt= 1. 


Solving this for ¢t, we get 
e —izg+ V1 — 2, (4 
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where the radical may have either of its two values. From 4) we 
have, taking the logarithm of both sides, 


ede fiz VI 2. (5 
0 


As the log is infinite-valued and as the radical may have either 
sign, we see that 3) admits a twofold infinity of solutions. If we 
denote these solutions by arc sinz, we have / 


w= are sin z= log }2Z she Vi — ZR. (6 


~.) 


2. Let us show that the relations 2) still hold for complex 


values. Let us set 
iz + V1i-2= 1; 


i-VI—-# = @,, 


Then if Teles Fe 
is one of the determinations of log Z,, all the other determina- 
tions of log Z, are given by 


L, + 2 mri, 
as we saw in 62. Thus if 


if 


1 , _— 
- log, {7 +-V1 — 23 = : log Z, 


is one of the values of 5) when the radical is taken with the posi- 
tive sign, all the other values of 5) for this determination of the 
radical are given by 

u+2mmr , man integer. (7 


Similarly if 


al : oa al! 
v= —log,jiz — V1 — 22 = —log Z, 
a ‘ 4 


is one of the values of 5) when the radical has the negative sign, 
all the other values of 5) for this determination of the radical are 
given by : 

v+2mmr , man integer. (8 


Now U -+- e— 1 log ZZ, Q 
u 
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the logarithm on the right being properly determined. But 
Z,Z,=—-—1 
log (— 1) = mi + 2 ni. 


uUtv=r+2 nz, 


and 
Thus 9) gives 


or : 
v=7—u+amultiple of 27 


Putting this value of v in 8) it becomes 
7—U+28sr , 8 an integer. (10 


Thus all the values 6), that is, of are sin z, are given by 7) and 
10). We have therefore shown : 


If w = wy is a solution of 3), all solutions of 3) are given by 


W=W,t2mr , w=T7—w,+2 mT, OUR: 
where m=0 , +1,2+2:.. 
3. Since z= 1, zg =— 1 are branch points of 


VIS=Pf=V—@—-DE+), 


we see that when z describes a small circuit (about one of them, 
Z, and Z, permute. Thus if at z= z) we start out with one of the 
values of wat this point, say w = w,, and allow z to pass around C, 
w will not return to its original value wy) when z returns to 2). 


Thus z = 1, and z=—1 are branch points of w. 
Let us see if there are any other branch points for w= arc 
sinz. Since z=1, z=-— 1 are the only branch points of 


Za=iz+v1—2, 
the only other branch points of w must be branch points of log Z, 


that is, points z=a for which Z=0. But the relation 
a+V1—a=0 
gives —a=1-— a’, 
or 1=0, 
which is absurd. We have thus shown that : 
The branch points of the function 
w = arc sin z 


are the points z= 1, z= — 1, and only these. 
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4. Ina precisely similar manner we may define and study the 
other inverse circular functions 
are COsi2) 4) arctan) sclc. 


We will not take space to do this, as it is all too obvious. We 
note, however, that the solution of the equation 


tan w =z (12 

is il il hag 
w= - log + “= are tan 2. (18 

21 1 72 


Its branch points are ; 
@= 4 and) 2 = — 2: 


CHAPTER V 
REAL VARIABLES 


65. Many readers of this book have studied the calculus chiefly 
with the view of learning its technique and of applying it to 
geometry, mechanics, physics, ete. Such students have little time 
to spend on demonstrations, and it is natural that their ideas of 
the limiting processes which lie at the base of all the principles 
and method of the calculus are often vague. It seems best, there- 
fore, to insert a chapter at this point whose object is to briefly 
treat such topics of the calculus as we shall need in the course of 
this work. It will be our purpose rather to refresh the reader’s 
memory and to illuminate the subject than to repeat demonstra- 
tions or to discuss delicate points. One may therefore, turn over 
the following pages, reading such parts as are not quite familiar; 
or he may pass at once to the next chapter and return to this one 
when further explanations are necessary. 


66. Notion of a Function. 1. The functions used in the calculus 
are usually made up of simple combinations of the elementary 
functions, as 


Za 
ee ee by ad 
log x 
Sey ing. (2 


 —— 
tan(xz+y) 


Or they are defined implicitly by equations between such 
functions, as for example, 

go? iz 

5 oF iar Le 0, (3 


The equation 1) defines y as a function of the independent varia- 
ble z. But when 2 <0, log has no sense, the variables being 
129 
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real. Also V1 — 2 is not real when 22> 1. Finally, when x= 1, 
log 2 =0, and the denominator in 1) vanishes. Thus 1) defines 
y only for0<a<1. These values of x form the domain of defi- 
nition of y. 

2. Let us turn now to 2). This relation defines wu as a function 
of two variables 2, y. We note that the denominator either =0 
or is not defined when the point 2, y lies on one of the lines, 


rty=m-=, m=0, +1, +2--- (4 


Also the radical Vsin y is not real when sin y is negative, that is, 
when 
(2n—1)7r <y < 2m, n=0, +1,4+2--- (5 
The domain of definition of « embraces thus that part of 2, y plane 
after removing the lines 4) and the bands 5) which are parallel 
to the z-axis and of width 7. 


3. It is convenient to generalize our definition of a function. 
To fix the ideas, let us take a single independent variable x Let 
us mark a certain set of points on the z-axis and denote them by 
%. At each value of x in Y, let us assign to y one or more values 
according to some law. ‘Then we call y a function of 2, and we 
call 2 its domain of definition. 

To illustrate this let us take the function 1). For the point 
set 2 we take the values of x such that 0 < 2 < 1, that is, the 
interval (0, 1) except the end points. The value we assign to y 
for a given 2 in Y& is the value that the right side of 1) has for 
this value of x. 

Another illustration would be the temperature y at a given 
place at a given time 2. If we were concerned only with tem- 
peratures from the time x= a, to the time z= 8, these would 
define y as a function of x in the interval &% =(a, 6), and this 
would be its domain of definition. This would be an example of 
a function which is not defined by an analytic expression as in 1). 

As an illustration of a function of two variables not defined by 
an analytic expression we may take the following. Let x denote 
the latitude and y the longitude expressed in circular measure of 
a point on the earth’s surface. Let w denote the temperature 
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at the earth’s surface at one and the same instant. As the lati- 


le is atpj ; T 7 : 
tude is restricted to lie between — 5 and 5, and the longitude 


between — 7 and 7, we see the domain of definition of « is the 
rectangle T 
5 5 RT 
sere ey TY ee 
67. Limits. 1. We have already discussed the notion of a 
limit of a sequence of numbers 
1 
Ay, Ag, Ag, + ‘Bl 
when studying series. In the calculus we use the notion of limit 
also in another way. Thus in defining the derivative of a fune- 
tion y =f(x) we form the difference quotient 
AG afte hy 7 (2) . Q 
Az h 
and allow the increment = Az to converge to 0 by passing over 
all values near A=O. The value h=0O is excluded, since this 
would make the denominator in 2) vanish. What do we mean 
by the limit of 2) as h=0? The value of z being fixed, the 
quotient 2) is a function of A; let us denote this by g(h). If 
now qg(h) converges to some fixed value las h = 0, we mean that 
gq may be made to differ from 7 by an amount as small as we 
please, say by < e, provided h remains numerically < some posi- 


tive number 6. 


: z =i OF 7) 
Graphically we may state this as fol- 
J - h axis 
lows. Let us plot the values of q for 
values of h near h=0, on an axis which ee ie eas 
axis 


we may call the g-axis. With / as a center 
we may lay off an interval of length 2e. Thenif g=/ as h=0, 
there must exist an interval (— 6, 6) on the A-axis such that q 
falls within the e interval when 40 is restricted to lie within 
the 6 interval. 

This graphical formulation of the notion of a limit may be put 
in analytic form. By the phrase q(h)=/ as h+0 we mean that 
for each e > 0, there exists a 6 > 0 such that 


lq@hy—l|<e 
provided Ohl 0, 
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The reader should think this over carefully and see that this 
analytic formulation exactly represents the above graphical for- 


mulation. 


2. This notion of the limit is used in many other parts of the 
calculus. We will therefore state the definition quite generally. 
Let the function y=f(x) be one-valued about the point w=a. 
When we say f(x) =1 as x=a or otherwise expressed that the 
limit of f (2) =1 for x= a, in symbols 
lim f (@) =, (3 
a=a 


we mean this: 


For each ¢ > 0 there exists ad > 0 such that |f (x) —1| < € pro- 
vided 0 < |jr—a| < 6. 


The last sentence will be expressed more briefly by a line of 
symbols, 


ée>04, 620°, Wf@oe 370s) so Ae 


and such a line of symbols is to be read as the sentence above in 
italics. 

3. The reader will note the similarity of this definition and 
that employed in 16. 

Almost all students dislike this e« form of the definition when 
first presented to them. It seems so much easier to think of f (x) 
converging to J as x converges to a. Why bother about these 
esand o's? In reply we refer the student to the remarks made 
in 16. Fortunately the intuitive form of the definition of f con- 
verging to its limit is usually quite sufficient, and we shall avoid 
the e’s as much as possible. When we do employ them, it will be 
to aid clear thinking. When the reader can think clearly with- 
out the e’s, let him do without them. 


4. The reader should note that when the limit 3) exists, 
J (v)=l when 2 converges to a from the right side, or when it 
converges to a from the left. For by the definition given in 2, 
the only restriction on 2 is to remain in the 6 interval, excluding, 
of course, the value x=a. It can therefore approach a from 
either side, and f(a) must = J in either case. 
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5. From the definition of a limit we conclude that when 3) 
holds, we may write 


f(x)=l+e (5 


and know that |e’| << e provided 2 lies in some Sinterval. We 
may also say in this case that e)- =O as va. 


68. Limits for Two Variables. Let us now consider limits of a 
function of two variables. Suppose the one-valued function is 
defined in a certain domain %. Let z=a, y=4 be a point « of Y. 
Then u(a, 6) is the value of w at the point « More briefly we 
may denote this value by u(e). 

Let us describe a circle of radius 6 about « The points a, 
within this circle may be called the domain of this point of norm 8, 
and denoted by any one of the symbols 


Da, by 7, D(a, 6) 5 De), Da). 


The simpler forms may be used when no ambiguity can arise. 
When the center « of this domain is exeluded, we indicate this 
fact by a star, thus D*. 
What now do we mean when we say: wu converges to J as the 
point =z, y converges toa=a,6b? In symbols 


i=) 9 asc =e. 


We mean just this: Let us plot the values 
of w onan axis, the w-axis. With/dasa center 
we lay off the e interval as in the figure. a 
About the point «=a, 6 we describe the 6 
circle in the z, y plane of radius 6 as in the 5 
figure. Then for each e interval there must Osea F107 
exist a 6 circle such that w remains within 
this interval when the point z, y remains within this circle, the 
center a, 6 excluded. 

Analytically we may formulate this as follows: 

The limit of u(z, y) for x =a, y=} is 1, or in symbols, 

lim u(z, y=! 


z=a, y=b 
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when for each ¢ > 0, there exists a 6 > 0 such that 
|ju(z, y)—l|<e 
when 2, y lies in D;*(a, 6). 

The reader will note that the definition of a limit for a single 
variable is a special case of the one just given, the domain of the 
point a= a, 6 reducing to an interval. 

He should also notice that in passing to the limit the point a, y 
is never allowed to become «=a, 6; thatis, x, y ranges in D*(«) 
and not in D(«@). 


69. Continuity. 1. Let y=f(~) be a one-valued function in the 
interval %=(p, g) whose graph is given in Fig. 1. The graph 


shows that y is continuous in B 
except at the point x=. Let us 
formulate the notion of continuity B' 


analytically. To this end we note 

how f(x) behaves at a point of con- 

tinuity as y=a, and about the point o 

of discontinuity x=. p @ b q 
Let f(z) have the value a at =a. Fra. 1. 

Then as «= a, we see that y=a; in symbols 


BE a) 


On the other hand, at the point 2 = 6, the ordinate does not con- 
verge to a definite value. For when x=6 on the left y+’; 
when «= 6 on the right, y= @’’. But if the reader will turn back 
to 67, 4, he will see that when 


lim f(a) 

a=b 
exists, f(2) must converge to the same 5 
value whether z= 6 on one side or on the 


other. 

Another case of discontinuity is illus- 
trated by Fig. 2. Here y=f(2) is a one- 
valued function whose value at 2=a is 
defined to be y=a. The figure shows that 

lina Gere al 


xa=a 


: REAL VARIABLES 135 


Here the limit exists, but its value is not the value that f(x) 
has assigned to it at this point which is «. 
These considerations lead us to say : 


The function f(x) ts continuous at x= a when and only when f(x) 
converges to the value of f at a, that is, when 


lim f(#) =/(@). 


Therefore if lim f(x) does not exist at a= a, or if it exists but 
has a value different from the value f(a), then we must say that 
J is discontinuous atx=a. If f(x) is continuous at each point of 
an interval Y= (p, q) we say f is continuous in Y. 


2. When f(x) is continuous at =a, we know that the value 


of f(z) differs from its value at z=a by an amount as small as we 
please if x is only kept sufficiently near a. In symbols 


I@=f/(oO+e¢ @! 
where ¢& =O asx=a. This is the same as saying that 


le’ |<e , providing |«—a|< some 6. (2 


3. Let f(x) be continuous in Y=( p,q). Let us take e>0 at 
pleasure and fix it. At any point z=a we lay off the 6 interval 
about a as in Fig. 3 such that the é 
in 1) satisfies the inequality 2). Let 
us pass to another point 6 in %& and 
lay off the corresponding 6 interval 
about 6, such that e’ again satisfies 
2). At the point z =6 the curve is 
steeper than at a, and therefore the 
6 interval at 4 is shorter than at a, 
that is, the value of 6 at 6 is less 
than at a. The reader will note, how- 
ever, that as a rangesfrom ptog the pP C b q 
value of 6 corresponding to the dif- Doe 
ferent values of a will never sink below some positive number 7. 
In other words, for the value of e that we have been using, there 
exists an 7 > 0 such that f(x) differs from f(a) by an amount <e 
when |z—a|<v7; and here a is any point in Y. 
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If we expressed this in symbols, we would say that for each 
e>0, and for any and all points a in Y, there exists a fixed 7>0 
such that 


| f(z) — f(a)|<e , provided |z—a|<yn. (3 


Or what is the same, Fo) = Fe. 
mere |e’ |<e provided |x—a|<yn. (4 

This important property of a continuous function in an interval 
% is expressed by saying that f(x) converges uniformly to f(a) 
in %; or in symbols 


F(x) = f(a) uniformly in Y. 


The reader should remember that here a is a variable point in the 
interval YY. 


4. When f(x) has a point of dis- p 
continuity In w— (9, q) as a0 2 —e In 4 
Fig. 4, the reader will see at once that 
taking e>0 small enough and then 
fixing it, there is no corresponding P Cie g 
7 > 9 such that 3) or 4) holds wher- ae 
ever @ is taken in Y. To make this perfectly clear we have taken 
eas in Fig. 4, and laid off the corresponding 6 interval at a point a. 
The reader will see at once that for a 
point 6 very near e, the length of the 8 
interval will be determined by the fact 
that it cannot contain the point r= e. 

For in any interval containing this point 

J(2) could differ from f(b) by an amount is 
far greater than the small quantity e, as Fic. 5. 
Fig, 5 shows. 


5. Finally let us consider the function 
Jae) = tan. 


This is defined for all x not included in the point set 


3 
a 5 StL - ton 


. 
on od 
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Let x range over the point set % defined by 0>2<=. This 


* 
may be denoted by (0, . ) the star * indicating that the end 


o_ 


F Gime ; ; A 
point > is omitted. We call such a set an incomplete interval. 
~_ 
Obviously f(z) is continuous at each point 2 = a of Y, for 
lim tan 2 = tana. 
ra 
It is not uniformly continuous in YY. For in the relation 2) we 
. . yi ° 
see that 6 must =0 as the point a approaches 5: There exists 


therefore no 7>0 such that 3) or 4) holds. 


6. The analytic definition of continuity can be extended at once 
to functions of any number of variables. For clearness let us 
take two. 

Let the one-yvalued function u(a, v) be defined in some domain 
D about the point z=a, y=6. Then wu is continuous at this 
point when u(z, y) converges to u(a, 6) as the point 2, y con- 
verges to the point a, 6; in symbols when 

lim ua, ¥) = u(a, 6). 


2=a, y= 
If u(x, y) is continuous at each point belonging to some point set 
A, we say u is continuous in Al. 
7. Let w(z, y) be continuous at the point a, 6. If 
e=u(a, 6) #9, 


there exists a domain D;(a, Ne about a, 6 such that in it u(a, y) has 
the same sign as ¢. 
For since uw is continuous at a, 6 there exists a 6 > 0 such that 


|ul a, Y) = C\< (5 


when a, y is restricted to D,(a,b). But 5) is equivalent to 
@é—e<u(d, y)<e+e. (6 


Obviously as ¢ is #0 we may make e> 0 so small that ¢—e and 
e+e have the same sign as ¢. 
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8. If u(a2, y) is continuous at a, 6 
ju(a, y)|<some G @ 


in D,(a, 6) for a sufficiently small} > 0. 
This follows at once from 6). 


70. Geometric Terms. 1. At this point it will be convenient to 
introduce some geometric terms which we shall need constantly. 
We begin by considering the point set % formed of the points 
within a circle ®, that is, in the interior of R. Any point a of YF is 
such that we may describe a circle c about it as center, and all 
the points within ¢ form a part of %. In other words, Y is such 
that any point a of it is surrounded by some domain D;(a) which 
also lies in {{. As a approaches &, 6 +0. But for each given a, 
ois > 0. 

We may now generalize. Let %{ denote any set of points in the 
plane. If % is such that each of its points a has a domain D(a) 
which also lies in 9, we call the point set %f a region. 

For example, the two curves (|, C, in Fig. 1 
define a ring § whose boundary or edge € is 
formed by them. The set of points % in the ring 
R but not on its edge € form a region. 

Let us look at the set of points 8 formed of % 
and the curve C,, in symbols the point set 


B= A+ C. 


Fie. 1. 


The set Bis not aregion. For let e be a point of C, asin Fig. 2. 
Then however c is taken it will contain points of $ and points not 


in %. 


As another example of a region, let 9 be the 
point set formed of all the points of the 2, y eZ 
plane except the points lying on a finite num- — 


ber of ordinary curves, and also a finite number 
of isolated points. Obviously % is a region. 
We say a region 9 is connected when any two of its points can 
be joined by a curve lying in Y. 
If the boundary of a connected region is a closed curve without 
double point, we call it a sémple region. 


Fig. 2. 
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2. Let & be a connected region whose boundary or edge € is 


formed of a finite number of ordinary closed curves or points. 
The point set € formed of & and G, that is, © = A+ G, we call a 
connex. If Y% isa simple region, the corresponding connex € is 
called simple also. 


3. The reader will note that the definition of continuity given 
in 69, 6 requires that if w(2, y) is continuous in a connex G, it must 
be continuous at each point of its edge, and this requires that wis 
defined as a one-valued function for all points in some D(e) of e. 


4. Let &% be a connex or a connected region. Let P be any 
point; it may or may not lein Y. Let r be the radius vector 
joining P to a point z of YW. If z can describe a 
continuous curve lying in Y such that r describes 
a complete revolution about P, we say that Y is 
eyelie relative to P, otherwise acyclic 

Thus in Fig. 3 let Y& be the ring-shaped figure 
bounded by C,, Cj. Then Y is cyclic relative to 
Land M, but acyclic relative to WV. Fra. 3. 


71. Uniform Continuity. Let us now show that if u(, y) is 
continuous in a connex € it is uniformly continuous. By this 
we mean the following. Since w is continuous at a point a, 6 of 
eeye u(n, y)=—ula,by+e , |€ <6 qd 
if only z, y lies in some domain D,(a, 6) of the point a, 6. We 
say now that the point set © being a connex, 6 cannot sink be- 
low some minimum value 7 > 0, as the point a, 6 ranges over &. 

For say that as a, 6 converges to some point «, 6 ot-G, 0= 0; 
Since wu is continuous at «, PB, 

| él | a 3° 
if z, y lies in some D,(a, f). 

But then 6 cannot = 0, for as the point a, 6 
converges to the point «, 8, the figure shows 
8c, and not to 0. Since therefore 6 cannot 
= (0) as a, b ranges over G, it follows that there 
exists an 7 > 0 such that 


u(x, y=u(a,b)tel| , &l<e © 
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wherever the point a, 6 is taken in ©, provided a, y lies in 
D,(a, 6), the norm 7 being the same wherever a, 6 may be in ©. 

We may thus state the following theorem, which for our fur- 
ther development is of utmost importance : 


Tf u(a, y) is continuous in a connex G, it is uniformly continuous 
in ©; or in other words the relation 2) holds in ©. 


72. Differentiation. 1. We touched on this subject by way of 
illustration in 67. We wish now to discuss it more fully. Let 
y =f(x2) be a one-valued function in the 
interval 2 = (a, b) whose graph is given in 
Fig.1. If we give to zan increment 4= Az, 
the function receives an increment 


Ay = fla +h) —f(2). 


The quotient 


Ay _S@ +h) — f(x) 
Ag h 


is called the difference quotient. From the figure we see 


By ane. (2 
Ax 
As Av=0, the secant P@ converges to a limiting position, 
viz. the tangent at P. 
We call the limit of 1) when h= 0 the differential coefficient at 
the point x and write 


dy =) (ey) = lim Sat » —f@), (3 
My p 


a. h=0 


If f has a differential coefficient at each point of some interval 
A, we say f has a derivative in A; the value of this derivative 
at a point 2 of A is given by 8). 


2. Let us consider the function 


1 
y = (@—1)3. (4 
The graph of this function is given in Fig. 2. It has a point 


of inflection with a vertical tangent at ~=1. We see here that 
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the secant PQ converges to a vertical posi- 
tion. The difference quotient 
AGiew 1 


Ax (Ax)i 
is always > 0 and increases indefinitely as 
Az=0. Wersay its limit is + o and write 
d 1 
SY —fl(a)=to for r=1. 


dx Vie. 2. 


To say that a variable q has the limit +o as e+ais only a 
short way of saying g has no limit at =a, but that it increases 
without limit as r= a. 

Strictly speaking the function 4) has no differential coefficient 
at x=1. Usage, however, permits us to say its differential coeffi- 
cient is +o at this point. We also say the derivative f’(2) is 
definitely infinite at this point, meaning thereby that the differ- 
ence quotient does not change its sign about z= 1. 


8. Let us consider the function 


y= (@— 1)3 , radical with positive sign. (5 
The graph of this function, Fig. 8, has a ver- y 
tical cusp at z=1. 
At this point Ay _ (Ac) e 
jaXay Az | 
O 1 x 
It is thus positive for positive Ax, and nega- 
tive when Az is negative. Thus LEC 
ar hee +o asAr=0 on the right, 
Az 


6, - 2 5 F 5 left. 


Here we cannot say that the difference quotient Ay/Azx converges 
to any value, not even to an improper limit as +o, or —%, since 
it changes its sign in any interval about x= 1. 


4. Let us now consider the differentiation of a function of 


several variables. For clearness let us take a function u(a, y) of 
two variables which we suppose is one-valued in some domain D 
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“= 


of the point a, 6. Then, as the reader knows, 


lim “(a+ hy b)—uCa, b) _ ee 7 
h=0 h Uz b) ) da ( 
is the partial differential coefficient of wu with respect to 2 at the 
point a, 6, and a similar definition holds for 
du 


uy, (a, Da 


The values of 7) as the point a, 6 ranges over some set of points 
% define the first partial derivative of w with respect to x; this 


we denote by 
; UL, Y) or us or ae (8 
Ox 
A sunilar definition holds for 
Ju 5 
u! (a, or ul or 2. 9 
VC y) or uy ov ( 


The derivatives 8), 9) are also functions of x, y and so in general 
possess partial derivatives 
yn 07 fs Ou 


= >» ete. 
“Oa i dxdy 


5. Suppose uw possesses first partial derivatives for the points 
x, y of some point set %. The expression 


du = h+ Eh (10 


is called the first differential of w. 
Similarly, if w has second partial derivatives, 


at 72 eel 
oe 


is the second differential of u, etc. 
We note that the right side of 11) may be written symbolically 


S| (12 
2 


) 
i= k= 
(a Oy 


To deduce 11) from 12) we expand 12) as in algebra and replace 


a y Ou 
=) sab. Dy te UGE 
(2 y Ox? : 
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In general, suppose w has all partial derivatives of order <n 
for all points x, y in some set Y%. Then 


0 0 n 
iu =| h—+ k—) u, é 
d™u ( ae db a U (13 


when after expanding the right side we replace 


( fs) y¢ fa) ans Onu 
Ses Ss U by Fe i 
Ox oy SRS hae eared 


73. Law of the Mean. 1. Let the graph of the one-valued fune- 
tion y=f(x) be as in the figure. Let the secant PQ make the 
angle @ with the z-axis. At each point x 


let us draw the tangent to the curve. It ; 

makes an angle @ with the z-axis. Let now 

x start at a and move toward 6. The tan- — p_, Ab 

gent changes its inclination from point to 

point. If the reader will reflect a few mo- | 
a (6) 


ments, he will see that it is altogether im- 
possible to pass from a to 6 without somewhere the tangent being 
parallel to the secant PQ. Let this be the case forz =e. Now 


tan d =) ie , 


tan@ =“4—f'(2). 


x 


d 
d 
Since ¢= @ at the point ¢, we have, on equating these two expres- 
mom FO) -F@O=E-afi@ + a<c<b. 
This is the celebrated Law of the Mean. It is one of the most 
important theorems in the whole calculus. 

The foregoing considerations do not form an analytic proof of 
this law. They do, however, make the reader feel in the most 
convincing manner that this law is true, and this is all that he 
needs at this stage. On account of its importance let us formulate 
it as follows: 


Tf f(x) is one-valued and continuous in the interval U1 = (a, 6) 
and if f'(x) is finite or definitely infinite within A, then for some 


point a<ec<b f(b) — f(a) — (6 = a)f'(e). qd 
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9. Let a<e<b, flath)—f@=AsF. Then the law ot the 
mean 1) gives, setting h = Az, 


hon acucaerth. (2 
v 


Suppose now that f’(x) is continuous in the interval Y. Then 
St Gat Ce) re ee ie anes (3 
provided | Ax|< some fixed 6, wherever the point x is chosen in 
Y. This in 2) gives 
Af =fl(a)+e (4 
Ax 
and e’ = 0 uniformly in Y. 


3. From the law of the mean it is easy to establish another very 
important theorem, viz.: 

Taylor's Development in Finite Form. In the interval Y=(a, 6) 
let f(x) and its first m — 1 derivatives be continuous. Let f™ (2) 
be finite or definitely infinite within %. Then for any wx within Y 


oS =f(ay+ 24 M42 pone fil (a)+ 


poe f= n(a)+ G—4 ay fe Cay a, od es (5 
(@—T)! 
As this is not a work on the calculus we do not intend to prove this 
theorem ; we have quoted it in order to state precisely conditions 
for its validity. 


4. From the law of the mean we can draw an important con- 
clusion which we shall need later. Suppose w(x, y) has continu- 
ous first partial derivatives about the point a,b. When we pass 
from this point to the neighboring point a+h,b+k, w receives 
the increment 
Au=u(a+h,b+k)—u(a, b). 

But we have 
Au = ju(at+h, b+k)—uCa, b+k)}+fuca, b+kh)—uca, by} 
=A, 4 a3. 
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By the law of the mean 
A,=hul(c,b+k) , ebetweenaandath 
A, =kui(a,e) , e between 6 and d+ kh. 


But w/,, wl, being continuous, 
we, b+kh)=ul(a, b)+a 
! 
u,(a, e)=uCa, 6)+ B 
where «=0, B=0 as h and k=0. Hence we may state the 
theorem : 


Let u(a, y) have continuous first partial derivatives about the 
point a,b. Then the increment Au differs from the differential du 
by a quantity of the form 


ah + Bk 
whereaand8B=O0ashandk=0. Thus 
Au = nt he + al + Bk. 
Ox oy 


5. Suppose now that w/, and w/, are continuous functions of a, y 
inaconnex @. Then, as observed in 71, @ and 8 will converge 
uniformly to 0 in ©. Hence in particular 


ele 6 huge 


provided |A| and |k| are < some 6, and here 6 is independent of 
the position of the point a, 6 in ©. 


6. Taylor’s development 5) may be extended to a function of 
any number of variables. For clearness let us take a function 
u(a, y) of two variables. Suppose w and 
all its partial derivates of orders <n are 
continuous in some domain D about the 
point a, 6. Let a+ h, 6+ be any point 
in D. Let LZ be the segment joining these 
two points. Then any point 2, y on L 
has the codrdinates 


gaa+eh , yebtsr , Vee<l. 


ath, bNe 
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When s ranges over the interval G =(0, 1), the point x, y ranges 
over Z. Then oe 

u(a, Y)= ula + sh, b + sk)= $(s) 
is a function of s defined for values of s lying in ©. But 


ol: 


¢' (8) = ou + Dy = dud, Y)s 


OCs y= Ce T+ seag ht Ga = Pele, Y)s 


Hence ¢/(s), ¢/’(s) --- 6s) are continuous in © and we may 
apply 2 to the function ¢(s). Doing this and then setting 
v= 17 we vet 

u(ath, b+k)= ula, 6)+ a du(a, 6)+ Ee d?(a, b)+ + 


+ dru(at Oh, b+ 6h) (6 
Tr: 


where 0< 0< 1. 
For convenience of reference we note that 


du(a, b= n+ k, 


ob 
o U a7 07 
@u(a, b)= ae A 5) Mes Sia 
CGO) = + 5p ap PET apa 
Integration 
74. 1. The integral 7) 
(ayaa a 


may be defined in connection with 
the notion of area as follows. Let 
the graph of f(x) be as in Fig. 1. 
In the interval of % = (a, b) we 
interpolate the points a,,a,-.» If 
no interval (a,,_, @,) has a length 
greater than 6, we say these points 
effect a division of X of norm &. 

We set iS 


m = Am — Amy = AZ, 
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and form the sum 
F(a) Ax, + faq) At, + ++ = 2 f(a,)Ar,: (2 


The value of this sum is the area of the shaded rectangles in 
the figure. If now 6= 0, this sum obviously converges to the 
area under the curve. Thus when f(x) is a one-valued con- 
tinuous function of x in the interval %, the sum 2) has a 
limit as 6=0. This limit is the value of the symbol 1). This 
symbol we also denote sometimes by 


ii cove 
pe 


2. These geometric considerations 
enable us to take a more general 
definition of 1). In the intervals 6,, 
let us take at pleasure a point «,,. 
If f(«,) =8,, let us construct the 


rectangles of base 6,, and height 8, Ga,a,act. ds b 
as in Fig. 2. We now form the sum Fic. 2. 
F(%) Ax, oi (G4) Ax, Se pa =f (en) Am: (3 


The value of this sum is the area of the shaded rectangles. 
If now 6 =0, the sum obviously converges to the area under the 
curve and therefore has the same value as before. 

Let us state this in a theorem: 


If f (x) is continuous in the interval (a, 6), 
lim 2 (4, ) ALn (4 
8=0 


exists and this limit is the value of the integral 1). 


3. With this definition we can establish the following funda- 
mental theorem : 


In the interval (a, b) let F(x) be one-valued and have the continu- 
ous derivative f(x). Then 


jl (a) da = Fb) — F(a). (5 
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For, using the points a4, a +++ @,_, introduced in 1, we have by 
the law of the mean 
F(a,)— F(a) =f (a, Az, - 
EE Bet se aioe 


F( 3) Fe ) ee 


where «,, is some point in the interval Az,,. 
Adding these equations gives 


Fb) = F(a) = ZO NNT 


Now by 2 the limit of the right side as 6= 0 exists and equals 
the integral in 5). 


4. From the definition of an integral given in 1) follows an 
important property which is useful in estimating the numerical 
value of an integral. Since 


| 2F (On )ALip| SS SF Cay, | Aan 
we have, on passing to the limit 6 = 0, 
| if Mn | ice eee (6 
|f(ec)|<@(@) in the interval (a, 6). 


Also let 


Then similarly we have 


b 
[ o@ae , a<d. RT 


| i , F(@) dx) < J 


5. Another property of importance is that: 


er 
a) == { Fs Tee TE op 
¢ i 
considered.as a function of its upper limit xis a continuous function 
of x such that 


a. sae 


the integrand f(x) being continuous in (a, b). 
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75. Surface Integrals. 1. Let w=f(a,y) be a one-valued con- 
tinuous function of 2, y in a field Y% bounded by a finite set of 
ordinary curves. As a, y ranges over 
%, the end points of the ordinate ] ] 
through 2, y will describe a surface 
S, while the points of the ordinates 
will constitute a solid of volume 
lying between S and the 2, y plane 
under S. 

Let us draw a set of parallels to 
the z, y axes in the 2, y plane as in on 
Fig. 1. This effects a division of the | 
plane into rectangles R. If their 
sides Az, Ay are all < 6, we say the norm of this division is 6. 
Let us now form the sum analogous to 74, 2), 


N 
GAA ni 


SSS 


nDn 


Fre. 1. 


my da. b,) Ax,AYn (1 


extended over all rectangles containing a point of %&. The points 
Amy 6, are the vertices of these rectangles. 

The sum 1) is obviously the volume of the set of prisms whose 
bases are the rectangles Az,,Ay, and whose heights are the ordi- 
nates of the surface S at the points z=a,, y=6,. We take it as 
geometrically evident that the sum 1) converges to the volume V 
as 6+0. This hmit we use to define the symbol 


[fe y dady. (2 
x 


2. To calculate this integral it is usual to express it as an 
iterated integral 
[afte y dy. (3 
B dé : 


Here the symbol % denotes the projection of the field 9% on the 
z-axis. Let 2 be a point of B. The line through z parallel to 
the y-axis will partly lie in %{. This section we denote by ©, or 
more shortly by €. Thus to calculate 3) we give x a fixed value 


in % and calculate 
if F(a, y)dy, (4 
JE 
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the field of integration being the section € of % corresponding to 
the value of 2 chosen. This integral itself is a function of z. 
This we now integrate relative to x over the field B, getting in this 
way 3). 

To illustrate, suppose 

the field of integration 
% in 2) is bounded by 
the three outer curves 
and the two inner curves 
of Fig. 2. Then the pro- 
jection B on the a-axis 
consists of the segments 
AB, CD. For a value | 4 E B Cy BR D 
of x corresponding to Fic. 2. 
FE, the section € of Y is formed of the two segments marked € in 
the figure. At # the section © is made up of three segments, also 
marked G. 

It is shown in the calculus that: 


y 


ie) 


The two integrals 2) and 3) are equal. 


The following~ geometrical considerations will make this 
apparent : 
That slice of V which lies between the two planes 


L=Umn » L=Aniy 


in Fig. 3 has approximately the 
volume 


arm [FC y)dy, 
Lee 


as is seen from Fig. 3. The 
sum of these slices is 


DAem [fam y)dy. (5 
e/E 


Thus the volume JV’ is the limit of 5) or the iterated integral 8). 
Thus 2) and 8) are equal as they both = /. 


RIG aos 


76. Curvilinear Integrals. 1. Let us suppose that f(a, y) is a 
one-valued continuous function of 2, y at the points of a curve 0 
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whose end points are a, 6, as in Fig. 1. If we interpolate a set of 
points @, a, d3+++ such that the arcs AA}, AyAg, Agdg +++ are of 
length <6, we say these points a,, a, + 
effect a division of norm 6. 

Let 2, ¥, be the codrdinates of a,,; let 
Ap, = Imi1— 2m. We now form the sum 


=f (Gn ‘ Yin ) An : ad 


If we let 6= 0, this sum converges to a 
definite limit which we denote by 


[ f(x, y)de or by | ds (2 
(34 a 


and call it the x-eurvilinear integral of f(a, y). 

When the curve C reduces to a segment of the z-axis, the 
integral 1) reduces to the ordinary integral considered in 74, 
since y is now constant. 

Let us prove that the limit of 1) exists for the simple case that 
the equation of Cis EVES GB 


¢@ being one-valued and continuous, the end points of ( corre- 
sponding to z= 2,2¢=— 6. Then 


fa Y=fle 6oOl= 9@, 


and 1) becomes Sa As (4 


But g(z) is continuous, hence the limit of 4) exists and is 


i "y (2) dz. (5 


Hence the limit of 1) exists and has the same value. We note 
that this form of proof not only establishes the existence of the 
limit of the sum 1) but determines its value. 

Because 2) and 5) are equal, we may extend the properties of 
ordinary integrals to curvilinear integrals. Thus if ¢ is some 
point on C between the end points a, 6, we have 


[Ie bie If fla, yde + if f(a, yaw. (6 
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Let us return to the sum 1). The factor f(z,,, yn) denotes the 
value of f at the end point of the arc a,,,a,. The same geo- 
metric considerations used in 74,2 would show that 1) has the 
same limit when 2,,y,, denote any point in the arc a4. We 
shall make use of this fact in 3. 


2. The foregoing proof apphes to the 
case when Cis the are PQ of the circle of 
radius r in Fig. 2. For then 


y=t+vrF— 2 = (2), (7 


the radical being taken with the plus sign. 
It does not apply immediately if C is the 
arc PQS. For if —s is the abscissa of S, mee 
y is two-valued in the interval (—r, —s). 

In this case we have only to break C into two ares 


CC, =2.0f and Co =i. 


Then on C, we have ¢ determined as in 7), while on QC ¢ is 
determined b a 
‘4 y=—Vri— v= d(2), 
the radical now having the negative sign. 

Corresponding to this we would break 2) into two integrals 


if and uf : 
CO Ce 


To each of these our proof applies. 


3. In 2 we have taken the equation of the circle as 
2+ par, (8 


which defines y as a two-valued function + Vr? — 22. Instead of 
the equation 8) we may use the equations of the circle in pa- 
rameter form : 
Z=rcosu , y=rsinu. (a 
If we do this, we can avoid the radical and so deal from the start 
with one-valued functions. 
In general, let 
e : 2 pu) 


2 ae) (10 
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be the parametric equations of a curve O; that is, when w ranges 
from u = « to w=, the point 2x, y defined by 10) describes the 
curve C. We suppose of course that $, W are one-valued con- 
tinuous functions in U=(a, 8), with continuous first derivatives. 


Then < 
FR YH=HiEH), PQA} = 7) 


is a continuous function of win WU. Let us effeet a division of U 
of norm 6 by interpolating the points «,, «++. To them will 
correspond certain points a), a,+++ on 

Then by the law of the mean 


AX = Pm) — PO m—1) = Pm AU 


where v,, is some point in the interval (@,,_,, @,,). To this point 
Vm Will correspond x, Ym in the are (4,4, 4m) onthe curve C. Thus 


OF (Den i \NL = 2g (Yn) P! (Um AU: 
If we let the norm 6 = 0 in this relation, we get in the limit 
ay 7B 
i fionen} dz. =| g(a) b' (a) du. (11 
4. In precisely the same manner the y-curvilinear integral gives 
6 *B 
[Pe diya [Coy du (12 


77. Work. 1. Let us show how the notion of curvilinear in- 
tegrals presents itself naturally in mathematical physics. Suppose 
a particle is acted on by a force § whose com- 
ponents are X and, Y, as in Fig. 1. The work 
done in passing from P to a point @ near by 
on the curve Cis 

dW = § cos @-ds, (1 


iG 1s 


where @ is the angle between § and the tan- 
gent 7. If § makes the angles «, 8 with the # and y axes, and 7 
the angles a’, 6’ with these axes, we have, from analytic geometry, 


cos 6 = cosa cos a + cos 8 cos f'. (2 
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Now Tcosa=X , FeosS= Y, 
a = COR MW 6 a = cos fp’. 
Thus 1) and 2) give 
| dW = Xdx + Yay. QB 


Thus the work done by the particle in passing from a to 6 along 
the curve Cis 


Wie f ‘(Xdx + Yay) 4 


fs jl Cxare i Yay. (5 


It is therefore the sum of two curvilinear integrals. 


2. The relation 3) may be obtained more 
simply by referring to Fig. 2. The work per- 
formed in passing from P to a point Q very 
near is in general the same as if the particle 
took the route PR, RQ. The work done 
along PR is Xdx; the work done along RQ 
is Ydy. The total work dW is the sum of these or 3). 


78. Potential. 1. In physics we often deal with forces § whose 
components are the partial derivatives of some one-valued function 
V(@, y), that is, 


aV , ov 
xX= — — 5 y = — = 
Ox oy . 
In this case 77, 3) gives 
aV av 


—dW= —dzr+—dy=aV, 
os esa r ee av, 


and the element of work is the total differential of the function 
V, with sign reversed. 
er oV aV 
Let us suppose that —, 
Ox 
show that the work done in passing from a to 6 is independent of 
the path. For let us effect a division of norm 6 of @ by inter- 


are continuous. We ean then 
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polating points a,, a, +++ between a and $6. Then by 78, 4 


ral Ae v4 Ay + abe + Bay 


= — XAr— VYAy + wAx + BAy 


where a, 8 = 0 with Az, Ay. Thus we have 
V(a)—V(a,)= X,Azx, + VYAy, + Ax, + BAy, 
Vi oa Pia.) Xz, Y, Ys + en + pale 


Vay. pe V(b) = ale - y. Ode w Ax, a Aa 
. 
Now by 73, 5 [| and | 8% 
are all < some e for all-norms 6< some 6. Thus, adding the 
foregoing equations, we get 


V (a) — V(b) = =(X,, Atm + YnAyn) + € 
where ¢ =0asd=0. Hence, letting 6= 0, the last relation gives 
W= V(a)— V(b)= if (Xdx + Yay). Q 


As V(a, y) is one-valued, the value of the work done by the 
particle in moying from a to 6 is independent of the path taken, 
and depends thus only on the end points a, 6. 


2. It is sometimes useful to know that the relation 2) holds, in 
a certain sense, when Vis not one-valued. In fact the foregoing 
reasoning is valid if (a, y) is only one-valued about each point 
of the curve Cand possesses continuous first partial derivatives as 
before. Suppose then that V, is the determination of V(z, y) 
with which we start at a. If Vy, denotes the value that V, 
acquires on reaching 6, passing over C, we see that we may 
write 2) 
We [ (Xdr + Ydy)=V,— V,. ‘G 

o 


3. The simplest case of a potential function is presented by 
several particles of masses m,, M) ++. 


156 FUNCTIONS OF A COMPLEX VARIABLE 


A unit mass at P is attracted by m, by 
a force whose components are, as seen by 
the figure, 


m m 
X,=—cos#, , Y= —1 sin 0. 
ry ri 


Similar forces are exerted by mg, mg, +++. Thus the total force § 
exerted on a unit mass at P has the components 


xe > Toh tere Be Le sin ,. (4 
Wea 
Let us set a: 
Vs eeey, 5) 
ae : 
From P= xt4 
we have rdr = xdx + ydy, 
or dr =" dx +7 dy. 
r r 
Hence OF ties 6; or _y sin @ 
Ox Oy % 
Thus a (2)- d C an Laws 
—= eos 0, 
dx\r) ar age (i 
5A;)= fa Le 6 
dy \r re 
Hence ue = wa Sie t= — X. 
(4) 0x Vr, : re 
We have therefore r Fe 
Eee ee ee (6 
dx Oy 


and hence the function Vis a potential function for the force §. 


79. Electric Current. 1. Suppose a constant current of elec- 
tricity is passing along the wire PQ. The lines of force gen- 
erated by this current are circles Cas in Fig. 1. The intensity 
of the force § is given by 
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where ¢ is proportional to the strength of the 
current. We have here, as shown in Fig. 2, Q 


X=— Fsind=—c% 


y 


r v 
» & ae ae 


+2 


~ 


Suppose a unit mass of electricity to describe 
the cirele C. Then : 


x=rcos0é ee — sin ¢, 


dx=—rsin@d@ , dy=rcos 6dé. 
The work is a 
W= | (Xdx + Yay) 

. 


“Se (sin? @ + cos? @)dé = of dé 


—2rre. al 


2. Let us now suppose that the unit mass 
is restricted to move in a connex YF acyclic 
with respect to O, as in Fig. 3. Let us set 


Fig. 2. 
V=—ce-arctan%. (2 

gz 
Then ay ae 


= Pe bee hee ge 2 
de 2+y a a = 


See cd 


Thus V is one-valued in 9 and has continu- 
ous first partial derivatives. We can there- 
fore apply 78, 2), which gives as the work done by the unit charge 
moving from a to 6, 


Fig. 3. 


a! gill Ee 
W=¢ | arctg -- ee i | (5 


where a/y', z''y'' are the codrdinates of a, 6. 
The work Win moving from a to 6 is independent of the path 
between these points, provided only it lies in YU. 
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3. Let the convex %f be cyclic with respect to O as in Fig. 4. 
The origin O is the point where the current pierces the 2, y plane. 
It is excluded from % by a small circle. 

The partial derivatives of V are one- 
valued and continuous in % as 3), 4) WI 
show, but V is no longer one-valued in Y. 
For when the point 2, y makes a circuit S 
about O, V has increased by —2e7. Thus, 
if V, is the determination of V chosen 
at the point a, after the circuit V, has 
acquired the value oe 


Fig. 4. 
Thus, if we apply 78, 3), the work done 
by a unit charge moving around the circuit C is 


W=2er. 
This agrees with the result found directly in 1). 
80. Stokes’ Theorem. 1. The theorem we now wish to prove is 


a special case of a theorem due to Stokes and which is much used 
in mathematical physics. For our purposes it may be stated thus: 


Let F(a, y), G(x, y) be one-valued functions having continuous 
first partial derivatives in a connex X whose edge we denote by &. 


Then 
[Fee + Gdy)= [e — — ay) ad 
x 


In calculating the curvilinear integral on the left we let the point 
x, y run over © in the positive sense, that is so that the region 
bounded by € lies to the left of the direction of motion as in Fig. 1. 

Let 8 be the projection of % on the z-axis, and € the section of 
Wat a point z of 8. Then 


LG, et = pela 
oy g Je oy 


as we saw-in 75, 2. 
At a point z=« in Fig. 1 


oF 
Lay Y= + B- F)= FL) +- F, 
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where F, denotes the value of F(a, y) at the point 1, ete. Ata 
point as = in Fig. 1 the right side becomes F,— F,. Thus in 
any case 


OF 
ny —»> — 
ie dy (fon Es 


' 2 ) 


and hence 


f OF tedy = dl dz&(F4,—F,). (2 
x OY B 


Let us show that the right side 
is equal to 


— | Fadz. (3 o 
€ x B 


ues ale 


In fact to calculate 3) we 
break € into a number of arcs such that for each arc y is a one- 
valued function of z. Along the lower arc AB of Fig. 2 let 
y =¥Y along the upper arc let y=y,. Along the lower ares CD, 
EF \et y=y,, and along the upper arcs let y=y3. Thus 


[fa [Fo yy, dx 
€ a 

+ [ "FG. Yq ax 
b 

d s 

ns afi F(x, ys) dx 

+ Fe y, dx 
d 


af 
7A F(a, y3)dzx 


+ [Fe oie rr 2 


Hence 


— [Fie = [°C Fyde+ f(y — B+ Bide pe 
€ c 


= ae dc3(Fiu—F,) c 
B 
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asin 2). Thus 2), 4) give 


[ = drdy = — [ Far. (5 
Jy OY Cae 


In the same way if @ denotes the projection of % on the y-axis and 
B a section of Y parallel to the z-axis, we have 


a e G 
[Ge aady = | ay f° “dx 
OY ( pg Ox 


= [WEG Bayer y (6 
V/d 


On the other hand, taking account of the positive direction of € 
{ Gaye [ Were (1 
e/E JC 


Hence from 6), 7) we have 


{2 daddy {- Gay. (8 
J YW Ox vf 


On subtracting 5) and 8) we get 1). 


2. Asa physical application of Stokes’ theorem let us return to 
our line integral 


Wie { "CXda Van, (9 


which expresses the work done by a unit mass moving from a to 
6 along some curve C’ in a field of force § whose components are 
A, Y as explained in 77. 

We saw that when § has a one-valued potential V(2, y) whose 
first partial derivatives are continuous in some connex Y, the value 
of W is the same for all curves C in % leading from a to 6. This 
condition is sufficient to make the value of W independent of the 
path ¢@. 

In this case pee vaso oV 

cae oe x 


a (10 


If X, Y have continuous first partial derivatives, Stokes’ theorem 
shows that if Cj, C, are two paths leading from a to } and § the 
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connex they bound, the work done in running over the boundary 
E=0,+ CP of & is . 


W= [hart Yay = [- [ 
JE Cue Oy 


Of Oe OY 
= —. — —— |dxdy. 
Jel dy Ox ) ote Ce 
Now from 10) ax oY ayy 
Oy = oe = _— away 
Thus 11) gives We= [- if = 
/t eWJ/J 


or the work performed along ({ is the same as the work done 
along C3, as it should be. This gives us nothing new. 

But let us reverse our reasoning. Let us suppose that X, Y 
have continuous one-valued first partial derivatives in a certain 
connex Y%. We ask what condition must X, Y satisfy in order 
that Wis independent of the path C? 

The answer is that 


ax _a¥ 
dy ~~ Or 


(12 


must hold at each point of Y%. For suppose it did not hold ata 
point ¢c, in Fig. 3. Then within some domain D about e, 


dy Ox” 
being a continuous function of 2, y, must 
have one sign, by 69,7. Let y be a circle 
with center ¢ and lying in D. Then by 
Stokes’ theorem 


ax oy: 
Ix ; _ —— Jn, 
[Kiet Yay) (ne 5 ae i] 


where I’ is the region bounded by y. 
Now the right side cannot = 0 since the integrand has one sign 
in I. Thus the work done in going around ¥ is not 0, or 


W, + 9. (138 


BiGe 3. 
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Let us now go from a to 6 along opposite sides 7, ¥_ of y- 


pose the work 


Wo.» Wo, 
for these two paths Cj, C, were the same. Then 
We olen => 0. 
Bue C,C,* = auy,-> 8b- 68 y,*aa. 
Also 


Wo=— We ) Way = — Wrz ’ W. all. 


¥,Y 
which contradicts 13). 


Thus Woca= W,=9, 


which contradicts 13). 


Sup- 


Stated in mathematical language these considerations give: 


Let F, G be one-valued functions having continuous first partial 


derivatives in the connex M. In order that the value of 


ff (Fax + Gy) 


shall be the same for all paths in % leading from a to 6b, it is 


necessary and sufficient that 
SOG: 
=— il 


dy dx aa: 


(14 


CHAPTER VI 
DIFFERENTIATION AND INTEGRATION 


81. Résumé. Before going further, let us take a look back and 
see what we have accomplished so far. In Chapter I we have 
established the arithmetic of complex numbers. It is thus pos- 
sible at this point to define algebraic functions of a complex 
variable 2, since the definition involves only rational operations. 
The reader will recall that a rational function of z is defined by an 
expression of the type 


R@ = ot e+ + + Oe" 


m,n positive integers 
bgt bea Bat Pas 


which obviously involves only rational operations. An algebraic 
function w of z was defined by an equation of the type 


w+ Ryw14+.-.-+ h,,wt+ Rk, =9, 


where the coefficients are rational functions of z. Thus the defi- 
nition also only involves the rational operations of addition, sub- 
traction, multiplication, and division on the variable z. 

The transcendental functions 


e, sing, logz, sinhz, arcsing--. ad 


cannot be defined in this simple manner. The definitions we have 
chosen as the most direct and simple employ infinite series. We 
have therefore developed the subject of series. Now the conver- 
gence of a given series A whose terms are any real or complex 
numbers is of prime importance because divergent series are not 
employed in elementary mathematics. To test the convergence of 
A we pass to the adjoint series 2 when possible, because the terms 
of %{ are real and positive. Thus we are led to consider first the 
theory of series whose terms are real, and especially those which 
163 
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are positive. This we did in Chapter II. In the next chapter we 
studied series whose terms are complex, and in particular the 
important subject of power series. ; 

Having developed the theory of ‘infinite series as much as need- 
ful we were in position to study in Chapter IV the elementary 
transcendental functions 1). At the same time we took a brief 
survey of the algebraic functions. 

The next topic in order would be the calculus of these functions, 
that is, we should learn to differentiate and integrate these func- 
tions just as is done for a real variable x In order to treat this 
subject clearly we have inserted a chapter, the foregoing one, 
whose object is to furbish up the reader’s knowledge of the cal- 
culus and to emphasize certain points of theory which are usually 
passed over hurriedly in a first course. We also developed the 
notion of a curvilinear integral which is the foundation of the 
following chapters. 

These matters having been looked after, we are now in a posi- 
tion to take up the differentiation and integration of functions of 
a complex variable z. But first let us define more explicitly a 
function of 2. 


82. Definition of a Function of z. 1. We have already defined a 
number of functions of the complex variable zg, viz.: the algebraic 
functions, e*, sin Z, log z, etc. These we called the elementary func- 
tions. From these we can form more complicated functions of z as 


=5ett 


1 + sineV1+2. 


All such expressions will be called functions of z just as they 
would be in the calculus if 2 were replaced by the real variable zx. 

Any such relation establishes a relation between z and w as 
follows. For each value of z which belongs to a set of points % 
in the z-plane, one or more values are assigned to w. We now 
generalize as in 66 in this manner. Let 9 be a point set in the e- 
plane. Leta law be given which assigns to the variable w one or 
more values for each value of z in Yf. Then we say w is a function 
of zin Qf. Ifw has but one value for each z in Y, w is a one-valued 
function in 9, otherwise many-valued. 
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For example, the relation 


assigns to w two values for each z not among 
OF sem, 2 or, = Q 


except at ¢= +1, where w has buta single value, w=0. Thus w 
is a two-valued function in the point set % which embraces the 
whole z-plane excluding the points 2). 

The branch points of this function are z=+1, that is, when 2 
describes a circuit about one of these two points, the two values of 
w permute. By means of this two-valued function we can define 
a one-valued function of z. In fact let 8 be an acyclic part of 
relative to the points z=+1,andz=—1. For example, let 8 
denote the points of Y&{ which lie to the right of the parallel to the 
y-axis, z=1. At the point z= 2, w has two values 


3 =O 
. ani . 
sin z sin 2 


Each of these may be used to define a branch of 1) and this 
branch is a one-valued function of zin%. If instead of B we take 
a cyclic set € relative to +1 or —1, the function of 2 just defined, 
which is one-valued in %, is two-valued in ©. 

Thus a function which is one-valued relative to one domain - 
may be many-valued in some other. Conversely by taking on a 
part S of the domain of definition 9% of a many-valued function 
we may employ one of its branches to define a one-valued function 
of z relative to %. . 

2. It is important to remember that the functions we deal with 
in the following are one-valued in the domain & under considera- 
tion unless the contrary is stated, or unless it is obvious from the 
matter in hand. 

We make also another limitation. The domain for which a 
given function w is defined will always be a region [70, 1], unless 
the contrary is stated. 

For example, the domain of definition & of the function 1) is a 
region. For z =a being any point of % we may obviously describe 
a circle ¢ about @ sach that all points within c belong to Y. The 
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reader will also note that the domain of definition of all the ele- 
mentary functions defined in Chapter IV are regions. 
For example, the domain of 


w= logz 


is the point set 9 formed of the whole z-plane excluding the origin 
z=0. This function is infinite-valued in 2%; but any one of its 
branches is a one-valued function in a connex acyclic relative to 
2e= 0. 
As another example, the domain of definition of 
sin 2 
COS 2 


Ub == Wain = 


is a set % embracing the whole zg-plane excluding the points 


oan mm. Obviously, is a region. 


ve 


3. Let w be a function of z defined over some point set Y%. To 
each point 2 = «+7y in Y, w.will have one or more values, 


w=uUutw. (3 


The values of w, v will depend on the position of z in Qf, that is, on 
the values of 2, y. Thus wu, v are real functions of the two real 
independent variables 2, 
y. If w is one-valued, 
so are w and »v. 
Conversely, let 


U 


W=U+W 


(0) 


w(t, y) » wey) 


be two real functions of 
the real variables x, y defined over some domain Y. If we set 


z=ut+y, (4 


then to each point 2, y of % will correspond a value of z. By 
means of 3) we can now define a function w of z by stating that at 
the point z, w shall have the value 3) when wu and v are given the 
values that they have at the point 2, y corresponding to this value 
of z as defined in 4). 


Example 1. Let u=etcosy , v=esiny. (5 
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To a given value of z, correspond a pair of values a, y determined 
by 4). For these values of z, y, the relations 5) define the values 
of wu, v. These put in 3) determine the value w has for this 
value of z. Thus 
w=e* cosy + ze" sin y 


is a function of z. It happens to be the exponential function e# 
Lot, 5)]. 


Example 2. Let 4 _ ety , v=—Qay. 


Then we must consider from the foregoing definition 


, w= (a2 + y?) —7-22y 
as a function of z. 


4. Images. Let w=f(2) (6 


be a function of z defined over a point set 2%. When z ranges 
over Yl, w will range over some point set, call it %, in the w-plane. 
It is convenient to call B the image of YA afforded by 6). We 


write 8 z I 


This we may read: % is the image of YM, or 8 corresponds to Y. 
The relation 6) establishes thus a relation between the points 
of Mand B. If f is a one-valued function in Y, to a pointz=a 
in & will correspond but one point w=6 in B. If f is on the 
other hand a many-yalued function in %f, to z=a will correspond 
more than one point in %, as 6’, 6!, O/’’ .... If 6™ is one of these 


points, we may write ie, 


which we read: 6'” corresponds to a. 

When to each point a in Y, there corresponds but one point 4 
in $8, and to each 6 in S but one a in Y, we say the correspond- 
ence between % and & is one to one or unipunctual. This we may 


write B~% , unipunctually. 


83. Limits, Continuity. 1. Let w be a one-valued function of 
z defined about z=a. Suppose as za, that the values of w 
converge to some value 7. We say / is the limit of w forz=a 
and write lmw=1 ; orw=lasz=a. ad 
g=a 
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Geometrically this means that having described an e circle 
about the point 7 in the w-plane there exists a 6 > 0 such that 
when gz is restricted to lie in 
a 6 circle about zg=a, the 
center excluded, the corre- 
sponding values of w fall in 1) 
the e circle. 

Expressed in € language the 
relation L) means that for each 
e > 0, there exists some 6 > 0 such that 


Zz plane w plane 


lw—Il|<e for all 0 < |z—a| < 6. (2 


The reader will note the perfect analogy of this definition with 
the definition of a limit given in Chapter V where the variables 
are real. From this follows that the ordinary properties of limits 
employed in the calculus will also hold here. 
Thus if 
fa=r , g@=+s ase+a, 


then lim(f+g)=r+s, 


MN mous iW e 


If | g(z)| 2 some y > 0 near z =a, 
eee 


lim = -, 
z=a Y § 


etc. 
2. Suppose we write 
w=utw , l=A+iw , a=atiZ, 
where w, v ave one-valued functions of x, y about the point @, B. 


Obviously if 
CY a rp ny (3 


as x, y converges to the point «, 8, then 


W=rA+w=1 ciSs 2 => th. 


Conversely if : : 
w— al as 2= a, 


necessarily 3) holds. 
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3. Continuity. Let z describe a continuous path P in the 
z-plane ; if the corresponding values of w define a continuous curve 
in the w-plane, we say w is continuous. 

To obtain an analytic formulation of this we have only to repeat 
the considerations of 69, with slight modifications. This leads us 
to define as follows: 

Let w be a one-valued function of z defined about the point 
z=a. Let w have the valuewatz=a. If 

lim w = a, 

z=a 
we say w is continuous at a. If w is continuous at each point of 
some domain YI, we say w is continuous in YU. 

4. Asin 2, let w=u-+iv. The same considerations show that 
for w to be continuous at z= a= « + 78 it is necessary and suffi- 
cient that w(2, y), v(@, y) be continuous at the point «, ~. 

5. If w is continuous and + 0 at z= a, wis #0 in some circle 
c described about a. 


For let w=aatzg=a. Then for each e>0 there exists ac 
such that 


|w(z)—a|<e for any zinc, 


or what is the same, 
a—e<w(z)<ate ek 


If we take e such that e <|«| = R, this relation shows that 
w(z)\>7 where 7 = |a|—e>0 Q@ 
for all zinc. 
6. If w is continuous at z= a4, 
|w(z)|< some @& (3 
for any z in some circle c about a. 


This follows at once from 1). 


7. The inequalities 1), 2) may be extended to any connex 


€ as follows: 
If w is continuous and + 0 in the connex G, the numerical value 
of w never sinks below some positive constant 7 in @, or 


|jw(z)| > > 0 in ©. (4 
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For suppose w = 0 as z ranges over a set of points a, a, +++ in © 
which converge to a. In symbols suppose 


lim w(a,).= 0. : (5 

n=o 
Now w being continuous, 

Ww (a) == Wi (a). 
Thus w = 0 at z=a by 5), and this contradicts the hypothesis 
that w # 0 in ©. 
8. If w is continuous in the connex G, 
l(e)|< some G 5 10.6: (6 


For if not, suppose |w(z)| = +o as z ranges over some set of 
points a,, a,-+-in © which = a. But w being continuous at z= a, 
the relation 3) holds inc. But then 


lim |w(a,)| cannot be + 2. 


Thus if 6) does not hold, we are led to a contradiction. 


Differentiation 


84. 1. Let w be a one-valued function about the point z= a. 
When the independent variable z passes from z=a to z=a+Ah, 
that is, when 2 receives an increment h = Az, the function 
w(2) receives an increment 


Aw =w(a+h)— w(a). 


The quotient Aw = wa oe h) _. way 1 
Az h C 


is called the difference quotient as in the calculus. If 


lim 2@ +t) = v@ a 
h=0 h c 


exists, we say w has a differential coefficient at zg=-a, whose value 
is the limit 2). It is denoted by w'(a). If the limit 2) exists 
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for each point z of a region Y, it defines a function of z denoted by 


a or by w'(2) 


and called the derivative of w(z). The value of w'(z) at z=a 
is of course w' (a). 


2. The reader will note that this definition of the differential 
coefficient w’(a) is entirely analogous to the definition when the 
variable is real, given in 72. The only difference lies in the fact 
that in the calculus, A is restricted to move on an axis about the 
point h=0, while in 2) A is any complex number +0, in some 
circle about the point = 0. 


3. Let us note that if w has a differential coefficient at z=a, w 
must be continuous at a. 

For by hypothesis the limit 2) exists and is finite. As the 
denominator 2 = 0, the numerator must also =0. But then 


w(at+h)=w(a), 


which is the definition of continuity, 83, 3. 


4. By reasoning exactly as in the calculus we can show that 


AIT — $1(2) + 9'(e), B 
ALD) — fy! + of" C 
dz J 
aly of' —to Fg! 5 
ae )= Sf ( 


hold under the same conditions as when the variable is real. To 
illustrate this let us show that 5) holds in any region % in which 
g#%. 

For let us set h = Az, 


g 


Then ‘Aw _ghf—fdg _1Af_f 149 (6 


Be  gghe ghz g ghz 
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If Az is taken so small at a given point z that 2+ h lies in , g 
is +0. Next we note that 


limg=lmg(@+h)=g9@), 


Az=0 h=0 
since g is continuous by 3. Passing now to the limit Az=0 in 
6), we get 5). 
5. By the aid of the foregoing we can find the derivative of a 
rational integral function 


2 
FHA + ae+a,2°+ + +.4,2". 


For as in the calculus we show that 
dz” 


= nzr-l, 
dz 


Thus by 3), df _ yt 2 atge boos 4 rte. 


Also the derivative of a rational function 


ka tot 2 + S00 + Ge 
by + by2 + nid + 6,2” g 
can be found by 5). 


6. Let us prove here a theorem we shall need later. 


Ifw=f (2) has a differential coefficient f'(a) #0 at x = a, there 
exists a 5 >0 such that Aw does not vanish when z2=a+ Az is 
restricted to D(a). 


For as lim 2” ={'(a) oe ahe=u, 
Az=0 Az 
we have Aw= i7'(a)--elt Ae «i 


where |e’ | < ¢ if only 0 < | Az| < some 6. 
If now we take 0 < e <|f'(a) | 


we see that f’(a)+e! cannot vanish when 0 <| Az| <6. Thus 
Aw cannot vanish under this restriction, as T) shows. 


85. The Derivative of a Power Series. 1. Let the power series 


P (2) = ay + a2 + aga? + + ae 
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have © as a circle of convergence. We show that P has a deriva- 
tive within ©, viz. : 


P' (2) = a, + 2agz+ 3 age? +. (2 

For by 43, 5) ; ; 
Pe +h)=P() + hP,@) + 1, BP,(2) + e 
were Py = 4, +2 agz + 8 age? + -.. (4 


which is the series on the right side of 2). As z is an arbitrary 
but fixed point, let us write 3) 


Pet hy=b +b, h+ dhe + 6G 


This converges absolutely as long as the point z+ h/ lies within G, 


that is as long as n=|h|< some 3. 


The adjoint of 5) is 
$= Bo ate By aie Bon* ayn ae 
and as this converges for 7 = 6, 


By + B18 + BoP + +++ = By + 8,8 + Of B, + B36 + BO t+ +3 


is convergent. Hence 
DN = B, + B36 + Be + ee, (6 
is convergent. 
From 3) and 5) we have 


AP = SEED APE _ Pia) +hiby + bgh + veel 


= P,(2)+ h@. Gq 


Now each term of = be ah Pe ye 


is numerically < the corresponding term of the series 6) when 


|[z|< 6. Thus |Q| <Q, a constant. 


Hence 2Q=0 ash=0. Hence, passing to the limit h=0 in 7), 
we get 2). We have thus this result : 

The function of z defined by a power series 1) has a derivative 
within its circle of convergence, which is obtained by differentiating 


1) term by term. 
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2. Let us show that : 


The derivative series 2) has the same circle of convergence © as 
the serves 1). : 


For let z be any point within ©; let 6 be any point within © 


such that c 


pies (8 


Since 1) is convergent at 6, 


«, 8" < some MW n=0,1,2.-. 


by 30, 8. Let us now look at the adjoint of 2); it is 


a +20,0+ 3 ao? + --- (9 
Its mth term is 


Thus each term of 9) is < the corresponding term of the series 
2 m—1 
2S‘ (4) . (10 
BT \B 
This last series is convergent by 21, Ex. 1 by virtue of 8). Hence 
9) is convergent and hence 2) is absolutely convergent. 


The series 2) cannot converge for any z without ©. For then 
9) would converge for some € > the radius of ©. Thus 


) ¢ 
ty + yO + 2 S27 + 8 aF3 + «+ 
is convergent for this value of ¢& Hence a fortiort 
tty Hay + a7 + af 4 


is convergent, and thus 1) converges at a point without ©, which 
is impossible. 


3. Since ea ee 


wa 
Te ate & 


Sigs eee 
Se 
Bp) 


1 2 
cosSZz= . mer ge 
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etc., we have, differentiating these series termwise, 


de? 2 2 
Be ae = ¢? 
eet al ; 
dsinz es 
dz eee eC 
dcos2 2 8 
= Prine =— sing 
Similarly 4g. sinh z @- GOsh 2). 
———-=coshe ,  ———=sinhgz. 
dz dz 


86. The Cauchy-Riemann Equations. 1. In the foregoing article 
we have been able to find the derivatives of e?, sing, sinhz--. 
because these functions are defined by means of power series. 
In other cases the following theorem is of great service ; it also 
has a deeper significance from a theoretical point of view. 


Tet w=u+i be a one-valued function of z=x+ty in the 


domain MU. Let u,v considered as functions of the real variables x, y 
have continuous first partial derivatives which satisfy 


ta) dv Ou ov 
U = et qd 


in. Then w has a derivative in UX and 


dw _ Ou, ; dv _ dv ou, (2 
dz oz ax dy way 


For Aw Au, Av 


hie “Re VAS 


But by 73,4, a, =the a Ay + aAx + BAy, é 
Av=2 Ae e+ 5 Ay + Ae + By (4 
where Pelee cae hed are all <* 


+ 
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if 0<|Az|< some 7. Thus, using 1), 


QUE Re + iAy) + i (An + iAy) 
Aw 0x : Ox , ; 
= ; +e 
Az Ax + Ay 
= oe ae pe al ae (5 
Ov Ox 
where vibes aha + BAy + i(yAr + dhy) | 
Az 
Shoe Awl) Ag ware: peealeAz il 


hence le|<lae|+|/8|/+|y|+]8|<e. 


This says that 2) mage Ae 
Hence, passing to the limit Az = 0 in 5), we get 2). 


2. The equations 1) play a very important part in the theory 
of functions. They are called the Cauchy-Riemann equations. 
From 5) we have, on using 2), 
Aw = jw'(z)+ €'} Az, (6 
foe : y 
where e’ = 0 with Az. 
For later use we note here an important property of é: 


Let w(2) be one-valued about each point of a connex ©, and let 
w'(2) be continuous in ©. Then e' = 0 uniformly in ©; that is, for 
each € > 0, there exists a 6 > 0 such that 

|e |<e provided 0 < | Az|< 6; 
moreover the same 6 holds wherever z is taken in ©. 
For by 73, 5, «, 8, y, 6= 90 uniformly in ©. 
87. Derivatives of the Elementary Functions. 1. Let us apply 


the theorem of 86, 1 to find the derivatives of the elementary 
transcendental functions. We have 


w=e=e(cosy+izsiny) 
so that here 


=O? COSA == 6" Sim a. 
We have at once Ae ' ay 
— =e cosy=—, 
Ox Oy 
Ou “ dv 


Oy ia dx 
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As these are continuous functions of a, y in the whole 2, y plane, 
the Cauchy-Riemann conditions are satisfied. We have, therefore, 


by 86, 2) 


dw du. .dv AOR 
— = — + r™— =e" COS 2 ve* sin 4 
dz 0x Ox yt J 
= e*(cos y+7sin y) 
= e, (ae 


This result agrees with that already found in 85, 3 by another 
method. The method just employed may be used to prove the 
more general relation 


nak 
d a (2 
dz 


2. Similarly, we can show that 


LARUE es (3 
dz 
For w= sing=sin (#+ ty) 
= sinz cosh y + icos2 sinhy, by 58, 18) 
=u+tiv. 
Here du : ov 
—=cosx cosh y= —, 
Ox Oy 
sn sin z sinh y = — a 
ay y Ox 


These derivatives are continuous and satisfy the Cauchy-Riemann 
equations 86,1). Hence 
d+sinz 


dz 


= cos xz cosh y — 7sin zsinh y 


= cos 2, by 58, 14), 
which is 3). ; 
Another way to establish 3) is to start from 
no oe 


sin z= 


which we derived in 58, 8). Then by 2), 


; os hove fe ev e7% 
d sinz _ ve + 2 a Aa a 


dz 24 2 


by:58, 7). 
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3, Let us now show that 
d-logz_1 
dz zZ 


bs 


taking one of the branches of log z, say 


log z=log r+ ip + 2 mrt. 

Hence u=logr , v=¢+2mr7, 
where y 
fave +y , $ =aretg = 


du du Or _ Lee a _ dv 


Of OR dr er ay 
Ow OU) Or Lg eG a8 
dy or oy r ae dx 


Thus the Cauchy-Riemann conditions are satistied, and 


d-lor2z. ou, soy 2 ;Y 
= (} == 
dz dx i azn? 9 
= (cos @ —7tsin d) 
r 
1 


which is 4). 


4, In a similar manner we find : 


d-aresing 9) i darctgz 1 
dz ia ee dz ioe 
d+ sinhz d - cosh z : 
———=coshe , ——“=sinhz. 
dz dz 


(4 


(5 


(6 


In the first equation of 5) we must choose the right branch of 
v1—2 for the particular branch chosen for arc sin z, just as in 


the calculus. 


88. Inverse Functions. 1. Let w be a one-valued function of z in 
the domain %. As z ranges over Y%, let w range over a domain &, 
in such a way that to each point w in 8 corresponds but a single 
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point zin Y&. Then the relation 
Want (2) ‘al 
may be used to define a one-valued function of w, 
2= 9(w) (2 
in the domain 8. We call this the inverse function. If, on the 
other hand, to several values of z in % corresponds the same value 
of w in %, the relation 1) may be used to define a many-valued 
inverse function. 
We have already had examples of inverse functions. Thus 
v=e 
defines the logarithmic function. 
We note that B is the image of % afforded by 1). When the 
inverse function 2) is one-valued in %, 


% ~%, unipunctually. 


2. Let us now consider the derivative of the one-valued inverse 
function 2). We have the theorem: 


dw 


es is +0 in Y, the inverse function has a derivative 
2 
ee el 
in a n B. fe 
dz 
For Az _ a 
Aw = Bw z 
Az 


provided Aw#0. Now by 84, 6, Aw+0, if we take 0 < | Az| < 
some 6. Thus, passing to the limit Az= 0 in 4), we get 3). 


3. We have already found the derivative of log 2 directly from 
its analytic expression fea ie nat. 
It may, however, be found much more easily from the theorem 2 


above. Westartfrom | _ 


We have seen in 62 that logw is one-valued in any connected 
region %, acyclic relative to the branch point w= 0, While w 
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ranges over %, let z range over YU. Since 


dw = ¢% 
dz 

never vanishes for any value of z by 54, 2, we have at once from 3), 
dz a 1 il 


a d-logw _1 
dw w 
which is the result obtained by another method in 87, 3, the letters 


w, 2 being of course interchanged. 


4, Let us find the derivative of the are sin function considered 
as the inverse of : 
w= sin 2. 


We saw, 64, 3, that the branch points of 


Z2=are sin w 


ae w=+1. 


Thus in any connected region ¥ in the w-plane, which is acyclic 
relative to both of these points, any branch of the arc sin function, 
call it 2, is a one-valued function of w. While w ranges over %, 
let z describe the set 2. Then in 

dw _ 


——= COS 
dz 


does not vanish. Jor cos z vanishes only for 
7 
te ia A Soe 
But for these points w= +1, and these points are by hypothesis 
excluded from the region %. 


Thus all the conditions of the theorem in 2 are satisfied. We 
have therefore 


d-are sin w _ dz it 1 
dw ~ dw dw ~ Gos 2 
dz 
1 


SS ey (do 
V1 — w? 
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where the radical must have the sign of cos z at 
the point z which corresponds to the value of w 
in question. 


5. In the caleulus we have 


dare sing _ i 
da Miran 


As the radical is two-valued, the sign to be taken 
depends on the branch of the function we employ. 
Thus if we take the branch which passes through 
A in the figure, we must take the + sign. If we 
take the branch which passes through B, the figure shows that we 
must take the — sign. 


89. Function of a Function. 1. Let us now extend the familiar 


relation 
dw _dw_ dz 
dt dz dt 
for complex values, under certain restrictions. 
Let z be a function of t in some domain’ T. When ¢ ranges 
over Z let z range over a domain 3 in the z-plane. Let w be a 
function of z in 8. Then w may be considered as a function of 
the variable ¢ in &. 
Example 1. Let . 
AS _ Wars. 
While ¢ ranges over the whole t-plane J, z ranges over the whole 
z-plane 3. Thus ye at 
is a function of ¢ in &. 


Reale 


Example 2. Let ° en shear 3 
taking that branch which corresponds to z= +1 
for t= 0. Then z is a one-valued function in 
any connected region Y, which, as in the figure, 
is acyclic relative to the branch points t=+1 
of the radical. When t ranges over J, let z 
range over 3. Let 


w = log z, 
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taking that branch which =0 forzg=1. Then wisa one-valued 
function of gin 3. Hence jet Wee 
18 Fi one-valued function of ¢ in &. » 

2. We now prove the following theorem : 

Let z have the derivative 2 in S, and w the derivative “ in 3. 


¢ 
Le does not vanish in SE, then 


LENCO Fy a 
dt dz dt 

For Aw _ Aw Az (2 
At Ag Ae 


provided Az#0. But by 84, 6, this condition is satisfied if we 


take 0 < |Aé| < some 56> 0 


since by hypothesis S40 in ©. Let now At = 0, at the same 
time Aw = 0. Thus, passing to the limit At= 0 in 2), we get 1). 


3. We may use the relation 1) to calculate the derivative of 
complicated expressions, just as we do in the calculus. Thus, let 


w= esinz | 
We set fe < 
Me 5 WS mine 
Then 
dw . ates du 
Ses ae 8 SS OOS 
du dz 
Hence 
dw as 
= 6608-2 (3 


for all zg for which cosz=+ 0. 


For these exceptional values of z it is easy to show directly from 


7. that a = 0, so that the relation 3) holds even in this case. 
Z Z 


eet us find the derivative of 
w=(1+2)4, (4 


where » is a constant. Then by 63, 


w= eb log(Ltez) | 
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Let us set 

uw=plog(l+z) , w=er. 
The only branch point of wisz=— 1. Let then 3 be any con- 
nected acyclic region relative to this point. Let now w denote 
one of the branches of wlog(1 +2); it is one-valued in 8, and 


As this does not = 0 in 3 we have, from 1), 


dw bh :. 
en ee eee H-1, 
dz l+z Gen ay © 


5. We have proved the important relation 1) on the hypothesis 


that 2 is #0. This condition is imposed by the fact that our 
C 


reasoning requires that Az cannot =0 as At=0. In 118, 9 we 
shall see that the relation 1) holds even when ‘ = 0, provided 


dz . : : 
— ts a continuous function of t. 


dt 


90. Functions having a Derivative. 1. Let us return to 86 and 
prove the important converse theorem : 


Let f (2) = u + tv be one-valued in the domain X and have a deriva- 
tive f'(z). Then u, v satisfy the Cauchy-Riemann equations 


au _ ay | au ay a 
cz OY Oy Ox 
at each point of %. 
For at any point z of Y& 
Ay Aw, Ay 2 
Koko AG: ( 
Since f/(z) exists at z the left side of 1) ztidy z+Az 
must converge to f’(z) however 2'=z+ Az ae 


converges to z. Suppose we allow 2! to 
=z by making it approach z along a 
parallel to the z-axis. As in general 


O 


Az = Art iAy, 
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we see here that Ay = 0. Then 2) becomes 


Af Af _ ay 5 jo. 
Az Axvx Ax Az 


Passing to the limit, we get 

eS: Ox cs 0x 
Let us now allow 2! = z by making it approach z along a parallel 
to the y-axis. Then Axy=0 and hence Az =7Ay. Thus 2) 
becomes 


Ai aee AT E 1 Au 4 Av 
Nz iAy a Ay Ay 


Passing to the limit, we get 


lou , dv 
(Q\ ae 4 
fO-e ( 
Comparing 3), 4) gives 
ou , 2dv Ou , Ov 
ee ay i: ay 


Equating the real and imaginary parts gives 1). 


2. Conformal Representation. Let w= f(z) be a one-valued 
Function having a derivative in the connex UX. Let Ch, Cy be two 
curves within XU which meet at z =a, making the angle @ with each 
other. If f'(a) # 9, their images ©,, ©, will cut at the same angle @, 
at the point w ~ a. 


For let a,, a, be points on C, C, near a, as in the figure. Let 
a =f (4), % = f(a). Then 
a, —a= f{f'(a)+e,}(a, —a), 
Oe — a=} f' (a) + et (a, — a). 


Since f! (a) # 0, a, — «is # 0 if a, is sufficiently near a. Hence 


(5 


r= % ty — af y+ ey 
%— ce d—a f'(a)+ € 


Now the argument of the left side is the angle ® between the 
chords a and ae. The argument of the first factor on the right 
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of 5) is the angle ® between the chords aya and aa. Since €1, & 
are numerically small, the argument of the second factor on the 
right of 5) is a small number 6. Thus, taking the arguments of 
both sides, we have : 

: @’=046 


on choosing © properly. Now as a, and a,=a, @= 86 and 
5=0. Hence ¢ = @ also. 


w plane 


3. This property of the representation of the zplane on the 
w-plane afforded by a function w = f(z) having a derivative is of 
great importance in many applcations of the function theory. We 
see that if f’(¢)# 0 in circle € about z= a, to any little triangle 
T in © will correspond a triangle T in the w-plane which is the 
more nearly similar to 7, the smaller 7’ is. This we may state 
briefly by saying: The image of an infinitesimal triangle T, in which 
F'(2) # 9, is a similar infinitesimal triangle T in the w-plane. 

For this reason the representation of the z-plane afforded by the 
function w = f(z), is said to be conformal, where f'(z) # 9. 

We have had examples of this conformality in studying the 
representations afforded by the exponential and the sine functions 
in 57 and 60. 

Thus in the case of w = e*, we divided the z-plane into a set of 
rectangles and found that their images are a set of circles and 
their radii which, of course, cut each other at right angles. 

In the case of w = sing, the rectangles had as images a set of 
confocal ellipses and hyperbolas which also cut orthogonally. 


4, The reader should note that if f(z) is not one-valued or 
if f’(2 is 0 or does not exist at z = a, the reasoning in 2 breaks 
down. We cannot say the representation is conformal at this 
point, 
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For example, owe 


which we studied in 49, is not one-valued at 2 =0. Two radii in 
the z-plane passing through this point and making an angle @ 
with each other have as images two radii going through the 
point w= 0 and making an angle 4 @ with each other. Thus the 
representation is certainly not conformal at this point. 


Integration 


91. Definition. 1. Let f(z)=wu-+ w be one-valued and continu- 
ous on the curve C’ whose end points are a, b. 
We will suppose the equations of C are given by 


r=$(t) , y=) d 


as t ranges over an interval T=(a, 8). We will suppose that 
g'(t), W(t) are continuous in T; also that the correspondence 
between Cand & is unipunctual. 

Let us effect a division of & of norm 
m by interpolating the points 


Eig c 


To these points will correspond the 


i 
pours Gare omagiee: (D 


on ( which effect a division D of norm 
6, say, of C. Moreover 


6=0, as y= 0. 
Let us now calculate the sum 
ZF (em) Mem =F (1) (2 — 4) + f (2) Zq — 2) + oe @ 
Since Az = Az + iAy, we have 
J @)Az =(u + tv) (Az + iAy) = uAz — vAy + i(uAdy + vAz). 
Thus “2S (ze) Az = = (ude — vAy) +712 (uAy + vAz). 
The sum 2) has, therefore, the value 


2 (UAL — VmAYm) + TZ (UmAYm + Vin ALin). (3 
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Suppose now we let 6= 0, the sums in 8) converge to curvi- 


linear integrals. Thus the limit of 2) exists; we denote it by 


[f@r or by [fou 


We have, therefore, 


[f@u =lim > F(z, )Azn 
c s=0 


= [ Cuae — vdy) + if (udy + vdr). 
Jo AES 


2. Example. Let us evaluate 


[ 22dz, 
C 


where C is an arc of the circle 
e—rTeost , y=rsint. 


Here f@=2= G@ Je ty)? =a? — y?+22y1, 


hence : 
v=2?—¥ 3 t= Jay, 


d=—reantdit , dy—rcos td, 
udz = — r°(cos*t — sin ¢) sin tdt = (sin? ¢t — cos*¢ sin t)dt, 
vdy = 2 r° cos*t sin tdt, 
udy = r°(cos? t — sin? t) cos tdt, 


vdx = — 2 r3 cos t sin? tdt. 


(4 


(5 


8 : nel hee ; 
= ai (sin’ t — 3 cos*t sin t)dt + aan (cos’t — 3 sin?tcost)dt. (6 


a 


In particular, we note that if Cis the whole circle, call it ©, 


{E 2*dz = 0. 
€ 


92. Properties of Integrals. 1. The definition 


[rev = lim 2 f(2,,)Azm 
l, é=0 


(7 


d 
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of an integral of a function of a complex variable is entirely 
analogous to the definition when the variable is real. The only 
difference is the path of integration; in one .case it is a piece of 
the z-axis, in the other it is a curve C’ in the z-plane. 

From this we conclude that many of the properties of integral 
developed in the calculus can be extended to the integral 1). 


Thus we have 2 
[fou =— [1@« (2 
a eb 


b %c ah 


where ¢ is a point on C. 


oa) *b 6 
(f+ g)de= { file+ [ge Ct 


2. As an exercise let us prove the very important relation 


| te f(@de 


where lr) eG rane (6 


= CC, G 


and (on the right of 5) stands for the length of the path of inte- 
gration C. We have at once 


[Sf Cm)Aen| < | f En) |+|Aem| < FE | Aer, | (1 


on using 6). As q 
8 ) AZ nr ae &m—) 
we see that |Az,,| is the length of the chord joining the points 
Zm-y %m on C. Thus, referring to the figure in 91, 

Ss 

> | Azn | (8 


in 7) is the length of all the chords corresponding to the division D of 
norm 6. Now by definition the length of the curve @ is the limit 
of 8) as d=0. Thus passing to the limit 6=0 in 7), we have 5). 


3. From 5) we have the useful relation 


FS (2)dz Soa Py 
s@—ayr> RA n an integer @Q 
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where Cis a circle of radius R about z =a, and 
lf@ |< 4 on 0. 


For the integrand is here 


J (2) 
(2a—a)* 


and the length of Cis 2 7R. 


G 


which is numerically < — 


93. Fundamental Integral Theorem. 1. In 91, 5) we have 
seen how the calculation of an integral may be reduced to that 
of two line integrals. In a great many cases it may be effected 
by a far simpler formula, as the following theorem shows. 


Let F(z) be one-valued about each point of a connex %, and have 
a continuous derivative f(z). Then 


i) 
if Ft (2)dz= F(6) — F(a), (ae 
where if F(z) is many valued in YU, F'(b) is the value which F(a) 
acquires as z ranges over the path of integration C. 
For let us effect a division of C of norm 6 by interpolating the 
points 2, 2, ---2,_,. Then by 86, 6), 
FP) — FO =f @)Az, + Az, 
nee Ree ome 2 + &Az, 


F(b6) —F(2,_1) Ler ioe terete 


Adding 


g, we get 


F(b6) — F(a) = =f Em) Am + ZEmASn: (2 
Now by the theorem in 86, 2, the |e,,| are all<e for any 
6< some 6. Thus the last term in 2) is numerically 
<2 |Az, |< aS EU, 
where Cis the length of @. This shows that the last term in 2) 


has the limit 0as 6=0. Thus passing to the limit 6=0 in 2), we 
get 1). 
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2. The relation 1) is merely an obvious extension of the similar 
relation in the integral calculus. It is just as useful in the function 
theory as it is in the calculus. 


3. A particular case of the theorem 1 and one of especial 
value is: 
Let F(z) be one-valued in the connex X and have a continuous de- 


rivative f(z). Then 
“H(a)d2 =0 é 


JC 


for any closed curve Cin %. 


94. Examples. To make the reader feel perfectly at home with 
integration in the complex domain, we give now a number of 
examples. 


Example 1. Let us evaluate 
2b 
i Z™dz m a positive integer. 
a 


me 1 
m+ 1 


Here eon 


Se) =e" eee (2) 


Thus F(z) is one-valued and f(z) continuous in any connex. 
Hence for all a, 6 we have 


[f@u= ! 


m+ 


Lbs —_ ae @ 


The reader will note that the integral considered in 91,2 is a 
special case of 1). 


Example 2. 
*b 
i de m a positive integer > 1. 
a oe iz 
Here Sees 
2) == 
f@=5 


is continuous in any connex % which does 
not contain the origin, as for example the 
ring in Fig. 1. Fig. 1 
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Also 1 1 


l—m em! 


is one-valued and has f(z) as derivative in Y%,. 


Hence ‘be ‘ : 
| gm a 1 —m {i =i 0 (2 


7, y 
= (3 


a Lot 


Example 8. 


e 


Here ; 1 

ji2)= acs EF (@) = log z. 

Thus f(z) is continuous in any connex %& which does not contain 
the origin 0. Unless & is acyclic relative to O, F(z) is many- 
valued. In fact if we start from z=a with one of the determina- 
tions of loge at this point which we call 
F, and allow z to describe a circuit & 
about O in the positive sense, F,, will acquire 
the value #, = F, + 277 at the end of &. 


Thus ] 
[ Saami. (4 
JSR 2 


Let now J, be the value of 3) for the 
path C, in Fig. 2, and J, for the path Q. 


Then ms ae Se eet (5 Fie. 2. 


For (,C, forms a circuit R about O. Hence by 4) 


x] e e 
y) TL = =| +f =f — — J, — ths 
e/ C1 C2-1 C C2 Cy J C2 


wnich proves 5). © 

Finally let 8 be any connex, acyclic relative to the origin. Then 
any one of the branches of the logarithmic function is one-valued 
in 8. Denoting this by log z, we have 


bdz 


—= log b— log a, (6 
ee 
and this integral is independent of the path of integration, pro- 
vided of course it remains in &. 
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95. The Indefinite Integral. 1. Returning to the relation 1) in 


93, let us write it > 
[ fed = F@-FO: dl 


Let G(z) be any other function of z which has the continuous 
derivative f(z). Then similarly 


[ f@de= G(z)— Ga). (2 


Comparing 1) and 2), we have 
G(z)=F(a)+ C, 


where ( is a constant. The functions #, G are called primitive 
Functions of f(z). They are denoted by 


i f (ade, 


no limits of integration appearing in this symbol. Primitive 
functions are also called indefinite integrals. 


2. Every formula of differentiation as 


OO —$@, 


where #’(z) is one-valued and f(z) is continuous in some connex 
YW, gives rise to a formula of integration, 


[f@u= = F(e). 


Thus any table of indefinite integrals given in the calculus may be 
extended to the complex variable z, provided z is restricted to a 
connex in which #’(@) is one-valued and f(z) is continuous. 


3. Let the one-valued continuous Function f (2) be such that 
ez 
G2)= | F (z)dz (3 
v/a 


is also one-valued in the connex YX. Then 


a7 =f). d 


dz 
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For let z= wu be some point of %. Then 
a uth au 
he ere Gr) { fda -| ‘fda 


uth 


== Fdz. 


vu 


As f (z) is continuous, > 
FC F@e=fu)t e, 


and |e’ |<e for |h|<some & Thus 


AG _1 (7h, 
i Caee | if (a) + € ida. 


As wis a fixed value of z, f(w) is constant. Hence 


Obviously Jaf (u). 
Also [eae | <elh|. 
Hence “ LA ce 


Thus K=O0ash=0. Hence letting h = Az=0 in 5), we get 


Pee ies G'(u)=f (%), 
which is 4). ei) 

96. Change of Variable. 1. Every student of the calculus knows 
that a change of variable is often of great assistance in calculating 
an integral. It is equally useful in the function theory. To this 
end we establish the following theorem : 


Let f (2) be continuous on the curve C. When 2 ranges over C. let 
u = $(z2) range over a curve D which corresponds to C unipunctually. 
Let the inverse function z= >W(u) have a continuous derivative on D. 


Then 
[F@ue= [PCy Wotu fal 
Cc JD 


For let us effect a division of norm 6 of D, by interpolating 
the points w,, uv, ++. To these points on D will correspond points 
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2) % ++ on CO which effect a division of norm, say y, of C. Also 


om ana = Aen = We! (hn )AUm + €mAUms 


where len |<€ Fie tl, Bock 


provided 6< some 6). Thus 


ZS (em) Aem = Uf [Cm ie! (Um) Atm + ZFEmA&Um (2 


Now the last term on the right is numerically 
<e@>|Au,,|< eGD, (5 
where D is the length of the D curve, and Li) | = Gus 


3) states that the last term of 2) has the limit 0@as6=0. Thus 
passing to the limit in 2), we get 1). 


2. Hxrample. Let us calculate 
b 
d= if eo es (4 
A ae 


along a curve C lying in a connex %& which is acyclic relative to 
the branch points +e of the radical. We change the variable, 
setting 


u= (2) =24+V2— 2. (5 
‘ 2 
Then ee at (6 


ifw#0. But uw cannot vanish, for if it did, 5) gives 
z2+V2—82=0 , or 2=2— 2 


which requires ¢=0, and this is contrary to hypothesis. From 
6) we see that z is a one-valued function of wu. To the end points 


of C correspond 
: e=$(a) , B=¢4(0) 
on the curve D~C. 
From 6) we have 


dz='(u)du= 
From 5), 6) we have 


a 2 a2 
¢ Usi=——="G, 
*\/ pa ee ear . 

2u 


ue 


2 
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Thus 4) becomes, on using 1), 
Badu 
J= [ — = log B 
Pee a 


b+ VP 2 
—— log a0 
a+va?—¢? 


(7 


97. Integration by Parts. 1. This is another important method 
for evaluating integrals. Analogous to the calculus we have the 
following theorem : 

In the connex Y, let the one-valued functions f(z), g(z) have 
continuous derivatives. Then 


b b b 
[ fy'de =|F(2)9@) | : f ae a 


A@)=f-9. 
hi'(z) = fg! + of". 


For let us set 
Then 
Hence by 93, 1), 


fa + gf')dz = h(b) — h(a) = [fo 


or b b b 
if fae [ ga =| fa] : 
a ea je a 


which gives 1). 


2. The relation 1) still holds when f and g are many-valued in 
the connex Y, provided we take the right determinations of f, g 
and their derivatives along the path of integration as 91, 1 shows. 


Example. Let us evaluate 


J = | z log zdz. @ 
We set f@) = log Z - g' (2) =e 
Then 1 g* 
f'@) os 5 ; g(2) = 3 
Thus 


a al 
JS=h42logz— 4 | zdz 


= 42*(log z — $). (3 
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98. Differentiation with Respect to a Parameter. 1. Let g(z, w) 
be a one-valued continuous function of z on a curve ( for each 
value of win some connex ll. Then the integral 


p(u) = f 9 u)dz el 


defines a function of w over UU. 
For example, let 


: (2 a 
gz, u) = Ai Jee » man integer, 
(2—u)” 
where f(z) is a continuous function of z 
alone. Also for purposes of illustration = 


let C’ be a simple closed curve, as a circle 
or an ellipse, and let the connex WU lie 
within C as in the figure. Then z— u 
does not = 0 as z ranges over C, for any 


(Od 


point win U. Then C 
Te yae (2 
o (@— 4%)” 


defines a function of w over U. We shall see that the integrals of 
the type 2) are very important. Returning to the general inte- 
gral 1), we prove the following theorem, which will be of great 
service later. 


0g . ; ¢ : 
la = is a continuous function of u and z for each u in U and z on 
u 


CO, we have 


Og 
Nap \ ce [ % 2. 
' (w) eae G 
For by definition ¢'(w) = lim ae 
> su=0 Au 


But Ad = plu at h) — p(w) , A=Au 


= [ge u+h)dz =| g(2, wv) dz 
c @ 


a [se u+h)—g(z,u)} dz. (4 
Jc 
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Now as in 86, 2 
g@, w+ h)—g(e, uv) = jg,(2, vw) + et Au, 

where |e’| < e provided 0 < |Auw| < some 6; moreover this holds 

for every zon O. 

Thus +) gives 


ve =f 91 (2, w)dze + 


[eae < «0, 
i 


as we have often seen. But this states that the last term of 5) 
has the hmit 0asé=0. Hence passing to the limit 6 = 0in 5), 
we get 3). 


e' dz. (5 
JTC 


But 


Functions Defined by Series 
99. Steady Convergence. 1. Let us consider series of the type 
F=f,@) +f,(2) +h) +--+ == fn@)s ad 
1 


whose terms f,,(z) are one-valued functions of z in some point set 
YU, which may be unlimited. The simplest case of such series is 
power series ee AOE ae Q 
or changing the variable by replacing z — a by a, 

Ay + Az + Agz* + + (3 


By means of such series we defined the functions e*, sin z, etc. 

If the series 1) converges in Y, it will define a one-valued func- 
tion of z in Y%, which we denote by F(z). We wish to study such 
functions relative to continuity, differentiation, and integration. 

To this end we introduce the notion of steady convergence. 

Suppose for all z in & the m” term is such that 


| Fn 2) Bop =A, 2, BOE (4 
where g,, J, «++ are positive constants. 
Let the series (peg A Bhai pct (5 


converge. Obviously the series 1) converges absolutely for each 
z in Y, by virtue of the relations 4). In this case we have com- 
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pared a series whose terms are functions of z with a convergent 
series whose terms are constant. ‘This kind of convergence we 
call steady. We therefore define : 


The series 1) converges steadily in X when each term of 1) satisfies 
the relation 4) for all z in UX, and when the corresponding constant 
term series 5) 18 convergent. 


2. An important property of steadily convergent series is the 
following: 

If the series 1) converges steadily in U, the remainder after n terms 
F,, is numerically <e for any n > some m, for every z in UL. 

For the & series being convergent, 


Gn<eé , for some m. 


Hence as the g,, are positive 
Ge a fortiori for any n>m. 
But from 4), | F, |<, 


for any 2 in Y. 
3. Power Series. Let the circle of convergence of 3) be O. Let 


D be a cirele lying within C, and having the origin as center. Then 
3) converges steadily in D. 


For, let z= 8>0 be a point lying between the 
two circles C, D on the real axis. Then as 8) 


converges absolutely at this point, the constant 
term series 
ety + OB + oy 8? + ++ (6 ay. 


is convergent. But for any gin D 
| Ay” | = On TC — 0, L Dates Gi 


Thus the terms of 3) satisfy the relations 4) for every z in D, and 
3) converges steadily in D. 


4. The definition of steady convergence may be extended at 
once to two-way series 


Efn(2), (3 
Sy ce )e (9 


and to double series 
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Thus if for every z in some point set 2% 
ite (2) | SU Pa 


>s 
“Ir, s 


is convergent, then 9) converges steadily in Y. 


and if 


a. Example. Let us consider the series 


1 
i ce sn 10 
> ( 7 yee C 
where p is an integer > 2 and 
Omn = ma + nb (11 


as in 41,5. These series, as we shall see, are very important in 
the elliptic functions. 

Let us describe a circle & about the origin and consider the 
series H formed only of terms of 10) for which the points 11) lie 
without &. We show that the H series converges steadily in &. 


For eee Sel 


| mn 


for any z in § and for any ao,,, in H. 


Now 1 ‘| — 1 
2 — Onn a Omn 1 Eee 
Omn 
Hence 1 | ~ 0 
oa Diss) lOnn| 


where Cis some constant > 0. 
Thus each term of the A series is < the corresponding term of 
the positive constant term series 


J 
OE en 
which we saw converges in 41,5. Thus H converges steadily in 
the circle &. 
6. Let us show that : 
A two-way power series 
Ay + yz + aye? + + (12 


ed see 
2 z 
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is steadily convergent in any ring KR lying within its ring of conver- 
gence R. 

For let R= O—D, and R=C€—®D. Then the series in the 
first line of 12), call it P, converges steadily in ©. Let now 
z=68>0 bea point on the z-axis between the two circles D and 
®. Then the series Q formed of the second line in 12) converges 
absolutely for z= 6, that is, the positive term series 


By, By Bs | mee ip 3} 
5 tt st ’ | 6, | Br C 


is convergent. Let now z be any point on the circle D or with- 
out it. Then |z|=>6; hence each term of 
b ly, © 
a) = a Ste 26) IE steve’ 
Be ta OS 


is numerically < the corresponding term in 13). Thus Q con- 
verges steadily for all points on and without . Hence 12) 
converges steadily in the ring # formed by € and ©. 


100. Continuity. 1. It is quite important at times to know if the 
sum of a series of continuous functions is itself continuous. The 
following theorem is often useful. 


Let the terms of the series 
H=f,2) +h@e+is@+ d 
be continuous and one-valued about z=a. If 1) converges steadily 
in some cirele © about a, F tis continuous at a. 
To oe this we have only to show that 


lim F(a+h)= F(a). @ 


h=0 
AF=F(a+h)—F(@, 
then 2) is equivalent to 


Let 


lim AF’ = 0. G 
h=0 
Let us write 1) F=F,+F 


then AF =AF,,+ AF, (4 
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Since #’ converges steadily in ©, 


| Fn(2)|< 59 


for some m and for any z in € by 99,2. Thus, in particular, 


| F.€a)| <5 , |FrCa+h)| << », a+hinG. 
Hence subtracting, 
|AF,|<e , orlimAF,=0. (5 


h=0 


Since F,, is the sum of m continuous functions, it is itself continu- 
ous. Hence ; 
him AZ, = 0; (6 


eth 


Thus letting h = Az = 0 in 4), we get 3) on using 5), 6). 


2. The power series RF 


=d)+a,2+ az? + -- : Ci 
is a continuous function of z at any point within its circle of con- 
vergence ©. 

For let z=a bea point within ©. Let & beacircle about z= 0 
which contains a in its interior. Then we can describe about 
z=a a circle c which lies in &. As 7) converges steadily in & 
by 99, 3, it does in c also, since this is a part of ®. Hence F'is 
continuous at z=a by 1. 


3. A property of power series often used is this : 


Let the series PHayt az tagr+ 


converge about the origin. If a,#9, P does not vanish im some 
circle ¢ about the origin. 
This is an immediate consequence of 83, 5, since P is continu- 


ous at z= 0. 


4. Closely connected with the property of continuity is the 
following theorem; it embraces 1, in fact, as a special case. 


ue PR)=AhOth@+ C 
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converge steadily in some circle R about z2=a. Let each 


Tn 2) ale gees = a. 


Tf C= Cy RF Co ar fet 
is convergent, we have 
lira i (2 ie = lita (2) nC. @ 


For we may take m so large that 


Fn) <3 ; On< 3 poke ct ee (10 


Also we may take 6 > 0 so small that 
|Fm@= On| <5 SU ees (11 


since by hypothesis, Baty! eee 0 
Then the relation 
F— CSI Ob Te Oe. 
gives a = 
eee See Why 10), it), 
and this establishes 9). 


101. Termwise Integration. 1. In order to integrate a series 
FRe)=AO)+h® +> d 


it is usually most convenient to treat it as we would a finite sum 
and integrate it term by term, or as we say termwise. This 
method, which suggests itself at once to the reader, is permissible 
as follows : 


Let each term of 1) be one-valued and continuous in a connex X. 
If 1) converges steadily in Ut, we may integrate it termwise over any 
curve Cin X; that ts, 


[ F@)dz= [ fine sti [ fate aye (2 
JG eG /7C 
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For being steadily convergent, 
F@)=F,+ Ff, G3 
a [Fil <e d 


for all nm > some m, and for all z in Y. 
By 100, 1 ¥ is continuous. As F, is the sum of continuous 
functions, itis continuous. Hence F, iscontinuous. Thus 8) gives 


i Faz = iL Fode+ if Fide. (5 
/C JC JC 
By 92, i 
| iE Fide 
Cc 


where Cis the length of C. Thus the last term in 5) has the limit 
Qasn=oo. Thus letting n= in 5) we have 


ees 


hers = lim f F dz 


= = lim { [fade + + [ fue} (6 


Now for the series on the right of 2), that is, 


[fide + f fra Sy 
JC C 


to converge it is necessary that the sum of its first m terms should 
converge to some limit. The relation 6) shows that this sum does 
converge and has as limit the member on the left. Thus 2) holds. 


2. From the foregoing we can show that 


: Wa pee ) 
se ad es See Reacaie i eee 7 
Bo 2 aii es a : 
is valid within the unit circle, that is, for |z| <1. 
For 1 
———=1+242?+... rH a a 


2 
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Hence Pgs 2 2 
f “<=—log(l—z)= [ det Zdz + e+ 
J 1—z 0 


eo 


=etde?+ 224 
which is 7). 


3. We can show similarly that 


5 
aretg 2=2—F +5 2| < I 
For 1 
= 124 et Se Fale! 
i) ak ee 
Hence as z z 
ft = 5= arctg 2 = i g4dz+.. 
ene 0 0 
eB 
= a 


which is 8). 


(8 


4, The reasoning in 1 shows that 2) holds provided each term of 
1) is continuous on the curve C and the series 1) converges steadily 


on UO. 


5. Since a two-way power series 


3 
F =2a,(2—a)” 
=o 


@ 


converges steadily in any ring { lying within its ring of conver- 


ence, we have for any curve ( in 
y 


[ Bre = fate + ay [ec — a)dz + ++ 
Cc JC /C 


12 ‘S dz 
ae { cee lo ne 
i c2—a oe (z—a)? a 


co 
ee [ce —a)rdz. 
—0oo CVA Os 


(10 
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Let now (be a circle ®. Since 


[ @-ayrae=0 n#~—1, 
JR 


[ Fiz =2 ria... an 
JR 


102. Calculation of w. Let us use the relation 8) in 101 to caleu- 
late w+; it will serve as an exercise in infinite series. Putting 
z= + in that relation we get 

ee eeloaes ere eg ee 


=arctg —=_=—— 4.2 c SSG ere il 
Soe kine ee ee ge ( 


we have 


The error committed in breaking off the summation of any term is 
less than the next term, as we saw in 15, 1. 

From trigonometry we have 
2 tan « 


ie — 
1 — tan? « 


which gives here 


se} 
Similarly tan 4 ¢ = 129, 
Let B a 4 ne a (2 
Then tanta—1_ 1 


tan B = 


ee ane 
Thus 101, 8) gives 
ee | 1 1 Lee Orta. GB 
~ 939 3 2398 5 2398 


and the error committed in breaking off the summation at any term 
is less than the next term. Thus from 1), 2), 3) we get 


Tee eg ag Ad ee 


aoe et te Poe PP |239 3 2398 


ate 1 F — 002666067 
1 1 _ 000064 3 8 
5 BP 
tt 1 1 _ 900001829 
1 1 _ 990000057 7 Bi 
9° 5 
1, 1 _ 9900000001 1 1 _ 990000002. 


13 518 hier 
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Thus « = .200064057 — .002668497  ~ 
= .197395560 
is correct to 9 places, and 
4 w@ =.78958224 
is correct to 8 places. 
Also we have 


1 1 _ 90000024. 


3 Loe 
Thus 8 = .004184076 
is correct to 8 places. 
Sue 7 = -78539816 
or m = 3.1415926... 


is correct in the last decimal. In fact a more elaborate calculation 
gives a = 8.14159265358 -.. 


103. Termwise Differentiation. 1. From the theorem on term- 
wise integration of a series given in 101, 1 we can deduce a useful 
theorem on termwise differentiation : 


In the connex U, let each term of the convergent series 


F=F@Q+ Re) a= d 
be one-valued and have a continuous derivative. If 
G=f(Z@) +f) + + @ 
converges steadily in YU, 
dF 
iene in Wf. 


Az 
Foro ya 0); stra. a 
[Gu = [ ea: Fe f(2)de +o 
=i F,@)—AiC@) } + i e(2)=Sa(ay + --- 
= F(z)— F(a). (3 
Thus by 95, 3 we get, on differentiating 3), 


dk 
eee Gt 


FUNCTIONS DEFINED BY SERIES 207 


2. A power series may be differentiated termwise at any point 


within its cirele of convergence. 
For let B= ay t+ ayz+ age? + ++ (4 
pee 2 
have the circle of convergence ©. Then by 85, 2 the series 
G =a, +2 a2 +3 age? + + 
obtained from F by differentiating it termwise has the same circle 
of convergence C. Thus if ¢ is a little circle about a point z=a 
within C, the series # converges in c, and G converges steadily 
in ¢ by 99,3. Thus the condition of the theorem 1 holding, we 
may differentiate 4) termwise, or : 
dF ‘ 
one G =a, + 2a .2+ 38 agz?+ --- 
dz 
Remark. We note this theorem was proved in 86, 1, making 
use of double series. 


Go . . 
3. A two-way power series F= Sa,z" may be differentiated 
-a 


termwise at any point within its ring of convergence; that is, 


an _ Sna,z"-, 
dz —-o 
To prove this we need to consider only the special case 
f= a =F 2 pS RK circle of convergence. 
If we set Sat | 
u 
we get F= but byw+ + 
and LS ea eos 
du 
If now we apply 89, 2, we get 
ai at du since du __ _1.0 without & 
dz du dz dz ae 


= Fld +2but 4 


without &. 
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4. Differential Equation for F(aByz). As an exercise in dif- 
ferentiating power series let us find the ORNS of the hyper- 
geometric series 


: : 1-8-8+4+1 
F(wBye)= 1492248 > eee 2 


AL, p66 (5 


introduced in 39, 4 and show that it satisfies the differential 
equation 


ee — 1) SF + i(atB+1e— 7} + BP =0. (6 


On differentiating 5) termwise we get 


i — w-a+1--a+n—1-8-8B41--B4+n—-1_,, 
F'(aByz)= din 1-2--n-y-yt1---ytnrn—1 € 


2 e-Gplo-~a-n 8-6-1. BH 
lee — 
1-2.-n+1-y-ytl--ytn 


BE Se ee ee 
0 1-2.--n4+1-qytl--qytn ~ 


Y 
— B+1, y+1, 2). (7 
Hence 
F""(aByz) =~ <2 Rett, B+1, y+1, 2) 
_@ ae+1-8-8+1 
A = Rae aT #(a+2, B+2, y¥+2, z), (3 


To prove that 5) satisfies 6) let us set 


ee (ade I o eee B wea lice Gt at 
‘ 1-2--n-y-yt+1---ytn—1 ; 


Then the coefficient of 2" in 22F’’ is 


n(n —1)P,, 
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in — 2f"' it is Wee m(B+) p 
yn be 


in (a+ B+1)2F" it is eRe ee yiee 


in — yf" it is (a-+n)(B +n) 
sear) 4 Tens 
ytn 
in «BF it is aBP,,. 


Adding all these gives the coefficient of 2” in the left side of 6). 
We find it is 0. 


CHAPTER VII 
ANALYTIC FUNCTIONS 


104. Definitions. 1. At this point we begin the study of the 
theory of functions of a complex variable. The functions con- 
sidered in this theory are not the general functions considered in 
Chapter VI, but a subclass of these, viz. those functions which have 
a continuous derivative. To be more specific, let w have assigned 
to it a definite value for each point z of the connected region %f such 
that w has a continuous derivative in Y%. We call w a one-valued 
analytic function of z in Y. Suppose, on the other hand, that w has 
in general more than one value assigned to it for the points of Y%. 
We will call it a many-valued analytic function if its values can 
be grouped in branches, each of which is a one-valued analytic 
function about each point of Qf. 


2. From this definition it follows that 
e , -cOS2 %; simz 4 Secslvz > sine 


are one-valued analytic functions in the entire plane. For they 
each have a continuous derivative for any 2. 
Similarly 1 
ga 
for example, is a one-valued analytic function for the region % 


formed of the whole z-plane after deleting z= +1, the zeros of 


the denominator, while 
tan z 


is analytic for the region %& formed of the whole plane after delet- 
ing the infinite point set 


v1 Tv 1 a 71s TT x 
Poured es 5s apes kya cae 


On the other hand, 
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is a two-valued function for the region % formed of the whole 
plane after deleting the branch points + 2, while 


log z 
is an infinite-valued analytic function in the region %{ formed of 
the whole plane after deleting the origin z= 0. 
3. A power series 
P(2)= a) + a,(2-—a)+a,(z2—a)?+ +: 
is an analytic function within its circle of convergence €. 
For by 85, P has a derivative within € which is a power series 
and therefore continuous within ©. 
4. The quotient of two power series 
Taes a,(@—a)+-+ 
bj +b,(2-—a)+-: 
having a common circle of convergence G, is an analytic function 
of z within some circle c about the point z= a. 
For the denominator does not vanish at z=a, since by hy- 
pothesis 6,40. Thus by 83, it does not vanish in some c lying 


in ©. Hence by 84, Y has a continuous derivative within c and 
is therefore analytic within c. 


by #9, 


5. A two-way power series 


eo} 


Pipes > an(z —a)” 


is an analytic function of z within its ring of convergence. 
This follows at once from 108, 3. 


6. We propose now to study the general properties of analytic 
functions and shall rest our treatment on two theorems of a grand 
importance due to Cauchy, and called his first and second integral 
theorems. 


105. Cauchy’s First Integral Theorem. 1. Let f(z) be one-valued 
and analytic in the simple connex X. Then 


[tr ()dz=0 qd 
. 


for any simple closed curve Cin I. 
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Honaee JS Gl=uPu , P= ee ty: 


Then since f has a continuous derivative im 9%, the first partial de- 
rivatives of u, v are continuous functions of 2, y which satisfy the 
Cauchy-Riemann equations 


du _ ov du av (2 
Or dy 3 dy Ox : 


by 90. On the other hand, let us express 1) as line integrals, 
using 91,5). Then 


[fe = | (udx —vdy) + if (udy + vdx). (3 
Cc JC Cc 


We now apply Stokes’ theorem 80, 1) and get 


[ude —vdy) = = {he + a) dzdy—=0, by 2), 
Jc g\or dy 


if (udy + vdz) =[ (% iS | d2dy=0, by 2). 


These in 3) give 1). 


2. From this we conclude that: 


if fae= | fae (4 
C1 Ge 


where C1, Cy are two simple curves in U having the same end points 
but no other points in common. 


For C,C;! is a closed curve. Hence by 1) 


f fdz =0 
e/ (402 * 
<_] 
e/ Cy Scam Jy eW/ Gs 


3. The restriction that C,, C, should have only their end points 
in common is obviously not necessary. For if C,, CQ, have other 
points in common, we can break them up into ares which have only 
their end points in common. Similarly Cj, C, may have mul- 
tiple points. 


which gives 4). 
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4. In the connex Xin which f(z) ts one-valued and analytic, let 

* eee: ; 

C,, Cy be two simple closed curves forming the complete boundary of 
a ring-shaped connex, as in Fig. 1. Then 


[ f@)dz= ip F(@)dz, (5 
J Cy e/ Cy 


the curves O,, Cy being passed over in the 
same sense. 


For let us join C,, C, by two adjacent 
curves 34, 16, as in Fig. 1. Then 


C= 123 . 34.456. 61 


is a closed curve forming the edge of a 
simple connex in Y%. Thus Fig. 1. 


0=f fae=[ + [+ [+ [- (6 
C PRES IO aire BA 


Now the value of f(z) at a point z on 34 does not differ by an 
amount greater than e from a point near by on 16. Thus 


o4 6 
i fdz and 6 
3 1 


differ by an amount as small as we please as the curve 34 is made 
to approach 16. 


ne { eyes if vie 
ei 6 


we see that under these circumstances 


4 1 
i file + [ fie = 0. 
3 e/6 
if yore | fade 
123 Cy 


. 
fie i fiz. 
e/ 456 e Cy 


Thus passing to the limit in 6) we get 5). 


Similarly 


and 
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5. The little strip 1643 taken out of Fig. 
1 and whose edges are then allowed to ap- 
proach indefinitely near we call a eross cut. 


6. Let @, ©, --- CG, be simple closed 
curves as in Fig. 2, each exterior to the 
others and all interior to a simple closed 
curve CO. Let these curves form the com- 
plete edge of a connex % in which f(z) is 
one-valued and analytic. Then if all these 
curves are described in the same sense, 


[yz = | vae +f fae e + [ fae. (7 
Cc ont C2 e/ Om 


To prove 7) we need only to put in the cross cuts Yas Yor °°" Ym 
as in the figure. This produces a simple connex € with edge G&. 
As f is one-valued and analytic in ©, we have 


[jte=o. 


We may now reason as we did in 4. 


106. Cauchy’s Second Integral Theorem. 1. Let f(z) be one- 
valued and analytic in a simple connex whose boundary is C. Then 
for any point z within C 

Ce Ll (-fCO)du, a 


207i Jo U—zZ 


For by 105, 4 we can replace C by a circle & of radius r and 
center z. Then for a point uw on ®, 


S@)=fet+é hel <ae 


for all w on & if the radius r is sufficiently small. Thus as f(z) is 
constant 


But a 2 rifle) 
while | A| <2 ore; 
Thus lim A= 0. 


=U 
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On the other hand, the left side of 2) does not depend on r. 
Hence letting r= 0 in 2) we get 1) in the limit. 


2. This theorem of Cauchy brings to light a tremendous differ- 
ence between analytic functions of z and the general function of 
z. For suppose we know of a function f(z) that it is one-valued 
in a simple connex € and has a continuous derivative in €. Sup- 
pose also that we do not know the values of f within © but only 
on the edge C. Then the relation 1) says that to learn the value 
of f at some interior point 2 we need only to calculate the inte- 
gral in 1). 

In other words the values of an analytic function f(z) are com- 
pletely determined when its values on the boundary C are given. 
This is not at all the case for the non-analytic functions of z. 


3. At first it seems strange to students that the values of an 
analytic function f(z) should be fixed for all points within @ 
when its values are assigned on the curve C. 

Here the study of nature reveals many cases of just this phe- 
nomenon. For example, the stationary flow of water, heat, or 
electricity in a body are all determined by the flow at the surface. 
In case the body assumes the form of a thin plate, it may be 
treated as a plane figure € bounded by a curve (, provided the 
flow is parallel to the plane. 


107. Derivatives. 1. The integrand in 106, 1) 
fF () 
U— Zz 
is an analytic function of z for each value of w on the curve C, 


provided z is restricted to lie in a connex bounded by a curve C" 
which lies within @. We may, therefore, apply 98 and get 


1 (f(wdu 


<a 1 
I@ 2 ri Jo (u—z)* ( 
ae 2 ! F(u)du @ 


a“ rt (6! (u i zZ)° 


f™ (2) = Nn ! flu du (3 


2 mio (u — gers 
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From this we conclude: 


An analytic function of z has derivatives of every order. 


We also have the result: 


Tf f(2) is a one-valued analytic function, so is each of its deriva- 
tives. 

2. From 3) we get at once an inequality called Cauchy's In- 
equality, which is of great service in theoretical work, viz.: 

1G 
: n! 
(n) 

where | f| < G ona circle ® of radius R with center z, and f is 
one-valued and analytic in &. 


For we need only to replace the curve (@ in 3) by the circle & 
and apply 92, 9). 


108. Termwise Differentiation of Series. 1. By the aid of these 
integrals of Cauchy we can establish a more general theorem 
than that given in 108. 


Let 
FPe)=f @Q)t+he@+t ++ = =In(Z)- qd 
We saw that if this series converges and the series 


G@)=fie+Fi@+ --=2fh) @ 


converges steadily in the connex YY, then G represents the deriva- 
tive of F. 


Let us now prove the more general theorem : 


Let the terms of 1) be one-valued analytic functions in the connex 
R. If F converges steadily in 8, F is an analytie function within 


R and IF 
a 
= G¢ 
dz 
In other words under these conditions we may differentiate 1) 
termwise. 
: : : Set 
For let ¢ be a circle of radius r and center z, lying within &. 
From 1) we have 


iC) ee) 


U—z2 sal Vi 


(3 
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and since 1) converges steadily on c, the series on the right con- 
verges steadily on ¢ since |w—z|=r a constant on ¢. Thus by 
101, 4 we may integrate 3) termwise : 


“F(u)du = SS [aoe 
Ji Set ee ae actrees C 
Now by 106, 1) ! 
[ee = of). G 
Hence 4), 5) give 
a "P(ujdu _y¢ & - 


2riJ. u—zZ 


But by 1) the series on the right is F(z); thus 6) gives 


F(@)= a Fujdu | (1 


2tJo. U—z 


1 F(ujdu 
271). (u— 2)? C 


DCD 


Reasoning as before, we have 
*F(u)du _ > [wos 
« (u—2z)? J. (—2)2 
Tin Ae). 


From this and 8) we have 


E'(2)= =f (2): (9 


2. From 8) we get, using 98, 


21 7 RCuydw, 


2 mi J. (u—2)3 


F'@)= 


Proceeding as in 1, we get 
P'(e) = BF N(2), (10 


and so on for higher derivatives. 


218 FUNCTIONS OF A COMPLEX VARIABLE 


109. Taylor's Development. 1. Let f(z) be a one valued analytic 
funetion in a circle © of radius R about the fee 2=a. Then at 


any pee z within © 


f(2)=f(a)+ 2—# pa) 4 Se ae d 


This theorem is a direct extension of the corresponding theorem 
in the calculus. It is of transcendental importance in the func- 
tion theory, as we shall see at every turn. Its demonstration may 
be conducted very simply by resting it on the termwise integration 
of steadily convergent series. 


Let c be a circle about z lying within © 
as in the figure. Then by 106, 1), Ce) 


f@Q= * F(ujdu, (2 


Atel Wier 


But F(ujdu a Fujdu 


CuUu— 2 e/cC Ue 


We now develop in a power series about the z— a, getting 


Bouioe, eb), ee 
Leger! a =e (3 


Ua U4 0b Se UW O 


This series converges for any w on € since 


|z—a|=r |u—al=R and r<R. 
Hence 
Su) _ Fe) Fu) z Suet CL) 
ae aectnte Vee ee Ce (4 


This series converges steadily on ©. For f being continuous, 


|f(u) |< some M on &. 


Hence each term of 4) is numerically less than the cor responding 
term of the constant term convergent series 


zs Hey M/r’3 
pe) een +o(G) + 
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We may thus integrate 4) termwise and get 


F(ujdu _ Fowdu Cay F(uydu 
© Uu—-zZ © u—a Je (u— a)? 


2mi| fa) +@—af(ayt ES ie =! f(a) +. | 


on using 106, 1) and 107, 1), 2), --- 
Replacing the first member of the last equation by 2) we get 1). 


2. If we set z=a+ hin 1), it takes a form 
Flat M=f (at I (a+ p1(a) + « (5 


This is the form of Taylor’s sera usually given in the 
calculus. 
If we set a= 0 in 1), we get 


F@Q=LO + HO INO + G 


which is often called Maclaurin’s development. 

The coefficients in 1) and 6) are constants. These series are 
thus power series. We say that 1) isa development of f(z) about 
the pointz=a. Thus Maclaurin’s development 6) is merely the 
development of f(z) about the origin. The two series on the 
right of 1) and 6) are called Taylor's and Maclaurin’s series re- 
spectively. 

3. Let f(z) be one-valued and analytic in the region 2%. Let a 
be any point of %. About a as a center describe a circle & which 
contains no point of the frontier of %. Then by the theorem 1, 
F(z) can be developed in a power series valid in &, 

F@= 4 + (2 — 4) + a,(2@ — 4)? + + (7 
whose coefficients are those in 1). 

We may also proceed thus: With a as a center describe a circle 
€ which passes through a point of the frontier of %& but contains 
no frontier point within €. Then the development 7) holds for 
all points within C. 

For let z be any given point within ©. We can describe a 
circle ® with aas center which contains z but no point of the fron- 
tier of Y. Thus f(z) is analytic in & and we can apply 1. 
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110. Examples of Taylor’s Development. 1. Hvample 1. Let 
(2) se 
This function is analytic in any region. If we develop about the 
origin z = 0, we have, exactly as in the calculus, 


(== C02 TC) ak 
f' @yi=— sing TOY 0 
J == 008 2 . of ea 
| f™(@) = sing = f(z) F''(0) = 9, ete. 
Thus 109, 5) gives. 2 2 2 
arth e a 


which is exactly the series we used to define sin z. 
Similarly we may develop 


Caw. (COS 2. easing be. 


Example 2. Let f(2) = loge 
(o) ) = by 


This is an analytic function in the region %f formed of the whole 
plane after deleting the origin. The frontier of Y& is thus a single 
point g=0. It is one-valued in any connex which is acyclic 
relative to this point. Thus by 109, 3 we may develop log z about 
z = 1 and the development will be valid within the circle having 
z= 1 as center and passing through the frontier point z= 0. 
Proceeding as in the calculus, we have: 


Fa)=9 
/ 1 ae 
tO FUy= i 
Pi@=-4 fi(=-1 
6) 
f"'@)= a ECG \ie= sO ehee 
Thus SNe ete 
opemes Taek at eH. he! ek. 
If we set 
2=1+ 4, 
this gives 1 uz 3 
EC a Mel carreras =e |e} < qd 


which is the development given in the calculus. 
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If the reader asks why one develops about the point a= 1 in- 
stead of about a = 2, the answer is that the values of the coefficients 


i (a) ie ( a) ai 1c) ae 


hs ak I eee 


are simpler for a = 1 than for any other value of a. 


Example 3. The Binomial Formula. Let 
Ce iL Eee DF. (2 


From 89 we know that any branch of f is a one-valued analytic 
function in any connex acyclic relative to the point z= 1. It 
thus admits a development about z = 0 which is valid for all points 
within the unit circle. 

Proceeding as in the calculus, we have, choosing that branch of 
2) which reduces to 1) for z = 0, 


fO)=1 
i@ =H +z2)"1 f'(0) =p 
"@)= pe —1)d +2)" f"(9) = h(E 1), ete. 


Thus 
(teal t e+ HER 


1) gig HAM TN) 2 on 


-2 1.2.3 


“+(JeaG)ee(ieee bet 


2. Let us make use of 1) to develop a formula which we shall 
need later. If we set 


“@ 


u=— re, 
it gives forr<1 


—log (1—u)=-— log — eit) = retb 4 re et 4 we 


But ev = cosnp+ isin np. 
Hence log (1 — res 3 r™ cos np 4 i> r™ sin np (4 
ee a — oe ———— 
. , n n 


Let us write the left side of 4) in rectangular form, 


log (1 — re#) = A+B. 
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To determine A and B we set 
1 — re? = set. 
Now 1 —re’? =1—r(cosd+zsin d) 
= (1—rcos¢)—irsin ¢. 


Thus 
s@=(1—rcos¢)?+rsin?¢ =1—2rcos¢+7°, 
and ‘ 
—rsing 
te = ————., 
eK 1—rcosd 
Hence A= flog #=h4log(l—2rcos¢+7°*), 
rsin 


= Vp tg ————_.. 
a, eo Pree 


Thus, equating the real and imaginary parts in 4), we get 


> M008? — _Fiog (1 — 27 cog +74), (5 
; n 2 

S17" sin nb r sin 

ee ie ee 6 

: n EO Saas co) ( 

The relations 5), 6) hold for 0 < r< 1 as we have just shown ; 
a more delicate analysis shows that they hold for ,=1. With- 
out establishing this important fact we shall set r=1 in these 
formule, getting, replacing ¢ by 2 72, 


ES 2 
> COS A TY = — log (2sin rz), (7 
n 

1 


> sa Sam = arctg (cot mz) = 7 (4 — 2). (8 
1 
111. Critical Remarks on Taylor’s Development. We are now in 
a position to point out another great advantage which we reap 
from the theory of functions. Let us compare Taylor’s develop- 
ment as here presented and as given in the calculus. 
To make use of the development 


Pet Wy=f@)+N ot EPG) + a 
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ce 


in the calculus we must first assure ourselves that the remainder 
ee 0h) Ore. Oil. 


n 

or one of its equivalent forms, converges to 0 as n=. This is 

an easy matter for e, sinz, cos, 

but it is far from easy for most functions; for example, 
tio), tan z 

How difficult it is to show that the remainder for (1 +2)" con- 

verges to 0, the reader may see by turning to a good work on the 

calculus. As to the remainder for tanz, no one, as far as we 

know, has ever shown that it = 0. 

These considerations show that the applicability of Taylor’s 
development in the calculus is crippled by the fact that we can- 
not show that the series on the right of 1) really has as sum the 
function of the left. 

How differently we are situated in the function theory. Take, 
for example, tanz. We know without putting pen to paper that 
this can be developed about z= 0, and that the development is 


valid for all |z|< 2, since tan z is one-valued and analytic within 
this circle. Thus if we wish to restrict ourselves to real values, 


iT 


the development holds for —* <r =. 9 


Let us look similarly at (142) 


This we know is one-valued and analytic for all points within the 
circle of unit radius about z=—1. Thus the validity of the 
binomial formula for real values of x for which —2<2<0 is 
again established without any calculation whatever. 


112. Remainder in Taylor’s Development. Let us write 109, 1) 


FE)=fat F411 @+ SY r@t ~ 


re (z— a)" f(a) + Viger, al 


n!} 


h e - (2—a)* Wer 
wher R= 2 7 f(a). (2 
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Let x be the radius of a circle ¢ about z=a, lying within the 
circle ©, for which 1) holds. Let 

Wels Ge on C. 


Let z be any point withinc; we set |z—a|=p. Then by Cauchy’s 


inequalities, 107, 2, ' 
Fo@| <2 


Thus 2) becomes 


n+l \2 
|B, < @(2) {1+°+(2) +1 
ip { r iy 


ae “(ey ee : 
Ge Tee ‘G 
6 

113. Analytic Continuation. 1. We have seen in 106, 2 that a 
one-valued analytic function is completely determined in a simple 
connex © when its value is known along its edge. We now wish 
to generalize this result. Suppose 

1° it is known that f(z) is one-valued and analytic in a con- 
nected region Y. 

2° the values of f(z) are given along some curve Cin Y, as, for 
example, a small segment of the z-axis. 

We show that under these conditions the 

value of f may be found at any point of z 
in %; that is, the value of f at this point is 
determined by the above data. 

Suppose in Fig. 1 that C is the arc a, 6. 
Join a and z by a curve D lying in Y&. Since 
F(@) is analytic about a, it can be developed 
by Taylor’s series 


FeQ\y=f@)+e— a)’ (a+ Go ae (a)+ él 


The value of f will be known for all values of z within a circle ® 
whose center is a and which extends as near the frontier © of 
as we choose. 
Let now w be an arbitrary but fixed point on CG. Then f!(w) 
is the limit of eee Ye 
Je ge) 


(p= (Ne 


(2 
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as 2= wu. Moreover f(z) being analytic, this limit is the same, 
however z approaches u. Let us suppose that z approaches wu by 
running along the curve Cas in Fig. 2. Then for a 
each such value of z the difference quotient 2) is Cc ia 
known by hypothesis. Thus its limit is known, that 
is, f(z) is known for each z on (. 
As now ae og i 
f(a) = lim LOL MH, (3 
z=U ame)! dD 
we may reason on f’(z) as we did on f(z). Thus f(z) is known 
for each z on C. 

In this way we see that the values of the derivatives of every 
order f™(z) are known for all values of z on @. 

In particular they are known for z=a. Hence all the coeffi- 
cients of 1) are known. Thus 1) gives us the values of f(z) for 
all points in &. 

Let R cut Dina,. About this as a center we can describe a 
circle &,, which extends as near the frontier € as we choose. 
Since f(z) is now known on the arc (, = a,a, we can reason on C, 
as we did on C. If &, cuts D in a,, these considerations show 
that f is now known for all z in &,, and in particular on the are 
Cy = 4,4. Continuing in this way we may finally reach z, when 
the value of f will be known. 


2. This process of finding the value of an analytic function f(z) 
at a point z, when its value is known at the points of some curve 
CO, is called analytic continuation. It has little or no practical 
value as a means of actually computing f at the various points of 
%; but it has an inestimable value in many theoretic investi- 
gations. 


3. In the foregoing we have supposed f(z) to be one-valued in 
9%. This is not necessary; we made this assumption merely for 
clearness. The same considerations apply if we suppose that f(z) 
is many-valued in Y%f, but such that each branch is analytic, and one- 
valued about each point of 2%. 


4, The foregoing reasoning shows that: 


If the analytic function f(z) = a, a constant on the curve C, then 
F (2) = « everywhere in the region %. 
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For the difference quotient 2) has the value 0 and hence 
OF eras @) on @. 
Similarly fly 2 FG) een men 


Thus 1) shows that f@r=e (4 


in the circle ®, and the remainder of the reasoning in 1 shows 
that 4) holds for any z in Y. 


114. Application of Analytic Continuation. 1. For the reader to 
realize the immense power of this process let us show how most 
of the analytic relations of plane trigonometry and the calculus 
are valid when the variable is complex. For example, suppose we 
wish to show that ey ee ea) ad 
holds for any complex z. This we have already proved in 58,5 by 
the lengthy method of series. To this end we consider 


Ff (2) = sin?z + cos?z. 


As sin z, cos 2 are one-valued analytic functions in the whole plane, 

so are their squares and therefore f(z) is analytic. For the real 

axis f(z)=1.- Hence 7()= 1 for all values of 2 by 113;4. Whigs 

reasoning is so simple that with a little experience the reader may 

do it in an instant. The same is true in the following examples. 
2. Let us show by this method that 


d.tanz _ 
dz 


mM 


ec2z (2 


holds for all values of z for which tan z, sec z are defined, that is, 
for the region % formed of the whole z-plane after deleting the 
points 

2=4+ 2nt 1)2. 


Since S@) = tan 
is analytic in Y, its first derivative, call it g(z), is analytic by 
WON, te hus ; 

: ee h(z) = 9(2) — sec?z 


is an analytic function in Y%. For real 2 in AY, A=O0. Thus 
h(z) = 0 everywhere in %&. Thus 2) holds in Y. 
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bo 
bo 
aT 


3. In the calculus it is shown that 
[si adx = — 4 cos x(sin? x + 2), (3 
e 
From this we can show at once that 


foi edz = — 4 cos 2(sin?z + 2) (4 


for every z. For let us set 
F()= sin®z, 
F (2)=— 4 cosz(in? z + 2). 


Then the relation +) means that 
F'(z)=f (2). (5 
Let us set G(z)= F'(z)— f(z). 


As F(z) is analytic, its derivative F’ is also. Hence @ is ana- 
lytic. As G=0 for real values of z by 3), it is 0 for all z. Thus 
5) holds for all z, and hence 4). 

Of course the relation 5) is easy in this case to verify by direct 
differentiation. But for a more complicated formula this labor 
of differentiation might be considerable. The method of analytic 
continuation enables us to avoid this operation. 


4. In 61 we saw how relations in circular trigonometry go over 
into relations in hyperbolic trigonometry by using 

sinizg=zsinhz , cos7=coshz , etc. (6 

Let us show that relations between circular functions in the 


calculus give us corresponding relations between hyperbolic 


functions. 


For example, from 
Fn ae ae (7 
x 


we infer by the method of analytic continuation that 


d 
=— sec 7 = tan 2 sec 2. 
dz 
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Setting now 2 = 1, this gives 


Whe es 
= — Sec tv = tan ww Sec 2a, 
ada 


or, using the relations 6), 


nda ; 
= — gech w =? tanh x sech a, 
dx 
or d 
— sech x = — tanh x sech 2, (8 
a 


which is the formula in hyperbolic trigonometry corresponding 


tom): 


5. To illustrate integration let us start with 3). We have seen 
that the method of analytic continuation shows that we may 
replace w in 8) by zz. It becomes then 


<) 


if sin? index = — } cos ix (sin? ix + 2). 


Using the relations 6) this gives 
fosinie adx = 4 cosh x (sinh? a — 2), (9 
which is the formula corresponding to 3). 


6. Let us show by the method of analytic continuation that the 
addition theorem 
sin (uw +v) =sin wu cos v + cos usin v (10 
holds for any complex wu, v. This we established in 58, 1 by 
infinite series. We may now doit without putting pen to paper 
by the following simple reasoning. 
Let us give to v a real value as v= a; we consider 
F(u) = sin (wu + a) — sin & cos a — Cos w sin a. C1 
This is an analytic function of w which=0 for real u. Hence 
j= 0 for all re. 
Let us now give tow an arbitrary but fixed, real, or complex 
value, and consider 
gv) = sin (u + v)— sin u Cos v — COS UW SIN Vv. (12 


As g= 0 for any real v, it = 0 for all v and hence 10) holds for 
any w and v. 
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115. Undetermined Coefficients. 1. A very useful method to 
develop a function in a power series is that of undetermined 
coefficients. Before explaining it let us develop a theorem on 
which it rests. 


If PH=ay+ayz+ a+. au 
vanishes for a set of points 
vf by, bg, bg ++ (2 


which are all different and #0 and which = 0, then all the coefficients 
tn 1) are 0; that is, P=0 for every z, or as we say, it vanishes 
identically. 

For P being a continuous function, 


hie (y=) ee since be =. 


But each HCG ==), 
hence POv= 0: (8 
Setting z= 0 in 1), we see that 3) requires 
G0: 
Thus 2 = 
P= 2(a, + a2 + a2" + --- )=2Py. 
as 2P,=0 (4 


for the same set of points 2) and as z#0 for these points the rela- 
tion 4) requires that P,=0 for the points 2). Thus we can 
reason on P, just as we did on P. This shows that 


a,= 0. 


Continuing in this manner we show that each 


4 =0 , w= 0, 1, 2, 


2. A special case of 1 is this: 

If the series Peg Oe aa 
vanish for the points of any curve ending at the origin, ut vanishes 
identically. 


8. If P=a)+ a2 + a27+ +, and Q = by + b,2 + b,27 + +++ are 
equal for a set of different POUNtS Cy, Coy Cass which =9, then the 
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coefficients of like powers in P and @ are equal ; that is, P and Q 
are the same serves. 


For RP OP cae b,)e@+ (dy — by a2 fo 
vanishes at the points ¢,. Hence by 1 all the coefficients are 0. 


Thus 


Gob, yo =, Ly yee 

4. From 38 we have the important theorem : 

If f(2) admits a development 

f@)=uy + 4 —4) + 4,2 — 4)? + -- 
the series on the right must be Taylor’s series, that is 
an = a Ff). 
n} 
In other words, Taylor’s development is unique. 


5. The labor of calculating the coefficients of a development 
may be materially lessened when the following theorem applies: 


Let Fe) = Ay + az + ine? a eee (5 


be the development of f about the origin. If f is an odd function, the 
coefficients of all the even powers are 0; if f is an even function, all 
the odd power coefficients are 0). 
For suppose that f(z) is odd. Then 
S(-2=-fe) by definition. 
FC 2) = ay — a2 + gz” — ag2® + --- 
O=f(2) + fC— 2) = 2a) + age? + ayet + ++). 


As this series = 0 for all values of z near the origin, all its co- 
efficients are 0, or 


But 


Hence 


V=a=4,=a4= eee 


6. The method of undetermined coefficients will be best under- 
stood if we illustrate it by two or three examples. This we now do. 


116. Hxample 1. Let us develop tan z in a power series about 
the origin. Such a development we saw is possible and the de- 
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— 


velopment is valid for |z| < =: Moreover, tan z being an odd 


function, its development will contain only odd powers. We set 


therefore 
tan z= a,z + age? + azz>+ + al 


where the coefficients a,, aj +++ are to be determined. To do this 
we use the fact that 


Be Es 
; 2 31 BI = 606 
sin 2 ee 
tang = ————— (2 
COS Z 2 
oT 4! 


Let us equate 1), 2) and clear of fractions. We get 


ser seer ae aoe (42 + ag2 )=Z 31 


+... (3 
If we multiply out the two series on the left by 33, 2 we get 
the series 


AG 
ayz +(% — 4), +(a, — 84 ne 


Comparing the coefficients of this series with the series on the 
right side of 3) gives 


a,=1 

a it 2.4 
spre 3 3 

a a ‘il ect 
te ee al A SaaWe 

85 ee oS aah) Bali. 
Sy Pat El pias 

9 es 
Thus Ps as SEL Ge! Aiea ee rae (4 


5 15 315 


valid for |z| < oe 


232 FUNCTIONS OF A COMPLEX VARIABLE 


Example 2. Let us develop 
cosec 2,= —— 
sin Z 
about the origin. At first sight it would seem that our method 
would not apply. For the very first thing to do is to assure our- 
selves that the development is possible. The conditions of Tay- 
lor’s theorem, 109, are not fulfilled here, since cosec z is not even 
defined at z= 0, and for the theorem to hold it should be analytic 
in some circle about this point. However, a slight considera- 
tion enables us to proceed. We have 


; ( tet 
SUT ee he ie Pee ae: 
a ee ¢ 


Now since P converges for all values of z, so does 


2 a4 


As P=sing=0, forzg=+7, 
20=.0 5 forgsect a. 


Hence 9=0 for z=+7. On the other hand, Q@#0, within the 
circle © about the origin of radius 7. For Q+0 for z=0 as 5) 
shows. If now Q@=0 for some z+0 within €, P=zQ would =0 
also. But P=sinz does not vanish at this point. Thus by 


De A ae 
104, 4, mA is an analytic function within ©. It may therefore be 
developed in a power series by Taylor’s theorem, about z= 0. 


Moreover Q being an even function, this development will contain 
only even powers of z. We may therefore set 


1 


= 2 4 
) oe = Ay + Aye" + Ayz* + oe 
1 : : 
9) 


=a 


Bt By il 


or clearing of fractions, 


2 gt 
: =(1 ze ny ae ~ dy + Aye? ai age + s+), 
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The multiplication of the two series on the right by 83, 2 gives 


a a a > 
taste pet G 


Here the left side is to be regarded as a series Cy + C2 + yz? + + 
all of whose coefficients =0 except the first. Thus equating 
coefficients of like powers on both sides of 6) gives 


yas L: 
a atl 
Ba Oo aaa 
As Ay _ 7 
fe Geer pane “4 = 360° 
a Ca _ 
Seven ime ac aag 
Thus 
1 5 Pa} (oe oe 
= ree 7 
sing 2 Asean C 


valid for 0:< |z| <7. 


Example 3. Division by Power Series. In the two foregoing 
examples we have divided by a power series. As this operation is 
not infrequent, let us state the following theorem: 


Let PHaytaetaeter , a) #O 


converge within a circle 8 about the origin and be #0 within &. 
Then the reciprocal of P can be developed in a power series 


1 
pat Oye + Cy@* + 


valid within & and the first coefficient 


= i : (8 
Ay 
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For P being #9 within & is analytic within & and can be 
developed in a power series valid within &. The coefficients ap, 
a, ++» are found by the method of undetermined coefficients, and 


this shows that c, has the value given in 7). 
Suppose the first coefficient aj =0. In general let us suppose 
P= Oyo" + One Om #9. (9 
We write P = 2" (Om a One =e +) = 2™Q. 


Suppose now that P does not = 0 within & except at the origin. 
Then Q# 0 within &. Therefore by what we have just seen 


==—+e¢2+ C22 + ve z within ®. 


Hence 1 1 , x 
= ee “1 BB cr erm a oiere (10 


for any 2# 0 within &. 
This gives the theorem : 


Let the series P in 8) converge within the circle 8 about the origin. 
If P does not vanish within & except at z=, the reciprocal of P 
can be developed in a series of the form given in 10). 


117. Laurent’s Development. 1. When f(z) is one-valued and 
analytic within some circle c about z= a, Taylor’s theorem asserts 
that f can be developed in a power series about this point. 


F@) =a+ a,(2 —a)+ a,(2 = a)* a a ad 


We call the point a a regular or ordinary point and we say f (2) is 
regular ata. If f(z) cannot be developed in a series of the form 
1) about the point 2 = a, we call it a singular point. 

Let us consider for example 


Ye 
ee lowe: 2 
- 2 — : 
Here z=0, z=1, 2=—1 are singular points. For suppose 2) 


could be developed in a power series P(z) about one of these 
points. Now P being a power series is defined at every point 
within its circle of convergence &, is one-valued, and has a contin- 
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uous derivative. But the function 2) is two-valued about the 
point 2 =— 1, and is not defined at the points z= 0 and z=1. 
Thus 2) certainly cannot be developed in a power series about 
these points; they are therefore singular points. 

When Taylor’s development is not applicable at a point z =a, we 
may often use another development due to Laurent, as we now show. 


2. Let f(z) be one-valued and analytic in the ring R determined 
by the circles E, F, whose centersarez=a. Then f can be developed 
in an ascending and descending integral power series 


f(2) =a + a(2 — a) + ag(z — a)?+ + 
b, bs rea fal 


z—-a (e-—a)? 


valid within R. 


For let z be any point within # as in the 
figure. Then by Cauchy’s integral theo- 


A Me giOr 
f Dart, CG Ue 


But by 105, 4, f-[+f- 
Je Je Jr 


Hence fey 1 (f@wdu_ 1 (f@meadu. Q 
© 2atI,p u—-2@ A2niJp u—zZ 
We now develop in a power series as in 109, 3). We have 
U—z 
ior uon F ead | ap 
z—a 
uon # sis a | 
Uu—a 


Thus by 39, 10) we have for any u on # 

Spt. 
Lees Wea Beads 
u—-zZ u-—a u—-a \u-—a 


while for any u on F 
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If we multiply these relations by f(a), the series so obtained are 
steadily convergent with reference to their respective circles #, F#. 
Thus we may integrate termwise and get 


ODS RROD pte en) ff eae! 


JpuU—z2 JEpuU— a p(u—a)* 


Wat ee du 
(wu — a)? 


- (eo oe ae a)f (udu ++ 


m Ub = 2 fv — 0 hes 


Putting these values in 2), we get 1) where 


il f(ujdu (3 


Y wt, n(u ot qyrtl’ 


: ike — a)" 1f(u)du. (4 


dn = 


ee 
2 11 


3. By 105, 4 we note that the circles #, # in 3), 4) may be re- 
placed by any circle & in the ring &. 

For the integrand of 3) is analytic in the ring H— 8, and that 
of 4) is analytic in R — F. 

4. Let us now prove the important theorem : 

Lf f(z) can be developed in a two-way power series 


Le ys a,(@ — a)’, G 


—eo 


this series must be the series of Laurent. 


For the function detined by the series 5) satisfies the conditions 
of Laurent’s theorem in 2. Thus f admits the development 


#@)=>1,@— 4)" (6 


where the coefficients J, are the coefficients of Laurent given in 
3), 4). Subtracting 5) and 6) we get 


O= Ss t,.G—a)*, °b, =o =a (7 
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Let us multiply 7) by (2 — a)~""» and integrate around a circle 
© lying within the ring of convergence of 7). Then by 101, 11) 
Q = 2 wib.,,. rh OU. m0, +1, +2 .. 
Thus 
Am = Eon 

and the coefficients in 5) are the coefficients of Laurent. 

118. Zeros and Poles. 1. Let f(z) be a one-valued and analytic 
function within a circle ® about z= a. Then Taylor’s develop- 
ment is valid within & and we have 


f@= a + a, (2 — 4) + a,(e — a)? + + ad 
For z= a, this gives f(a)=a,). If a, = 0, f vanishes at z= a. 
We say =a is a root or a zero of f(z). Suppose 

iy = ee 0, 
Then 1) becomes 
f (2) = (2 — 4)"(Cain + Amy (2 — A) + Ansy (2 — A)? + +) 
=(2—a)"g(2). 

Here g(z) is analytic within ® and does not vanish atz=a. We 
say 2 = ais a root or zero of order m. 


Since g does not vanish at a it cannot = 0 in some circle about 
this point. We have thus the theorem : 


Let f(z) be one valued and analytic about the point z= a, and 
vanish at this point, but not identically. Then there exists a positive 
integer m such that : 

: f@O=E-O"g@) (2 
where g(2) is analytic about z= a and does not vanish in some do- 
main about a. 


2. Suppose now that f(z) is one-valued and analytic within a 
circle R about z = a except at the center itself. Such functions 
are 1 

Pim 


In the first a = + 1, in the second a =(2n + 12. If we describe 


tan 2. 


a little circle © of radius r about a, we get a ring & — € and for 
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all points within this ring Laurent’s development will hold. Thus 


f@ =a, +4,¢@-—a)+ a,(2@—a)? +> 


by by at 3 
eee ¢ 
=P+Q. 
We call ne b, if re (4 


ee ee 


the characteristic of f(z) at z= a and write 


Q = Char f@)- 


The coefficient 6, is of great importance in some investigations. 
It is called the residue of f(z) at z=a and we write 


6, = Resf(@). 


Since r may be taken just as small as we choose, the develop- 
ment 3) holds for all points within & except its center. 

Looking at the characteristic 4) all its coefficients may be zero 
after the mth. In this case, which is very important, we have 


Ves by + eee Sie 
Z2— aA (2— ay" 
int Om (OG) Fhe Says & 
(2—a)™ 
— _P(@) _ 
(@—=a)” 


where p is a polynomial of degree <m—1. Thus Q is a rational 
function of 2. 
From 3), we have 


f(2) = om t bmg @ — a) + +o + 82 = a)" + aa (@ — a)™ + + 
(2—a)™ 


gz) 
ee , g(a) 0, (6 


~ @—ay™ 
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where g(z) is an analytic function in @ which does not vanish at 
@=a. Since _ 
lim(z—a)™=0 ,. limg(z)=3d,, +0, 

z=a 


z=—a 
the expression 6) shows that 


lim | f(z) | =+ 0, Ci. 


za 


that is, as 2 approaches a, f recedes indefinitely from the origin. 
This we will indicate by the symbolic equation 


lim f(2) =, (8 


so that 8) is only another way of writing 7). 
On the other hand, the reciprocal of f is 
Be Ce 
f® g® | 
As g does not vanish at a, its reciprocal is an analytic function, 


eall it h(z), about this point, and h does not vanish at a, as shown 
in Ex. 3,116. Thus, we may write 9) 


ae =(2—a)™h(z) ; h(a). (10 

This shows that the reciprocal of f has a zero of order m at 

z=a. The function f(z) and its reciprocal behave thus in oppo- 

site manners like the poles of a magnet. As z=a, f=oo while 

its reciprocal = 0. For this reason we say, that when the charac- 

teristic of a function has the form 5), that z=aisa pole of f(z), 
and in fact a pole of order m. We thus have this result : 


(9 


If f(z) has a pole of order m atz =a, tt has the form 


oe iat 
F@) (2 ae ayn ( 
where g is analytic about z=a and does not vanish at this point. 
The reciprocal of f(z) has a zero of order m. Conversely, of f 
has the form 11), z= a 18 a pole of order m. 


3. Let f(z) be one-valued about z=a and analytic except at 
z=a. If the reciprocal of f has a zero of order m at a, this point 
zs a pole of order m for f(z). 
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For by hypothesis, 4 
FO) 


and g(z) does not vanish about z=a. Hence, 


(2—a)"g@), 


BG 78 GE + Bale = a) 
and thus 
ep teen ater 
{@= Gane 
payee eiote $ ML 4 Oy + bysi@ = a) + Me 


Thus the characteristic of f has the form 5). 


4. If z=a is a pole of order m of f(z), tt is a pole of order 
m+1 of f(z). 

For about z = a we have 
Dm 
TE) Sa a)™ 


here g is analytic about z =a, and 6,,+#0. 


fe eee +9()3 
e—@ 


Hence mb», b, 


Ca C= 


f@= + 9'(2). 


As 6,, 4 0, 2 =a is a pole of order m+ 1 for f' (2). 
& . 
| 


About any point z=a for which the denominator does not = 0, 
f(2) is analytic. 
For z=1 we have 


Example 1. {@= 


Je 1 gz) 
Le a St a) 


Now g is analytic about z=1. Hence z=1 isa pole of the first 
order. 
Similarly tae 1 
f= a + I 


and this shows that z= — 1 is a pole of order 1 also. 
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Example 2. 


f@®=tane= eee 
COS 2 


This is analytic except at the points 
¢ 7 
(2n+1) = 
Let us call one of these a. We have forz=a+u 
cos 2 = coS a COS U— Sina sin u 
=(—1)"*1sin u 


3 
=(- Det {u- + | 
oO. 


=(— Ie =a) 1 =¢ eT 


on 
Thus i (-11 
eos ¢ ¢--a (2—a)? 
—_ Ta “26 p60 
= Ie) 
z2—-a 


where g is analytic about z= a and + 0. 


Thus _sing-g(z)_ AC) | 


0 oO, 


tan 2 


But sin z does not vanish at a. Hence A(z) is analytic about 
z=a and does not vanish at this point. 
Hence 


i Wy) q . 4s 
z=(2n+4+1) 9 
is a pole of order 1, for tan z. 
5. Let us note that no point g=a which is a pole can belong 
to the domain of definition of an analytic function. For by defi- 


nition f(a) must exist, and this requires that f(z) is continuous 
at a, by 84,3. Thus by 83, 6 


| f (2) |< some G (12 


in D;(a), 6 sufficiently small. On the other hand, if a is a pole of 
f@; lim | f(z) | =+ ©, 


as we saw ing. ‘This contradicts 12). 
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6. If z=aisa zero or pole of order m of f(z), it is of order 


mn for the function g=if@!" 5 nan integer >0. 


For about z= a we have 
f@Q™=e—-4"o@), 


where m>0 for azero and <0 fora pole, and where $(a) # 0. 
Thus $"(z) = W(z) is an analytic function which does not vanish 


age a. Hence 
I= a) Ne), 
which proves the theorem. 


7. If f(z) is a one-valued analytic function in the connected region 
W, the poles of its derivative ave also poles of f(z) and the residues 
of f'(z) are all 0 in %. 

For at a pole 


! — Am 
f@= Gaye af 


where g is regular at a. If now we integrate, we get 


Mos ecco IC (13 


1 : 
MQ : Ee or + ta,log(e—-a)+h(z), (14 


where 3 = faceyae 


is regular at a. As f (2) is one-valued in & the logarithmic term 
cannot appear so that 
PP i a, = Res jf’ @)=0. 


8. As an example let us find the singular points and the resi- 
dues of the function f'@) 
h@=9@E, (15 
I@ 
which we shall employ later. Here g (z) is regular in the connex 
€ and has no zero in common with f(z), which latter has certain 
poles z=a, 8, --- in € but is otherwise regular. 
Let z= be a regular point of f and not one of its zeros. Ob- 
viously ¢ is a regular point of h. 
Let 2 =e be a zero or a pole of order m of f(z). Then 


fH a? e)™p(z), 
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where m is a positive integer if ¢ is a zero, and negative if cisa 
pole. (2) is regular ate and #0. Then 


fl =m(@— "1p +(@ = 0)™g 


Hence fi(z)_ om fa o! 
fe ae, d 
Baek oo; (2), 


Z2—C 
where y is regular at e. 
On the other hand, by Taylor’s theorem 


IZ) =9(E) + YE — 0) +. (2 — a)? + 
ie h@)= "ZO + 1), (16 
where & is regular at z= a 
From 16) we see that z= c is a pole of order 1 and that 
ws h(z)= mg(e). Cle 
At a zero m is a positive integer, at a pole it is negative. 
9. Before leaving this topic let us show that the relation 89, 1 


or dw _ dw ; dz 
the he tohe 


holds even when e = 0, provided z is an analytic function of t. 


As we observed in 89, 5 we have only to show that Az + 0 as 
h=At+0. But z=¢(‘) being an analytic function of ¢, 


Az=$(t+h)— 6 
considered as a function of A is regular at the point h=0. It 
therefore does not vanish for 


0<|h| <some 6 
by 1. 
10. Let w= a) + a2 +27 + +, a, #0. Then w=logu con- 
sidered as a function of z is regular at z= 0 and 


dw 1 du_at+2az+ +++ (18 


dz u dz ataet- 
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For we may take & so small that remains in D,(a)) if 2 re- 
mains in D3(0). 


If now 7 <|a)|, the origin « = 0 will not lie in 
D,. Thus w considered as a function of z is one-valued in Ds and 
thus by 9, 


dw _ dw du 
dz du de 
which gives 18). 


Since w is regular at g= 0, we have, by Taylor’s theorem, 


w= w(0)+ 2w'(0) +- 
Here wO)\=log a, = Oy eae 
A 
Hence w = log a+ ae Ae (19 
Ay 
ial. Let u= Ay ae a2 + yz” +. Lo a O. 
Then I 


is regular at 2=0, and 


1 
ns % , WM", 9 
W= ay + : Zt... (20 
hi n 
For Liogu 
UC 


As log wis regular at z2=0 by 10, so is w. 
theorem 


Hence by Taylor’s 
w= w0)+w'(O)e+ + 


1 1 
1 Loge 
OD aie we) = Woe ae 
n dz 


etc., which gives 20). 


1 Ga 
3 w' (0) =—a," ay wieie 
rt 


119. Essentially Singular Points. 1. Let z=a be a singular 
point of f(z). If f is one-valued about this point which is not 
a pole, we say 2= a is an essentially singular point. 
It is easy to construct functions having such singular points. 
For example, let the infinite series, 
3 
Ay + 42 + age" + +. a! 
converge for all values of z. Such series we considered in 39, 4. 
From 1), we can form the series 
es a a 
f@=H+ 3+ 


ra) 
~_ 
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which converges obviously for all z%0. Thus, the function f(z) 
defined by 2) is an analytic function of z for all 2 #0, by 104, 5. 

If we develop f about the point z=0 in Laurent’s series, we 
get the series 2) again by 117,4. Thus, by 118, 2, 


Char f(z) =44%4 x (3 
z=0 @ 2 


As the a, are not all 0 after some m, the point z= 0 is not a pole. 
It is, therefore, an essentially singular point. 

From this function f (2) we can form an infinity of other func- 
tions having z= 0 as an essentially singular point. For let g(¢) 
be regular about z=0. Then 


2) =fe)+ 9) 

has zg = 0 as an essentially singular point. 
2. That g=a is an essentially singular point may often be 
seen by the aid of the following theorems. We exclude, of 
course, the trivial case that the functions considered are constants. 


If f(2) is regular atz=a, f(z) cannot have the same value ¢ at 
a set of distinct points a1, dy, az+-- which =a. 
For then . 
I@=fe-e 
is regular at g=aand vanishes at each a,. 
As g is continuous at a, 


lim g(a,)= g(a). 


As each g(a,,) = 9, we see g(z)= 0 at a. 
But then, by 118, 1, NOMIC a NICH 


where # does not vanish in some domain about z=a. As 
g(a,) = 9, it follows that h(a,)= 02 Thus, h(z) vanishes in any 
circle about z= a, however small. 

3. If f(z) is regular at each point of a circle & about z= a, the 


center a excepted, and if f has the value ¢ at a set of distinct pornts, 
Ay, Uy, +++ Which +a, then z= a is an essentially singular pownt. 


For we saw in 2 that a is not a regular point. Tf it is not an 
essentially singular point, it must be a pole. Then its reciprocal 
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1 
g(2) is regular at z=a, and takes on the value - at the points 


a, This contradicts 2. Thus, z2=a is not a pole of f(z). 


n° 


Example. 


eval! 
w= sin —- 
Z 


This function is regular at each point exceptz=0. Noww=0 


for 1 
C= —— 5 n=1, 2,3... 
nT 
and these values =0. Thus by 3, the origin is an essentially 
singular point. 


4. Let f(z) be regular about 2=a except at a and ata set of 
points a1, dg++» which =a. If each a, 18 a pole, the point z=a is an 
essentially singular point. 


The point z=a cannot be regular, for f(z) is infinite in any 
domain D(a). It cannot be a pole, for the reciprocal of f (2) 
would be regular at g=a and vanish at the points a,, which is 
impossible by 2. 


Example. 1 
f f@=—- 
Si 
zZ 
Let us set d(y ain 1 : 
zZ 
Then if we set ek 
=o 
een 
dg = dg du “ Z 
dz du de 2 
; 1 
about the point a ash Thus g'(z) is continuous about z=a 


and hence g(z) is regular at a. Hence by Taylor’s theorem 


I@)= 9a) +2 — a)g'(a) + CO" gia 4 
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H 
a g@)=9 , (a)=(- 1)" 2 2?. 
Th 
. g@)=(— a) {(— 1)" n?? + ... t, 
Hence 


es : 1 


mr? a 


ce 2) tee 


where we do not care to know the values of the coefficients ec. 
This shows that the points pre poles of order 1. Hence 
MTT 
z= 0 is an essentially singular point. 
120. Point at Infinity. 1. In seeking to characterize an analytic 


function of z, it has been found extremely important to study its 
behavior for large values of z. 


Let us change the variable by setting 
il 


~e=>-. él 
Uu 
Then a function as 1+2 
f@=—} @ 
goes over into a function of w, 
gu)=utw. (3 


To learn how f behaves for large values of z, we need only to see 
how g behaves about the pointw=0. We see it has a zero of 
order 1. 
Let us look at the geometrical side of the transformation 1). 
If we set z= re**, we have 
Lait 
UuU=—e ° 
r 
This shows that as z describes a unit circle U in the positive sense, 
u describes the unit circle Ui in the w-plane in the negative sense. 


To a point a= pe” within U corresponds the point «a= 1 ow with- 


out U. As 2=0 along a radius as Oa, w+ along the corre- 
sponding radius Oa. To each point in the z-plane except z =0 
corresponds a single point in the u-plane, and conversely to each 
point except u=0 in the uw-plane corresponds one point in the 
z-plane. 4 
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To complete the correspondence, mathematicians adjoin to the 
plane an ideal point called the point at infinity and denoted by 
the symbol «. They uw plane - 
say that to z= 0 shall CP>q@’Runn 
correspond w= oo, and 


to w=0 shall corre- 


BYVQuy ie plane 


spond 2 =o. 

Instead then of ask- 
ing how a function f() 
behaves for large values 
of z, they ask how it behaves about the ideal point z=. By 
such a question one means nothing more than this: 

Change the variable from z to was in 1). Then if f consid- 
ered as a function of wis regular at w=0, we say f is regular at 
z=. If f considered as a function of wu has a pole of order m or 
an essentially singular point or a branch point at u=0, we say f 
has this same property at z= 0. 


N 
K 


RSH NO 


2. We must caution the reader to note that we do not introduce 
the symbol © as a number; we do not define any arithmetical 
operations on this symbol. 

Also when we say f(z) has a certain property for every z we al- 
ways mean for finite z unless the contrary is stated. 


3. Let us note that the theorems in 119 may at once be ex- 
tended to the point z=. 


é yt : 
For all we have to do is to replace z by —, and reason on the be- 
wu 


havior of f considered as a function of wu, about w=0. We may 
thus state : 


If f (2) ts one-valued about z= © and analytic for large values of 
zexcept at a set of points a1, a, --- which =~; or if f is analytic 
also at the points a, and has the same value ai these points, then 
z2= % ws an essentially singular point of f(z). 


4. It is sometimes convenient to speak of the domain of the 
point z= 0. By this we mean all the points in the z-plane with- 
out some circle € about the point z= 0. We may denote it by 


Do). 
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If we apply the substitution 1), this domain goes over into the 
points within some circle about the point «= 0 in the w-plane. 


121. Integral Rational Functions. 1. Let us show how the ra- 
tional and integral rational functions can be characterized from 
the standpoint of the function theory. We begin by proving a 
theorem of great value. 


Let f (2) be regular for every finite z. If 
| f(z) |< some G, a 


however large z is taken, f is a constant. 


For let us develop f (¢) about the origin, we have 


2 
I@Q=fO+PO+HMO+ C 
Now by Cauchy’s inequalities, 107, 2, 
foc UD | Zag 
n!} = En 


This relation holds however large # is taken. As the right side 
=(0 as R=o we see that each coefficient in 2) is 0. Thus 


f@=f QO) , a constant. 
2. If f (2) is regular for every z including z= ®, it is a constant. 


For let us describe a circle € about z=0. Then, f being continu- 
ous in ©, we have 


| f(z) |< some G, in ©. 


Let us now set u= 1, this converts € into some circle ® about 
Zz 


‘u=0. But by hypothesis f considered as a function of wu is reg- 
ular at w=0. Thus f is a continuous function of w in §, and 


oe |f |< some G, in R. 


Thus if @ is > both G,, G,, 
lf@|< 4 


for every finite z. Hence f (z) is a constant by 1. 
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3. Let f(z) be regular for every 2. If it has a pole of order m 


Ge ca FE) = My + Aye A agg pee + Age” a ene Us @ 


and conversely. 


To see how f behaves for z=. we set z =< and get 
fe Char Cha 09 = 900 = aun 
uU™ 
Thus f has a pole of order m. 
To prove the other part of the theorem: Since f has a pole of 
order m, f considered as a function of w has a pole of order m at 
u=0. Hence by 118, 


A oS ; 
[a | Cn U; (4 


where g is regular at u = 0. 

We show g is a constant. For f has no singular points except 
at w=0. Hence g has no singular point w#0. But by hypo- 
thesis «= 0 is not a singular point. Hence g(w), having no sin- 
gular point, is a constant ¢) by 2. Thus 4) becomes 


C. Cr 
ee ae soe +, 


u™ 
or going back to z, f has the form 3). 


4. We now establish the fundamental theorem of algebra : 


Every polynomial of degree m has m roots c,, Gy +++ mp, some of 
which may be equal. 


In other words: 
If fHAtayetaet -- +a" » An#9, (5 
there exists m numbers t1, +++ Gm such that 
f = Amn(@ — 0) +++ (2 — Op). (6 


For since lim f(z) = 00 


there exists a circle ( about z= 0 such that 


(te) = @ 


for every 2 outside C. 
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Hence f#0 outside C. Thus if f has any roots at all, they lie 
in C, that is on or within it. Suppose f were #0 in C. Then 
|f (2)| >some n > 0 imc, 


since f is continuous in C, by 83, 7. 


Let : 
Ce) = 
i 
Then lg|< ef for 2 outside G, 
G 
if R 
Le for z in C. 
1) 
Thus 


\g|<some M 


for every z. Hence g is a constant by 1, which is absurd. Thus 
f= 9 for some z in C, say forz=8,. Then by 118, 1, 


fQ™=@-BY"A@- 


By 3, f,; must be a polynomial. The method of undetermined 
coefficients, 115, shows that it is of degree m — my. 
We may now reason on f,(z) as we did on f(z). We thus get 


¥ = Am (2 — Bo (z = Bo)™ afer (2 ss Bm, (7 
where M = M,+ My + ++ Mg 


The factor a, on the right of 7) is due to the fact that the 
coefficients of like powers on both sides of 7) must be equal. 


122. Rational Functions. 1. These have the form 


— MT Uye + eee LL ais 6 + 0) iI 
Le byt byt + +5,2" oak : 
= tn(2— 4) (=) e 


Hs b,(2— By)" + (2 — 8)" 
We will suppose that numerator and denominator do not have a 


zero in common. 
Each zero of the denominator is a pole of f. For example, 


f= 1 | yg @ — 0) +* 
(@—8y)™ 5,(@— Ba) + 
aye 2) é 
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where g is regular at 8, and does not vanish. Thus z=, is a 
pole of f(z) of order ny. 
Similarly at a zero of the numerator as o, Wwe have 
f=@—a,)™h), 
where h#0 ata, Thus =a, is a zero of order m,. 


At any point z=e not a zero of the denominator, f is regular. 


spi 1 
2. Let us now see how f behavesatz=oo. Setting z= _, we have 
u 


a ME mm yh 4 
eee (u) ( 


As 6,#0, his regular at u=0 by 1. From 4) we have: 
The rational function 1) is regular atz=nifn>m. Tt has a 


zero of ordern—mifn>m. Ithasa pole of order m—n if m>n. 


If we count the zeros or poles at =o with their proper order, 
we have : 

The rational function 1) has p zeros and p poles, where p is the 
degree of 1), that is, p is the greater of the two integers m, n. 

3. Let us now establish the converse theorem : 

Lf a one-valued analytic function has only a finite number of poles, 


taking into account z= x, it is a rational function of z. 


For let z=a, 6, --- be these poles. About z2=a we have 


Am a : . : 
ie = @—ay sete er Iie) leat) 


where f, is regular at z=a. 


As f has a pole at z=6 and as k,(z) is regular at this point, f, 
must have a pole at 6. Thus 


‘ b,, b - 
f@-= Cao so Beag + fol@) = hy) + fx(2)- 


Here f, is regular at g=a, and at z=. Thus we may continue 
for all the poles of f in the finite part of the plane, getting, say, 


f=" @)+ & (2) + Boe + k(Z) + f.(2), (5 
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where the last term has no pole at z= a, 6, «+. that is, has no pole 
in the finite part of the plane. 

We now consider the point z=0oo. Let us first suppose this is 
not a pole of the original function f@). Then 5) shows it is not 
a pole of f,(z). Thus f,, having no pole even at infinity, is a con- 
stant by 121, 2. 

Suppose now z=» is a pole of f(z), then 5) shows it is a pole of 
f. Thus f, is an analytic function whose only pole is z= 0%; hence 
by 121, 3 it is a polynomial: 


fs= Pot Pie + > + pie’. (6 
4. The foregoing section shows that we can write the fraction 


1) or 2) as follows: 
Aad fHPot pret +> + pe 


fuera aL aie Bing 
2— By z—B,)™ 
ee ae rca ee es (1 
z— By (28). 
lias b 
+ —— Si _ eee a Sng __, 
Z2— 6; (2—8,)” 


where /=m—n. When f is written as in 8), we say it is decom- 
posed into partial fractions. Knowing that f can be written as in 
8), the coefficients which enter in this expression can be deter- 
mined by the method of undetermined coefficients. 


123. Transcendental Functions. 1. The foregoing articles show 
us how the rational and integral rational functions are completely 
characterized by the nature of their singular points. 

All one-valued analytic functions which are not rational func- 
tions are called transcendental. Every transcendental function 
must have one essentially singular point by definition. The sim- 
plest transcendental functions are those which have only one singu- 
lar point, and that an essentially singular point at 0. Such one- 
valued functions are called integral transcendental functions. 


2. It is easy to show that 


e , sing , cose , sinhe , coshz 
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are integral transcendental functions. For being defined by power 
series which converge for every z, they have no singular points in 
the finite part of the plane. : 

On the other hand, if sin z=e for z=a, it =e for 


a+2a , at4e7 , a4+67 


But these values = ©. Thus z= is an essentially singular point 
by 120, 3. 


8. The same reasoning shows that any one-valued periodic 
analytic function which has no poles in the finite part of the plane 
must be an integral transcendental function. 

For if such a function has the period o, it takes on the same 
value at 3 
RETA RE ae per ha SAY OR eer, which = oo. 

4. A one-valued transcendental function which has only poles 
in the finite part of the plane is called a rational transcendental 
function. 


Such functions are 1 
vam a 5 


sin 2 


5. As an example of rational transcendental functions let us 
consider the following, which occur in the elliptic functions. 

Let ,, @, be any two numbers which are not collinear with the 
origin z= 0. With these we form the series 


1 
= : 
Le — M,@, — M,@,)” o 


where m,, m, = 0, + 1, + 2... and p isa fixed integer > 2. We 
show now that the function defined by 1) is a one-valued analytic 
function for every z except at the points 


© = On m, = MO, + My, (2 
which are poles of order p. 
To show that Fis regular at a point z = a not included in 2) we 


describe a circle ® about the origin exterior to a. We now break 
the series 1) into two parts 


=F, + F, 3 
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where /, contains all the terms of 1) corresponding to values of 
@mm, Which lie exterior to &, and F; contains the other terms. 

In 99,5 we saw that F, converges steadily in &. Hence by 
108, 1, F, is an analytic function of z in &. On the other hand, 
#’, consists of a finite number of terms of the type 


1 
(2 — w)? G 


But each such term is regular except atz =. Hence F,is regular 
except at points included in 2). Thus 3) shows that Fis regular 
at z= a. 

To show that # has a pole of order p at the point z= 
= ro, + s@,, we take & so large that the point 6 lies within it. 
Then as before F, is regular at z = 6, while 

ek 
Now @ is the sum of a finite number of terms of the type 4), each 
of which is regular at 6. Thus F, has a pole of order p at z = 4, 
and hence # has also by 3). ‘Thus the points 2) are poles; as 
these points = oo the point z= oo is an essentially singular point 
by 120, 3. 


6. Let us show that @, isa period of the function defined by 1). 
The same reasoning will then show that @, 1s also a period and 
hence the numbers 2) are also periods. We have from 1): 


1 
be ao ice eae 


it 
< 2G —(m, — 1)o, — Mo@y y? 


(5 


As mm, run over all integral values 0, + 1, + 2,.-- we see that 
m, — 1, mg run over the same values. Thus the terms in 5) are 
identical with those in 1). As the series 1) is convergent, its 
sum is independent of the order of its terms and hence 5) has the 
same sum as 1). The points 2) are the vertices of a set of 
parallelograms as in the figure. Any one of them as P is called a 
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parallelogram of periods. In P, the 
function #(z) takes on every value 
it can take on anywhere. 

For any point z lies in one of these 
parallelograms as Y. Let 2, be the 
point in P which is situated in P as 
zisin @. Obviously, 


21 = 2+ Me, + Mw». (6 


But then 


NG y= hg). 


Two points 2, 2, which are related as in 6) are said to be con- 


gruent; we write 
Se mod @,, @, (7 


which we read _z, is congruent to z with respect to the periods 
@,,@,. When no ambiguity can result, we do not need to mention 
the periods and we write simply 


4, =%. 


7. The series 1) define therefore an infinity of periodic functions 
corresponding to p = 3, 4, --- 

The reader will note that they differ from the periodic functions 
heretofore considered as e’, sin zg in this important particular. 
Their periods do not all lie on one line, but are spread out over 
the whole plane, as in the figure. 


124. Residues. 1. We saw in 117 that if f is one-valued and 
regular about z=a, but not regular at a, it can be developed in 
Laurent’s series : 


F@) = % + a,(2@— a) + (2 — a)? ++ 


ey (by 


+ me, i 
z—a (g—a)* ( 
The coefficient «, we said, in 118, 2, is the residue of f at the 
point a. These residues are of great importance in certain inves- 
tigations, for example in the elliptic functions. A fundamental 
theorem is the following : 
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Let f(z) be reyular in the simple connex © except at the points 
= My Ay+++ A, Which we suppose do not lie on the edge © of ©. Then 


1 


21, 


> Res f(e) = | F@adz. (2 
& 

For simplicity suppose there are only 
two singular points a and 6 in ©. Then by 
105, 7) ‘ 

i fde = f fde + i fae. (3 
& JA /B 


Let 1) be the development of f about z= a. Then 


[fae =2orie, by 101, 11) 
A 
= 2 72 Res f(z). 
Similarly 4 - 
el fdz = Res f(z). 
These values in 3) give 2). 
2. From 1 we may deduce the following general theorem from 


which we shall draw important conclusions, especially in the elliptic 
functions. 

Let f(z) be regular in the simple connex € except for certain poles. 
On the edge & of © let f be regular and #0. Let g(z) be regular in 
€ and have no zero in common with f. Then 


1 


5 ee 


At 


g(z)d log f (2) = =m,g (4, ) — =n, g Ca,) (f 
€ 


where a, «,are the zeros and poles of f(z) of orders m,, n, respec- 
tively. 
The integrand in 4) is 
/ 
Maj = Je (SCOE: 
@=9@) i) 

Its singular points, as we saw in 118, 8, are the zeros and poles of 
f(z). The formula 118, 17) shows that at a zero 


2= 6, tes h = m,9 (4,), (5 
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and ata pole, _ it, Res h = — ng (a, )- (6 
If we now put 5), 6) in 2), we get 4). 


3. If we agree to count a zero or pole of order m, as m simple 
zeros or poles, we can write 4) thus: 


: fo og f= 2g (a, )— 29 (a,)- C7 
9 ari 


4. From 4) or 7) we have as corollary : 


Let f(z) be regular in the simple connex © except for certain poles. 
On the edge © of © let f be regular and #0. Then 


‘ 
if Mosh @= MM (8 
2171 & 
where M, N are the number of zeros and poles of f in © each counted 
as often as its order. 
This follows from 7) on setting g(z)= 1. 
5. As a corollary of 8) we may prove the fundamental theorem 
of algebra, viz. : 
f@ = ae" + a2" '+--+a, , G®#O 
has just m roots, a multiple root of order s being counted as s 
simple roots. 
For as lm (@) =o 
we can take a circle C about the the origin of radius R so large 
that no root of f lies on C or without it. As f has no poles in (, 


ZV 1023) 1s.02. 7 Lhus 
aul fillg ees ie 


But dlog f _ mae”! + (m— laze”? +-- 
dz Aye” + ay ml 


Ltor+ ply ge 
z e 


Pye oe see 
@ z@ 


vd 
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where |¢| < eon Cif only R is taken > some p. Thus 


Ba ud if mde mks “ddz Sapa © 


2 mt z 


© 


Now by 94, 4) J=m, while 


4 wm © ~ 
Peg) S55 pte A Dyer 
< me. 
But this says that lim K=0. 
R=0 


Hence passing to the limit R =o in 9), we get 


M=m, 


that is, f vanishes m times. 


125. Inversion of a Power Series. 1. If 


w=w(2) al 
is regular at z =a, it can be developed in a power series : 
w= a, + a,(2—4)+ a,(2—a)? + + @ 


It is sometimes convenient to develop the inverse function z in a 
series whose terms depend on w. This is called inversion of the 
series 2). 

If we replace z—a by z and w—a, by w, the series 2) may 
be written oN ae a eg (3 
and without loss of generality we may suppose this is the develop- 
ment of 1) instead of 2). 

In inverting the series 3) there are two cases which must be 
distinguished. 

Case 1. a,# 90. This condition expresses the fact that w!(z)+#0 
forz=0. Letz range over some circle © about z=0; then w 
as given by 3) ranges over some connex §t whose edge does not 
pass through w=0 if © is sufficiently small by 118, 1. Also, 
if Cis sufficiently small, w will not take on the same value twice 
in € by 119, 2. 
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Thus it follows by 88, 2 that the inverse function z is regular 
at w= 0 and hence can be developed in the power series 


a= bw + bw? + byw? + ++ (4 
valid in some D about w = 0. 
As dze_ 1 
dw dw’ 
dz 
we have for we) 
foe (6 
a, 


2. Case 2. a,=0. In the series 3) suppose that a,, is the first 
coefficient #0. Then 


Ue = 2" (An + Umer) 9 Ona 0. (6 


Let us set ae (1 
Then i 
UW = 2(Am + Ams 2 + +++)” 


Zle 


= 2( Cy + C42 + Cy2* + oe) > = 4n 
by 118, 11. We are thus led back to case 1. 
Inverting, we get 
2 ae -U + dyu? + ++ 
(i 
Putting in the value of u in 7), we get finally 


1 
ae 


1 
= + d,w™ ob eee 


(thet 


(8 


3. Let us show how to get the coefficients of the inverse series 
using the method of undetermined coefficients. Let us suppose 
that the original series is 

v=b+b,(t—b)+b,(t— b+. 6, +0. (9 


Let iG 
SS w=v—b 2=6,(t— 6d). 


Then 9) takes the form 


oe eo eae. 
W = 2 — Age* — ag — (10 
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ol 
T 7 y A 1 x Qj 1 rn 7 
where we have introduced the minus signs for convenience later. 
Then the inverse series has the form 
DY 

z= w+ cw? + e,w8 + ++ (dil 
Raising 11) to successive powers gives 

ae ee ae 24.9 £270 oo 

at = we + 2 cow? + (e3 + 2 cg) wt + (2 eg + 2 Cyc )w® + «+ 

B= we + 3 ewt+(3 c+ 3 c,)we+ ». (12 

za=wt+4ew'+ - 


All these series may be denoted by 
Z™ = CW + Cog + ++ (13 


Putting these series for 2, 2%, 23... in 10) gives rise to a double 
series 
D= wt ewrt+  cgwe + ++ 
= Ag ly W — AglygW* — Agly3W? — +++ (14 


SEC See = 2 550 
Agl31W — Agla0W" — AglaaW 


If we sum this series by rows, we fall back on 10). The sum of 
D by rows is thus w. If the series 14) be summed by columns, we 
get a power series in w, and this is what we want. Now by 42, 2 
if 14) is convergent, its sum is the same whether summed by rows 
or by columns. To show that 14) is convergent we shall show 
that its adjoint is convergent. Let us denote this adjoint series by 
W+ yW7+ y3We+- 

+ tty'¥o1 W + tta"V99 W? + tto'Vo3 W? + ++ (15 

+ +s eos eee 
Now 11) is valid in some circle f, it thus converges absolutely 
forall W< some W,. Then 

Z=W+7,W2+7,We+ 

converges for W< W). 
The series 10) converges absolutely for all Z < some Vie Ablayete 


the adjoint of 10) Dt ta Z? 0,08 + +» (16 


converges for all Z < %. 
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Returning to the adjoint series 15), we see that if we sum this 
by rows we get 16). As this converges, D is convergent for all 
|w| <W, by 42,3. We may thus.sum D by columns, getting a 
power series. As the sum of D by rows is w as we saw, the sum 
of this power series is also w by 42, 2. 

Thus we get, replacing the ¢,,, by their values in 12), the identity 


W = W + (Cy — Ay )W* + (03 — 2 Agl, — Ag) W? + + 


Hence all the coefficients on the right are 0, except the first. The 
resulting equations give 


B= a, 
Cg = 2 Al + As, 
Cy = Ay( C2 + 2 Cg) + 3 Age, + Ay, ely 
C5 = 2 Ag (Cg + Cy0g) + 3 age + C3) + 4 Agen + Ass 

Cuce 


4. Example. We saw that 


poses 
eC i Ere rene or CZ bole (18 
“a oO 
Here 1 
= Sees S51 
OD et raat ot Secu SUN) mes 
These values in 17) give 
op eed eee 
Oo SG eae eG cao RC e ras 
Hence, inverting the series 18), we get 
2 3 4 
Uw 


Now from 18) we have 
ane 
1l+e= ewsltwt+ ot 
which agrees with 19). - 


we 


3] 


126. Fourier’s Development. 1. When the real function f@) 
has the period 27, Fourier showed that in many cases it can be 
developed in a trigonometric series 

f@) =a +a, cosx+a,cos2a+4 --. 


+ 6, sine+6,sin2a+4+ -. a 
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This development is of extraordinary importance in mathemati- 
cal physics and in some branches of pure mathematics. Let us 
show how this development appears in the function theory. 

We begin by proving the theorem : 


Let f(z) be a one-valued function having the period w. Tf it is 
analytic in a band B whose sides are parallel to Ow, we have 


2tizg 
oO 1 


{@™= > Une a (2 


—o 
where hak noe 
mas ff (uye-m 2a de (3 
8 ‘ : ®./b 
and 6 is any point in B. 
For let et chile 
5) ;us s 
or let us eae (4 


then uw has @ as period. 

To find the image of the band B in Fig. 1, let us begin by find- 
ing the image of a line J, parallel to Ow and cutting the real axis 
at z= a. When gz lies on such a line, we have 

z2=a+7ro, 


where 7 ranges over all real values. 


Let us set ee P 
sf 2S 
; @ 
Then 4) gives ae 
ese 3 (atrw) = git (al +0'"i) 2 mir = 2 ma! 62 ri(r +a’) | 


uw plane 


Hig. 1. 


Thus when z ranges over /,, « moves over the circle (@, in Fig. 2 
of radius e2™”. When r increases from r=0 to r=1, wu has 


264 FUNCTIONS OF A COMPLEX VARIABLE 


moved once around this circle. Hence when zg moves on J, over 
a segment of length =|@|, w has moved once around @,. Sim- 
ilarly when z ranges over J, in Fig. 1, w moves over the circle O, 
in Fig. 2. Thus the image of a line Z going from 6 to 6+@ isa 
circle lying between C, and C,. 

The image of the parallelogram = (ABA'B’) is the ring R. 
To a point within $ corresponds a single point within #, and 
conversely. As f(z) has the period o, f takes on every value in 
% that it can take on anywhere in B. Since f(z) is a one- 
valued analytic function in §, it is considered as a function of u, 
a one-valued analytic function of win R. Hence, by Laurent’s 
theorem, 117 


f= Yay” (5 


where 1 * fdu 


C= (6 


m+1 


271 Jou 


and C’is any circle in R whose center is u= 0. 


Now from +) 


Bray 
A me 
du = —— udz. 
@ 


Hence 


du 2qmide 2m = 
= GO oe 


yr o u™ @ 


Thus 5) goes over into 2), and 6) into 3). To avoid confusion 
we have changed the variable of integration from z to v. 


2. The development 2), which is known as Fourier’s develop- 
ment, may also be written as follows: 


1 3 25° (¢ 2am 
SACD ag ONCE. a, | F(v) cos (2—v)dv. Ci 
OL O1dJdL 2) 
For we may write 2) 
2Qriz 2riz _2miz 22 


9 


F@)=a, ae ane 2 yy (ae ° +a_.e 


9 


Dee 1G: 
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Now from 3) 


Pepe ioe 2 mdz 
R m m+— 
Ge oss =— | ST Cuje Re 67) 
Oey 
2Qrt 
i i m.—(z—v) 
=— | Toye dv. 
O/L 
Similarly el . /- 
Mm > ——_— p m -——(2—v) 
A_me =— | 7(v)e o dv. 
OS, 


Their sum is 


it m 2nt 2») —m 27% (ey) 
— | f(vje +e © dv 
@/ 1 


or using Euler’s formula, 55, 11) 


BY 9 
== [Fe cos m - “7 (2 —v) dv. 
O/T 


@ 
This in 8) gives 7). 


CHAPTER VIII 
INFINITE PRODUCTS 


127. Introduction. In the theory of the gamma function and espe- 
cially in the theory of the elliptic functions, both of which will be 
treated later, infinite products play an important part. They are 
also useful in other parts of analysis. We therefore propose to 
give a brief account of them here. 

It is easy to see how mathematicians were led to consider them. 


Every polynomial, 
Ag + Aye + ve + Ape” = ZAne™, a1 
can be written in the form 
An(% — 0) (2 — %) +++ (2 — @,) = An l1(Z — Om), (2 
where @,, & -:- #, are the zeros of 1). 
Since a power series, 
f@) HA t a2 + a2? + + = Fane”, G 
is the limit of a polynomial of the type 1), it is natural to expect 


that the function f(z) defined by the series 3) can be expressed as 
the limit of the product of type 2), that is, as an infinite product 


Oe — |) (@ — &) ++ = CIL(@ — py), 


where the a@,, a, --- are the zeros of f(z). 
As an illustration let us take 


ST ee rs 
teen ae 
whose zeros are 0, +7, +27,-++. We shall show directly that 
sinzg=2 Pace ee ee rl eee 
( = 2 =} oi « ees “ 


266 
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We notice that each factor 
2 1 
1— aa “aa —nr)(2+ nt), 


vanishes at two of the zeros of sing, viz. at +n. If we set 


oT 
z2=— in 4) we get 


Hh 


: 
Spas pote pice pai ee 5 


one of the earliest infinite products considered, due to Wallis. 
As examples of other infinite products we notice 


Y= 11(1 + ¢**), n=1, ie Sy 600 6 
e7 
SS (i 
am(4 hs a n 
n 
i 
A(z) = 29'Qsin mziI(1 —24q°" cos 2 r+ Gy. (8 


Here Q is an elliptic modular function, I’ is the celebrated gamma 
function, and @ one of the theta functions which are so fundamental 
in the elliptic functions. All these we shall consider in the course 
of this book. 


128. Definitions. 1. Let us now define infinite products more 
precisely. Let a,, dj, a3 --- be a sequence of complex numbers. 
The symbol a 
A=@,-@,-d,--- = Ila Gi. 


n=l ”™ 


is called an infinite product. As in infinite series we set 


Ay — ay a ae Ay 4 At = Ani1* Unio °** 2 
If lim A, GB 
n=n 
is finite or definitely infinite, we call it the value of the product 1). 
As no ambiguity need be feared, we denote an infinite product 
and its value, when it has one, by the same letter. When 3) is 
finite and #0, or when one of its factors a, = 0, we say A is con- 
vergent, otherwise divergent. 
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Let us consider 9 < 
ee ene nee (4 
Le oa oe ee 
Here ae ane 
and hence lim A, =0. 


Thus according to our definition the value of 4) is 0, although 
no factor of this product is 0. For this reason we do not care in 
this book to consider infinite products which =0 although no 
factor is 0. We have therefore put them in the class of divergent 
products. 

The infinite product A, in 2) is called the co-product. Obviously 
if A, is convergent, so is A, and conversely, when zero factors 
are not present. 

In a similar manner we define infinite products whose factors are 
functions of z. Thus if f,(z), f,(2) + are functions of z defined 
over some point set YF, 


F=fi@)fx(2) -- =I fr) (6 


is such a product. Giving za value in Y& as z=a reduces 5) toa 
product of the type 1), the factors being now constants. If 5) 
converges for this value of z, we say it converges for z =a, etc. 


2. Just as we have double series 


20a) (1 
so we can have double products 
Ita: (2 


With 2) we associate a simple product 
ila. (3 
where each factor a,,, of 2) is some factor a, of 3), and conversely. 
Analogous to double series we will say 2) is convergent when 
3) converges absolutely, otherwise 2) is divergent. When 2) is 
convergent, its value shall be that of 3). From these definitions 
we may build up a theory of double products in much the same 


way as we have developed the theory of double series in 
Chapter ITI. 
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129. Fundamental Theorem. In the infinite product 


ASG,+G,-Gg0 5 d,%0 ad 
let us set 6 
An = Pme3 2 
where we will agree to choose @,, so that 
Swe 6, — T+ ; (3 
We now introduce the real series 
and the real product 
I Et Be pe pas) (5 


and prove a theorem on which our treatment of infinite products 
will rest: 


For A to converge it is necessary and sufficient that ® and R are 
convergent. When A is convergent, 


ie thee (6 
For A, = Gyig.*** Un 
= py +> pags +00) 
or A, = Ryei®. Ci 


If now #& and © are convergent, 
lim A, = lim R,, - lim e» 
or = Le, 
Hence A is convergent and its value is given by 6). 
Conversely, if A converges, 


R,, and e*® 


must obviously converge to finite values #0. Thus in the first 
place # is a convergent product. 

irs 

As e® converges to some number # 0, we can denote it by e**; 

we have therefore iin pre ae (8 


Now from this we cannot say at once that 
lim @, = T 


since C ethic eH ae 
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The relation 8) however shows that 


|e” — |< e . forall n > some m, 


or that ei? | 1 — ein P| <e. 


This requires that aside from multiples of 27, ©, shall = 1 
sete lim (0, —2k,7)= T k,, an integer. 


Thus 0, = 74+2k,7 + may Q 


and however small 7 > 0 is taken, 


\nn| <7 foralln >some m. (10 


From 9) we have 6, =, —®,_4 
= 2 T (Kn — Kn) + (Mn — Mn-1)> ql 
Now k = ky — ken_y 


is some integer or 0, while 
7! = mie 
is as small as we choose. Thus 11) shows that 


6,=k2r+7). 


Hence the value of |@,| is not far from |k|-27. But from 3) 
| Ge hesens 


To reconcile these two facts we must take & = 0, since |k| is 0 or 
a positive integer. From this it follows that all the £, in 9) after 
some &, are equal. Hence denoting the constant k, by « we have 


@,=7T+2«r4+7, n> 8. 
As n, = 0 by 10) we have, passing to the limit » =o in 9), 
lim ®, = 7+ 2 kerr. 


This shows that © is convergent. We have thus shown that when 
A is convergent, so are R and @. 
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130. The Associate Logarithmic Series. To study the conver- 
gence of the infinite product 


A=0, M+, «5 a, +0 Gl 
we introduce the series 
L = log a, + log ag + ++ Q 
where using the notation of 129 we take 
log a, = log p, + 7), (3 


that is, the principal branch of log a,. We call Z the associate 
logarithmic series. Let us prove the theorem : 


For A to converge it is necessary and sufficient that LD converges. 
When A is convergent, 


A= 6 (4 

In fact L,, = log p, + --- + log p, +260; + ++ +8,) 
= log #, +70, (9 
=log A, + 28,71 (6 


where s, is some undetermined integer. 
From 6) we have 7 
) ; A,ser. 


Thus, when JZ is convergent, A is convergent and its value is 
given by 4). 

Conversely, suppose that A converges. Then by 129 we know 
that R and © converge. Hence passing to the limit in 5) we 
Have Tee Ree (T 
and LZ is convergent. 


131. Absolute and Steady Convergence. 1. In analogy to series 
one would be tempted to say that A is absolutely convergent, if 


the product 
8 R= pypop3 °° 


formed of the absolute values of the factors of 
W=O,0,0,-" 5 Tp 9 el 


is convergent. This is not admissible, as the following example 


shows. Let 2 
HERES N ee (2 
1 
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The product formed of the absolute values of the factors is 
IF os iil o Ihe osc 


As R, = 1, we see that # converges and has the value 1. On the 
other hand, the product of the first m factors of 2) is 


A, = (— ie 

which has no limit asn=oo. Thus 2) is divergent. We could 
thus have divergent products which converge absolutely. Such a 
definition is therefore useless. 

We shall therefore say : 

The product 1) converges absolutely when the associate loga- 
rithmic series 

lee > lor a, (5 


is absolutely convergent. Hence if Z converges absolutely, L is 
a fortiort convergent and thus A converges by 130. 

From this it follows that when an infinite product converges 
absolutely, its convergence may be determined by considering the 
convergence of a positive term series, viz. the adjoint series 
of 5). 

For Z to converge, it is necessary that 

log. a,==0, 
As aes 


this requires that Pere a 


We have already seen in 129 that 
0, = Ue (5 


2. If the factors of an infinite product 
F=f,@-f@ (6 


are functions of 2 defined over a point set YM, we shall say that F 
converges steadily in AY when the associate logarithmic series 


converges steadily in YF. Beet: . 

Thus when LZ converges steadily, the factors f,(2) all differ from 
1 by an amount <e for x >some m. Thus if each f,(2) is one- 
valued and analytic in some circle § about the point z, L,,(z) will 
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be one-valued and analytic when Z converges steadily in &. 
Hence : 


Pej =f, (ef (e) (8 
ts a one-valued analytic function in ®, whose logarithmic derivative is 


nee) 
F (2) 


=i Ce). C 


132. 1. Hrample 1. Let us consider the analytic character of 
wi 22 
F= all(1 me =) fal 
1 


We shall prove in 136 that #'= sin z. 
Let ® be a circle of radius R described about z=0. We take 


the integer m so large that 
mim > R. 


Then for any z in & 
al lin >m. (2 


We consider now the co-product 


Pee (1-5) fe 


n=m+1 n 2qr2 


where m is now fixed. Obviously if #,, converges absolutely in &, 


so does Ff. 
The associate logarithmic series of 3) is 


As 2 2 2\2 
Z 2 Lf 2 
os log(1 i ai) pear? 2 ee) a 
we have \bn| <q t+ Gtr 
Yn 


=e 
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Now g, < Gm Sincen>m. Hence 


al 
or as m is fixed 1 
a 
1 — Om 
is a constant, and thus 
ck? 1 1 
WA eis Br i oe C 
at tL it 


Thus each term of the adjoint of 4) is < the corresponding 
term of the convergent series 
ore 
Thus Z,, is absolutely and steadily convergent in R. Hence by 
131, 2 the product 1) defines a one-valued analytic function of z for 
any 2. 


n2 


This function vanishes for 


g= 0, =o, == 277, <-- (5 


and for no other gz. For being convergent, the product 1) cannot 
vanish unless one of its factors vanishes. 
Each of the zeros 5) are simple. For we have 


H=(2—m7)G, 


where ee (e+ mm)I'(1— =) 


mqr2 A 


nT 


where the dash indicates that the index n does not take on the 
valuen=m. Now G, being a convergent product, does not vanish 
for z= mr7, since none of its factors vanishes at this point. 


2. Let us note that the foregoing reasoning establishes the 
theorem : 


The series = 22 
Los iee € a ) 


nq? 


converges absolutely for all values of z#nr. It converges steadily 
many connex not containing any of the points nr. 
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133. Hrample 2. The I function is defined, as we shall see, by 


where 2. (1 
ie 


is the Eulerian constant considered in 20, Ex. 4. 
We show that the infinite product in the denominator 


n 
is an analytic function of 2 which has 


2=—1, —2, —3, -:- 
as zeros of order 1. 


To this end we describe a circle ® of radius & about z=0. 


take the integer m so great that m > R. Then 


| | 
|Z | 

n=l—|<1 n>m 
|72| 


for any zin R. We now consider 


L,=> {log (1+2)—2}= 3) 


m+1 { n 


d 


(8 


(4 


(5 


which is the associated logarithmic series of the co-product F,, of 


Now 12 123 
l,=—-=— ‘Se ae 
In? =3n3 
g2 gq 
Yn Tn 
ia ul — In 
Hence [2 foe 
n ey ee 
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This shows, as in Ex. 1, that the series 5) converges steadily in &. 
Hence, as before, Fis an analytic function which has 4) as simple 
zeros. Thus the function I defined by 1) is a one-valued analytic 
function having z= 0, — 1, — 2, --- as simple poles. By 120, 3 
z = oo is an essentially singular point. 
134. Normal Form. 1. We have seen that if the infinite product 
A = Gy + Uy + Ag ++ 
is convergent, then ie 
It is natural, therefore, that many infinite products present them- 
selves in the form 
A=(1+6)0+8,)--- =Tid1 + 4,). qd 


We call this the normal form of an infinite product. Since we can 


always set a= 14 Gn. 1) Ieee, 


we can always reduce an infinite product to the normal form. 

We prove now : 

For the product 1) to converge absolutely, wt is necessary and suffi- 
cient that the series 
Bak bees (2 
is absolutely convergent. 


Suppose that A is absolutely convergent. Then the associate 
logarithmic series of 1) is absolutely convergent, that is, 


L= 2 | log’C 4 62) | = 2A,, 


is convergent. Thus A, = 0 and hence d,=0. Thus 


Onin! for nm > some m. 

Thus B2 B83 
log (Una), = 0 ee n>mM. 
yf oD 
Hence 4 
log(1 sok Ta en ea 

b,, (eo 28 ) 

Thus 
lim ie lim log A + 4) | = 1. (3 

Hence by 20, 2 a : 


is convergent, that is, 2) is absolutely convergent. 
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Conversely, suppose B converges absolutely ; then 4) is con- 
vergent. Then 3) holds once more and hence by 20, 2, 2 is con- 
vergent. But then by definition the product 1) is absolutely 
convergent. 


Definition. The series 2) is called the normal series of the 


product 1). 
2. From 1 we conclude that if 1) is absolutely convergent, the 


a Slog (1+ 8.) » Pr=|ba| G 
ts also absolutely convergent, and conversely. 


For when the product A converges absolutely, the series 8, 
converges. But this series and 5) converge simultaneously as 


By ee) 9) 


noo n 
3. In 151, 2 we have seen how the analytic nature of 
F@ = U7,.@ 
may be determined from that of the associate logarithmic series. 


Let us now show how it may be inferred from the analyticity of 
the normal series. We prove in fact : 


The product P=T(1 +f.) (6 
is a one-valued analytic function of z within a circle & about z = a, 
if the corresponding normal series 


F = 2f,(2) (7 


is steadily convergent in R and each f ,(z) is one-valued and analytic 
in &. 

For 7) being steadily convergent in &, each term f, is numeri- 
cally < some e, for any z in §, and the series &c, is convergent. 
Thus ¢, = 0, or e,<¢efor n>some m. Hence 

; lF2) P< € n>m 
for any z in &. 
We show now that the logarithmic series 
oO 
L= log 1+f,(2)) = 2n (8 


m+] 
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converges steadily in &. For 


ee 
= i 5 + ra 
abies, Walesa tel ses Pee ea oe 


Ss Jaa Lee cr coe 


Thus each term of 8) is numerically < the corresponding term of 
the convergent series Pi). 
Example 1. The product 


A=}.3.3.3-3 «= a,ga3 + é) 


is convergent. For consider the product 


VAS sed 7h es 
p=n(1-4)="—.3 iM alendl © 


n? 22 4° 6? 


=: DG-PG-D~ 


The normal series belonging to P is 


1 
ys 


As this converges, P is convergent. 


Now ee Pee 
2m+1 
Aon +1 = Vmt1 * Pm = Ses Pa. 
Thus IT Mareen So 
and A is convergent. 
Example 2. Q@) = +2) (10 


converges steadily in any circle & about z= 0 of radius R< 1. 
For the normal series corresponding to 10) is 


> 22", qi 
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But each term of 11) is < the corresponding term of 
> RB, 


which converges since R<1. Thus Q converges steadily in &. 
The proof also shows that 10) converges absolutely for any 
pep 1. 

The product 10) is the product 6) in 127, g being replaced by 
z. The function Q(z) is thus an elliptic modular function. It is 
a most extraordinary function, since every point on a unit circle € 
about z = 0 is an essentially singular point. It admits therefore 
no analytic continuation outside ©. Here then is an analytic 
function whose domain of definition, instead of being the whole 
z-plane, certain isolated points excepted, as is the case with all the 
elementary functions, is the interior of ©. 


135. Arithmetic Operations. 1. Let us now see whether the 
usual transformations of finite products hold for infinite products. 
We have in the first place: 


Let ee Re 
be convergent. Then the products 


C= iis 5 D= I" (no 6, =0 in D) 


are convergent and GAP pe A 
; B 
Moreover if A, B converge absolutely, so do Cand D. 


n 


For (A Re 


Hence letting n =» we have 


lim C, = lim A, - lim B, = AB, etc. 


To show that ( is absolutely convergent when A and B are, we 


oe nai a aL Aaa (Olay: 


Since A and B converge absolutely, 


Slog (leew), 20g (1 + 8,) 
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converge absolutely by 154, 2. Hence 
Silog (1+«,) + log (14+ 8,)} =Zlog d +a,)(1+ B,) 
is convergent. Hence C’is absolutely convergent. 
In the same way we may reason on D. 
2. An absolutely convergent product is commutative. 
For let telah 
be absolutely convergent. Then 
i= > log a, 
is absolutely convergent. As by 180, 
ee 
and as we may permute the terms of Z without changing its value, 


we may do the same with the factors of A. 


3. A convergent infinite product is associative, that is, we may 
insert parentheses at pleasure. 


For let ieee byl lly + 


be convergent. Let us consider 


B = (a, “ee Bn, ) (Oma4 wie aa) iy 


= b, : by net 
Now Bi = by, = y= a, «2 Im = Ane 
As N=O , eal = A, 
hence lim B, = A. 
n= 


Lxample. The following infinite products occur in the elliptic 
functions 3 
Ot Cg) 
Q> a Ie. 4+ gar ) n= ile 2, see 
Qs = TL 7 oe: 
They are obviously absolutely convergent for |qg|<1. As an 
exercise, let us prove an important relation which we shall need 


later, viz.: BOO at fal 
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For 3 : 
P= nea a gy als Jitameo all as gen?) 


= TLC + gy ae) a) ; by on 


Now all integers of the type 2m are of the form 4 — 2 or 4n. 
Hence 


1 —_ g”") = Tad ne gyda = gq) = (Na — ie Mee = G 


mS Il¢1 — gq?) 
or WE ge eer 
| 1nk@l PS; gq") 
Thus Pr eG ae) ee. 
of =, gq 1—g* 


Circular Functions 


136. The Sine and Cosine Products. 1. Let us show how sinz 
may be developed in an infinite product. This product is useful 
in various transformations and gives rise to many useful relations. 
We wish to show that 


af 

= © 

sine = all(1- 5) Rs es oc al 
(aa Le 


We begin by showing that 1) holds for real x lying in the interval 


T=) . Ocme veo: 
a, 0) 5 


it will then be easy to show that it holds for complex z. 
In 6 we saw that sin naz is a polynomial of degree nm in sin x 
when n is odd, or 
sin Nx = a, sin” x + ay sin” 1z7-+4 --- +4, Sin @. 
If we set t =sin 2, (2 
his gives |: . 2 
sae sin nz = F(t) = at” + at? 14+ +. + a,b (3 


There is no constant term here, since when t= 0, # = 0 also. 
Now F, considered as a function of t, has n roots. On the other 
hand, considered as a function of 2, it vanishes when 


sin nz = 0, 
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that is, when 


UT Ui tt — WU 
463 — 0) 5 =r a > aie @ — ; eee Se ire 
n n : 2 n 
Putting these values in 2), we see that # = 0 when 
. 7 . T 1S 
t=0 , t+sin— , +sin2-— , -- +sin 
n nN “ 
Thus . 1 . 7 
F(t) =a,t| ¢ — sin—}{ ¢ + sin—}-.- 
: n n 
. oo A= Il 
= at(e — sin? =) ve (? — sin? . 
n 2 
Dividing through by 
eure ce T ’ = 
gin? gin? Oa eee gin 1 
n n n n 
and denoting the new constant by C, we get 
in2 ie 
, ‘ sin? a s 
sin ne = CO sin «| 1 — ——— ihe sled 
: Tv . = 
sin? — epee git 
nN n 


To find C we have from 5) 


313 


Let now x = 0, the last relation gives n = C which in 5) gives, on 


: a 

replacing # by—, 
oY a5) poyett i 

sin z = nsin—= P(a, n) 
n 


where 


: zv 
sin? = 
n 
P(e, n) = Il i= ; pes Lie. 
- oo fT 
sin? — 


n 


(6 
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Asn =o we have . 
sin= 
wee Ore 
Wns = ss 
n a 


n 
Algo sin?” 
n , 


a Ts ee 
. 1 ay ee 1 ET 
sin? — 
n 


It seems likely, therefore, that on letting n = o in 6) and 7) we 
shall get 1) for values of x lying in &. To prove this let us set 


Fe) a 
: | sin? = 
ECe ) = lor Pe, nm) = 2 log 11 = Z ae ue @ 
= sin? 77 2 
n 
L(z) = log P(2) = 2 log (1 - =). ely 
1 Tad 


We then have .. ; j 
lua PG, 2) = lim ee” = ee = P, 
Y { ——s o) 


n=20 


Dreineg Fadia ren a 


Thus we need only to prove 11), which we easily do as follows. 
Let us denote the sum of the first m terms of 9) by L,,(2, m) and 
the rest of the sum by Z,,(z, n). Then from 


Ika, n)= L,,(#, 2) + RACY 
L (2) = L,,(2) + L(x), 


we have 


| L (a, n)—L(a)| < | L(x, 2) — Ln (2)|+|Ln(2, 2)}+| Ln (x)|. 2 


Now for 0<2<3, 


we have ee 
3 <a SUNT <a 7 


a 
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Thus for all y > some m, and for any x in Y, 


AD: 7 
(eee si Zi), (13 
1 Oke pe 


Also for (epee 


we have, by the law of the mean, 
0< —log(1— «)< —log(l—8)<8+ G6, Gsome constant. (14 


Thus 13), 14) give for any value of 


we io a) il io 2) il € 
0<|\L,@, ml < zat Gas 
m+ m+ 


if m is taken sufficiently large. 
Also by 182 on taking m still larger if necessary, 


| LCe)| < =. 
83 
Finally if m is > some v 
Vlg Uae OB Nhe = 
Thus 12) gives 
| L(x, n)— L(2)| Le + = + £ =€ hw 
oO 2) (3) 
which establishes 11). 
Thus 1) holds for zg in Y%. To extend it to all values of 2 we 
need only to observe that the right side of 1) is an analytic func- 


tion of z,as we saw in 132. Thus by the principle of analytic 
continuation 1) holds for any complex z. 


2, Let us show that sing has the period 27 by using the prod- 


uct 1). From 1) we have 


sing = lim Q,(@2) (15 
n=o 
where 
; mo2g+ mir 
Q,(2)=2 II SoBLU , m=0 excluded. 
m=—n WIT 
Thus 


: is as N = 
oF 5 as TL = e 
Qn(2) 2— nt 


INFINITE PRODUCTS 985 
Hence 


lim Q@,(@+ 7)=-— lim Q,(z). 
Thus 15) gives 


sin (2+ 7)=— sing. 


Thus 27 is a period of sin z. 


3. From the product expression 1) we may derive 


20 nie 
cosz = HI (1 — an es) (16 
1 (2n — 1)? 

For from ht Oe 
sin22= 2sinzcos2 
we have 


42 4 22 ) 
Die Ee ole | yee eS 
2 (1 2 el (2m — 1)? 


g2 
n=) 
2 
ie .) 
es n( m7 U (1 4 2 ) 


~ (2m —1)?x? 


which gives 16) at once. 


137. Infinite Series for tan z, cosec z, etc. 1. From 1386, 1), 16) 
we have 


log sinz=logze+ log € = =) aL 
log cosz= Slog eae) (2 
1 
Differentiating these, we get 
cota= +2 aaa G 


tan 2= 2, ie Es (4 
or A are — 22 
”) 
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valid for all z for which tan z, cot z are defined, that is for all z 


which do not cause a denominator to vanish. 


The relations 3), 4) exhibit cot.z, tan z as a series of rational 
functions whose poles are precisely the poles of the given func- 
tions. They are analogous to the representation of a rational 


function as the sum of partial fractions as shown in 122, 4. 


2. As an exercise let us show the periodicity of cot z from 3). 


We have n 1 


cot 2= lim £(4) = lm , sEmT. 
n=0 ' N=) eal mt TUT 


Now 1 1 
ius =e — . 
ea, Ee ee 2— nT 


Letting n = oo we get 
lim". (24-7) = lim G2), 
ot cot (+ 7)= cot 2, 


and thus cot 2 admits the period 7. 


138. Infinite Series for sec z, cosec z. 1. From the relation 


cosec 2 = tan 4 2+ cotz 


we have, using 3), 4) of 137 


3 
2 a 
= i + >» 4 iS 7) és 
& (2n—1)*7*— # n2qr2 — 22 


2. To get sec 2 we use the relation 


wT. 
cosec ( om 2) = SCC &. 


~ 


From 1) we have 


cosec z= 


2 | 


pea S| E t |. 
Caw 


ie — Ven 70TT 1-8 


qd 
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cosee( > — 2\=——+S(- 1) eee ee Ps ik =e 
2 so, aek 7 T Py 
z & lee nova Tle 


a 


~ 


Let us regroup the terms of S, forming the series 


ierl 
ue ae ee 
Se ay eee 
2 z ge cn | 
A 1 
: [S.— Th] = 75 7 =0asn=o, 
sea T+2 


we see that 7’ is convergent and = S. Thus 
(2n—1)7 

2n—1\? ; 
( ) hy 


Oy 
= 


sce 2 — S (—1)™"1 
> 


valid for all z for which sec z is defined. 


139. Development of log sinz, tanz, etc, in Power Series. 
1. From 137, 1) we have 


oom z = Slo g(1- ae =) ei 


2 its limiting value 1 as z= 0, the rela- 


If we agree to give 


z 
tion 1) holds for |z| <7. For such z 


2 abe 1 2 
v4 Zz Zz 
log 1 2 :) Dave D) 9,4 a7 
; MT NT VA | Dill | 


Hence ioe Be On ee! 28 
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provided we sum this double series by rows. As this series has 
all its terms positive for a real positive value of 2< 7, say forz=7, 
and as this series summed by rows is convergent, since the relation 
2) holds for this 7, we may sum 2) by columns for all |z|< 7, by 


42, 2, 3. 
Doing this, we get 


. 2 4 6 
sin 2 zZ il zZ iba 
= low = H,~.+-=H,—+=H,—=4+:-. |2| <7, 
ts) 29 ie endl By en (5 
4 Iie ve, TT (3) 7 
where as usual 1 1 il 
AL =—+—4—4.. 
1” on Br 


2. In a similar manner we find 


Dee Ne Oe ee Te eae 7 7 
— log cos = G, 2 tg Ta mae Orne la 
where 1 il 1 
GG, ==] 4 SS 
Je 307 Bat 
We observe that 
Vio) ms 
GP es, 


This in 5) gives 


Bee Al ened ee : 2 
5 2 = (94 es 
— log cosz = (22-1), gt 5@ ewe reset H+: 


valid for |2| <i. 


If we differentiate 3) and 6), we get 
o 8 od 
= 08 So ro4 2 (96 2 
tan 2= 2(2 +2 bear le te tt ar em 
valid for |z|<7. 
‘Leen Bio. 28 zg 
cotz=—— 2 H,—— 2 H,— —2 H,~— 
: ort 76 


2 7? 
valid for 0<|2| <7. 


(3 


(4 


(5 


(6 


Ci 


(8 
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3. Comparing 7) with the development of tan z given in 116, 
4), we get 


if 2 2 a2 D m2 
Re eed hae ee a Ny ae 


ga" 32 bs.6) ak oy 
i Pera} os ao A lira 98 a4 
OEE eel ee re ee i a 
era pe 2 ap 6 
Lek qr 1 25 a8 25 a6 
gf =1 = — = = = us 
Se Ret 945 42 6! 6! 
ete. Here 
M=¢ > Bes > Bee > T=; T= 06 
In general we may set 
92n—-1 77 2n 
Hy, = (2 ny! 2n—-1 (0 
Then 7) gives 
9292 9494 ° 26. 
ete hl poy Ee) pe oe = 
valid for \z| <i: 
From 8) and 10) we get 
1 we Qe 
OL f= — > eet, 12 
z ye n)! ( 


The numbers 7;, Z, --- are called the Bernoullian numbers. 


140. Weierstrass’ Factor Theorem. 1. We have seen in 136 
how the integral transcendental functions sinz, cosz may be 
developed as infinite products whose factors vanish at the zeros of 
these functions. Weierstrass by generalizing these developments 
arrived at the following theorem of great theoretical value : 


Let the one-valued integral transcendental function F(z) have ay, 
Ay, +++ as zeros which we suppose arranged so that |a,.,| = |4,|=% 
as n= 0, an m-tuple zero being repeated m times, and the a's 
being #0. Then 

o CN AE Ne ee EAN G 
. F(2)=eMHI(1 = 2) ano ee a 
1 nr 


where Tis an undetermined integral function. 
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Before proving this theorem we wish to make a few explana- 
tory remarks. We note that corresponding to each zero a, there 


: ria ° : ro : 5 

is a factor 1—— in 1) which vanishes at this point. Since the 
n 

exponential function never vanishes, the right side of 1) will not 


vanish except one of the factors vanishes, provided the product 
on the right of 1) is convergent. 
The infinite product 
n(1—=) Q 


An, 
1 
T(z)’ 


we saw in 138, are 0, —1, — 2,---. The product corresponding 
to 2) is here 
all (1 +2), 
n 


This does not converge, since 


= log (a F *) 
n 
is divergent. 


To make the product 2) converge, Weierstrass has added the 


factor 
fal Lf ESN te 
ean An? 


will not converge in general. For example, the zeros of as 


This introduces no zero into the product, but does make it con- 
verge, as we shall see. 
= 
Finally the factor ote) 
has to be added, since, however the integral function 7’is chosen, 
the resulting function 1) has the assigned zeros a,. 


2. To prove 1) we begin by showing that 


G@)= Il (1 = = Vea ACY - 
an al, 


is an integral transcendental function which vanishes only at the a,. 
For take z large at pleasure and fix it. About the origin we 
describe a circle ® of radius R including z. We next take m so 


large that 
bn = | Am | Sl. 
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Let H(z) denote the product 8) after deleting the first m factors, 
that is, the product 3) when n takes on the values 


ie NG 77S OR Sc 


We now show that the corresponding logarithmic series 


AOS {log(1- 4) 42 i » +2(2)'| 231, (4 


n=m-+1 a Ay 


converges steadily in ®. For 


z 41/2 ee 
we(t— 8) [21H + +) 
og ( ay an 2\a 3 An, ss 


If we set 
we se fs ae Same oes Se, hy eae # = p<1, 
we have fe & 1 (Ey + il Ey + 
—n+i1 a n+ 2 a, 
: ntl ] 2 
<(2Y" {142 4(2)4 
an om am 
<i l peep ee) 
or p” 
An 
oe 


Thus each term of the adjoint of 4) is < the corresponding 
term of the geometric series 
fr 
Pm41 
for any zin 8. Thus H converges steadily in & and is, by 131, 2, 
an analytic function of z which vanishes only when one of its 
factors vanishes. 

Returning now to 3), we see this differs from H only by m 
factors which are analytic and vanish only at aj, a, +++ a, respec- 
tively. 

3. The function G(z) defined by 3) is an integral function 
which has the same zeros as F(z). Let us find the most general 
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integral function @(z) which has these zeros; we shall see that it 
will have the form given in 1). For the quotient 


$@) _ 5 
G(2) ¢ ( 


has no singular points in the finite part of the plane and does not 
vanish for any z. Thus by 118, 10, log @ is one-valued and has no 
singular points in the finite part of the plane. Hence 


T(3)=log@ 


is an integral function of gz. This with 5) gives 
$(2) =e? AZ), 


which is therefore the most general expression of a one-valued in- 
tegral function having the assigned zeros a,. 


4, The exponent in the nth factor in 1) is a polynomial of degree 
n, and this ” increases indefinitely. Weierstrass has shown that : 


When the zeros a, are such that 


1 


‘DP 
an 


en as | (6 


converges, we may replace the exponential factor in 1) by 


ie 2 2 zg pd 
ean a = + Byers ae 1 = 
2\a p—l\a, 


where the polynomial is of fixed degree p—1. 


To establish this we need only to show that the corresponding 
logarithmic series 


ao 


Le {log(1— =) LA raee 2 35 
@=> jlog ess a - h ( 


n=m+1 


converges steadily in ®. 
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This is indeed so, for here 


af Pp il C pt1 
AL 
Hes ) ane de (2) : 


Hence 1 Pe 


Om 


Each term of the adjoint of 7) is thus < the corresponding term 
of the convergent series 
oy lt 
a? 
for any zin 8. Thus 7) converges steadily in &. 
5. Let us apply Weierstrass’ theorem to the sine function. Here 


we set 3 
G&=T , &=—T , 427 , &=—2T 


<1 1 
a 


which converges forp >1. Thus 


The series 6) becomes here 5 


TP 


sin a= ve" 11(1 — = lene nmn=+1, +2,... | (8 
ni 
2 
= pert n(1- =) (9 


Thus Weierstrass’ theorem enables us to write down the product 
expression at once aside from the unknown exponential 7. The 
determination of 7’ is attended with grave difficulties. To avoid 
this, we have developed sin z in 1386 by another method. 


6. From Weierstrass’ theorem 1 we may write down the most 
general rational transcendental function with assigned zeros 


And gn er (10 
ssigned poles 
and assigned poles b, qd 


where a zero (pole) of order m is repeated m times. 
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Let us suppose that the points 10), 11) are arranged as the a, 
im 1s Liven 


F@)= (1 z 2 Vir sh i 
a 


and 2 zn 

G@=m(1 — 2 Nein 0G (13 

will vanish at the points 10), 11), respectively, and nowhere else. 
Their quotient oe Fe) 
G(z) 

will thus have the assigned zeros and poles. Let A(z) be the 


most general one-valued analytic function having these zeros and 
poles. Then 


behaves as the quotient in 5). We have therefore as before 
Oe. 
Hence the most general function of the kind sought is 


aH (2) 
Me) — Ane 14 
i G(2) C 


where 7’is an integral function. 


7. Let us note that the zeros 10) and the poles 11) of a rational 
transcendental function considered in 6 must both +o, on being 
properly arranged. 

For if in 10), for example, we could pick out a sequence 


a, » @ } @, -- which = some point a, 
this point would be an essentially singular point of our function A. 
Thus A having an essentially singular point in the finite part of 
the plane is not a rational transcendental function by the defini- 
tion in 1238, 4. 


CHAPTER IX 
THE B AND T FUNCTIONS. ASYMPTOTIC EXPANSIONS 


141. Introduction. 1. In advanced integral calculus one treats 
of two functions called the Beta and Gamma functions which are 
defined by the definite integrals 


Be. gs) — fred ride = SERS 5 ESO (Gl 


mF Jo (l+u)*t9 
ceo [ e“urtdu , 2>0. (2 
e/() 


These functions enter many parts of mathematics and on account 
of their great importance we shall devote a short chapter to their 
more important properties. The B and I functions are not 
independent functions; in fact, as is shown in the calculus, and 
as we shall see in the next §, 


T(r) (y) 


Bia 7 \= 
oD Ta+y) 


a. (3 
Thus of the two functions we shall devote most of our attention 
to the I’ function, which is a function of a single variable, whereas 
B is a function of two variables. 

Instead of employing the definition of the B and I function as 
a definite integral, we can define the I’ function as an infinite 
product 


— Cx 


e 
ni(1 a Ze 
n 
where ( = .5772157 .-- is Euler’s constant. We shall see directly 
that the integral 2) and the product 4) have the same values for 


z>0. For the function theory, however, the product definition 
295 


Gi = m = 1, 2, (4 


on 
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4) is vastly to be preferred. In fact, if we allow the variable x to 
take on complex values, the right side of 4) defines, as we saw in 
138, an analytic function of z for the whole ’z-plane except at the 
points z=0, —1, —2--- where it has poles of the first order. 
We may thus regard this function as giving the analytic continu- 
ation of an analytic function which for real « > 0 has values given 
by the integral 2). 

Instead of the integral definition 1) of the B function we may 
now take 3) as a definition where [' is now defined by 4), the 
variables 2, y being now of course complex. 

From these product definitions of the B and I functions many 
of their properties follow very simply, as we shall show. If we 
prefer, however, to start with the definitions 1), 2) it is merely to 
preserve the continuity of the reader’s knowledge. The justifica- 
tion of the steps we shall take in dealing with the integrals 1), 2 
in the next two articles we must leave to the reader for lack of 
space. 


2. The integrals 1), 2) may be given other forms on changing 
the variable. Thus in 1) let us set 


w= 
1l—v 
We get 
e Ba, y) = fd —v)¥Tdv. (5 
0 
If we set here eee 
1 
we get BG, w= f wy 1 —w)tIdu. (6 
7/7 () 
In 5) let us set Serra A 
we get u 
Baa) =2 i. sin? @ cos*-1 @dé. (7 
J 0 
Finally, if we set a} 
ues log = 


in 2), we get 5 : 
LG) = i logea(~ av & 
v7) 
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142. B(x, y) expressed in I Functions. We wish to establish the 
relation 3) of the last §, the variables being real. If in 141, 2 we 
replace u by au, we get 

1 
Pe) 


1 — 
ar 


i! eyzldy , x2>Q0. él 
0 
From this follows that 


1 e3 1 ig 
(+v)7" Tw+y)./o 


e (1+) uyrztyldy. 


Hence by 141, 1 


“= oF de 1 2 ES 
B ; = | v E< i d f aty—1,,2—1 —(1+) ug) : 
(2 y) de e! ue yp jzty T(x+ Ye Vv 4 U Vv é U 


or inverting the order of integration, 


= onl wetende [ ‘ye ledy, (2 
P@t+yJo 0 


In the v integral let us set w =w ; it becomes 
ao 
= i we te “"dw=u “I'(@). 
0 


Thus 2) becomes 


T(z) cs == 
B - ————————— ¥ ud 
ay Piet+y)Jo es > 
rar  , 
oe ee a > 0) 3 
N@t+y) : : 


which establishes 141, 3. 


143. I(x) expressed as a Product. From the calculus we know 
that ? 
a= lim (1 = “) 
n=x0 Nn 


Putting this in 141, 2) gives 


T(z) =lim Ip "ur (1— 2) du 
n=o 0 1 
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Setting wu = nv, this gives 
al 
T(z) =limn?f (s—v)"0 Td. é! 
n= 0 ; * 


Integrating by parts, we get 
— vy" lyz-ldy 


1 
i Cy rsd 
4 s 
sets Ir (1 —v)”"*vrIdv 


“Fan Eten, 


n fee ih fr Ef 
= : : v> dy 
r+n pe ele eis 


Dare) ees il ye 
z+n ae+1 @ 


We may thus write 1) 


DG tae 1 . Pema) = 
n=0t (@+1)(4+2)+-@+tn—1) 
Now 


OF Be al n if NG: 
2 r , tae 1 1 z 
0 G 2° 3 —\- ( +5) He G+—/. 


Also \/ 
pie een if ae 5) (4 ‘ ) 
I Ch) a sa ruse) 


Putting these in 2) gives 


oe Oe @ 


(3 


xlog (+2) =e 
Me n 


ca 
nN 


202 D-B 


a 
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Thus 


(4 


where a (1 1 
c= {2-1 g(1 *) 
Re Bi n (2 


is Euler’s constant. 


144. Properties of T(z). In the foregoing articles we have 
seen that the B and [ functions may be expressed as infinite 
products, the variables being real and positive. We propose now 
to start afresh and define these functions for complex values by 
these same products. Thus we say 

ee 
D(z) = ——_—____,, % = 152, -.. Gl 
2 @ + Ze 


NL 


where Cis Euler’s constant 


— (1 1 
Ga + —log(1 ~)} = BTTQIST «.. 2 
> n 7 Aes n ( 
and , Tq) 
B ) _— ee ey 3 
oo (w+) ( 


Then the foregoing shows that these functions reduce to the B 
and T functions of the caleulus when the variables are real 
and > 0. 

From the definition 1) we may obtain two other expressions on 
using the transformations employed in 143, viz. : 


ae: 1-2... (n—1) 
Tr =i) ‘Poa il = - . n* 4 
(2) =lim G,(2) pe ee 2) CA 1) : 


due to Gauss, and 1\ 
1 @ i 7 
a 12s (5 
z 142 
n 


ee Nike 
where in 4), 5) we take that determination of n? and (142) 
which is real and positive for z= 1. 
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The expression 1) shows, as already seen in 133, that: 

1° [(2) és a one-valued analytic function, of 2% whose domain of 
definition is the whole z-plane except the points z= 0, —1, —2, -- 
which are poles of the first order. The point 2= x» ts an essentially 
singular point. 

Since the factors in 4) are positive for z real and positive, we 
have : 


2° T(z) is real and positive for 2 real and positive. 


A very characteristic property of I is: 
3° Die lyael Ce). (6 


For using the product G,(2) in 4) we have 


: 2G,(2) v7 
G,(2+1 a BE ae 
(ace 1) on Ci 
As 1; NB 
im =i 
n=0 N+ Z 


we get 6) on letting m = 0. 
By repeated applications of 6) we get 
Te+n)=2(24+1)-- @+n—-1TQ). (8 
From 5) we have ged ak ¢9 
Let us set 2= 1 in 8), we get 
Tm+1)=1.2-3.-n=n! (10 


This relation gave rise to the T function. In fact Euler proposed 
to himself the problem : 

Determine a continuous function which when z is an integer 
2=n shall have the value 1-2.3.+--n=n! The relation 141, 2 
shows that such a function is 


Lia f e“u*du = T(@+1). Cit 
eI 


The relation between TI and H may be extended to complex values 


by defining II(z) by II(z)=T(z+1). (2 
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The functions II and [are of course essentially the same function. 
The IT notation was used by Gauss, the I notation by Legendre. 
Both notations are currently used to-day. The fact that 
II(n) =n! instead of [(1 +n) will often make it convenient to 
use IT instead of T. 

Another important relation is : 

4° 7 


ra)ra—z2)= 


sin ws. 
For 
ee 
- ee 
12 22 (n—1)? 
os lim =k. 
n= nN — Z 
we have, letting n=, 
Te ee ee 
all(1 _ ) sin 72 
n 


by 136, 1). 
In the calculus the relation 13) is established by using the 


formula 
{h uzldu Be Nal (4 
9 1l+u sln 17x 


whose proof is not simple. 
If we set z= 4 in 13), we get 


I%(4) = 


or TQ@)= +Vz. (15 


The + sign of the radical must be taken by 2°. 
From 8) and 15) we get 


5° 


By reg i aels 


of eee ; 
ra+h ear, (16 


%) 
a 


Since the exponential function vanishes for no value of 2, the 
expression 1) enables us to state: 


6° The TV function vanishes for no value of 2. 
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145. Expression for log I'(z) and its Derivatives. From 144, 1) 


we have ay \) 
Se eee ine eae 1 
Egy Noe UG) Oa ie log(1+2)} ( 


Differentiating, we get 


LZ ee ae 0 ee 2 
a is E@) as een | ( 
De eee | 3 
x oP a ee eae ( 
In general we find 
~~ | 
DO Gy (=n DS le (4 
aa ae th = Lym 
Thus als; a a. (5 


L™ (1) =(—1)"m=1) 1S = (= 1) "(m= 1)! Hr (6 


146. Development of log I'(z) in a Power Series. We saw in 
144, 6° that I'(¢) has no zeros, thus log ['(z) is a one-valued 
analytic function about z=1, whose nearest singular point is z=0. 
Thus Taylor’s development is valid, and we have 


ay 


ley = Le +10) + SED" 1') + 


Replacing z—1 by z and using 145, this gives 


log PA +2)=— +>" ae Pepe a 


n=2 


Legendre has shown how we can make the series 1) converge 
more rapidly. We have 


log(1+2)=z2—-— Yep eh eae 
2 
This when added to and subtracted from 1) gives 


log P(1+2)=— log 1+2)+(1—C)z > l= ye. 
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Changing here z into —z gives 


le ECD a) Slee (a) C1 Ose > (7, —1)" 


n 


Subtracting this from the foregoing gives 
log P(1 +2) — log M(1 — 2) = — log 42 te a Of ab earene 


2n+1 


Boy 
“= 


2n+1 
From 144, 15) we have 
log Td +2) + log Td —2)= log 


sin wz 
This in the preceding relation gives 


1 
fey) Tz 


log TaUL+ 2) =(1—C)2—F log log = 
i sin 12 
> CH 1 gant) 9 


valid for |z| < 1. 
This series converges rapidly for 0 
to compute log ['(z) in the interval 1 


< : 3 and thus enables us 
<a<3 

147. Graph of (I')x for Real x. By virtue of 144, 8) the value of 
I(x) for any positive z is known when its value is known for 
values of z in the interval (0,1). By virtue of 144, 13) the value 
of I is known for z < 0 when it is known for x>0. This rela- 
tion also shows that the value of [ is known in (0, 1) if it is 
known either in (0, 4) or indeed in any interval of length $. 
Gauss has given a table of log II(xv) for 0<a# <1 calculated to 
20 decimals. This gives us the value of log T(z) for l<a<2. 
A four-place table is given in the Tables of B. O. Peirce * for 
ee 

Since ['(1) = I'\(2), the curve has a minimum between a= 1 and 
2=2. This point is found to be 


x2 =1.461638 ... 


* See reference, p. 91. 
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From 145, 4) we see that 
DG) > 0m, tora): 


Hence the graph of ['(2) is concave for «> 9. 


The adjoining figure will give the reader an idea of the graph 
for realz. The vertical lines s=n, n=0, —1, — 2--- are asymp- 
totes to the curve, and the maxima and minima of the curve lie 
on opposite sides of the z-axis. The distance of the elbows from 
the x-axis increases as we go to the left. 


148. The I Integral for Complex z. 1. For real x>0, we have 
Te)= | Cate = el 
/0 


as stated in 141, 2). Let us consider the integral 


G(2)= eo wdu, (2 


where ia = | ee, 


We have wo = ywlyiy = ytleivlosu 


=u" Ti cos (y log u) + ¢sin (y log wy}. 
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Thus 


a io} 
G= if e“u™ cos(y log w)du + if e“u* sin (y log w)du 
e 0 v0 
=H+ik. 


Now Hand K are convergent since x >0, hence the integral 2) is 
convergent for all z for which a> 0. 


2. Let us show that G@(2) is an analytic function of g. To this 
end we use 86,1). Now 


ZL e “u-lu® log wu cos (y log w)du = ese 

Ox e/ I : dy 

Le =if ée “u*1 sin (y log uw) - log udu = — = 
ay 0 Ox 


As these derivatives are also continuous functions of 2, y for 
x >0, we see that G@ is an analytic function of 2 for all z lying to 
the right of the imaginary axis. 

Since G(z) as defined by the integral 2) and ['(z) as defined 
by an infinite product 144, 1), are analytic functions which have 
the same values along the positive half of the real axis, they also 
have the same values for any z= x-+ ty for which 2 > 0. 


149. I\(z) expressed as a Loop Integral. 1. In the foregoing 
article we have expressed the I’ function as an integral which 
converges for all z=2+2y for which e>0. Let us now show 
that it may be defined as a loop integral which is valid for all 
values of z for which ['(z) is defined, that is, for all 740, — 1, 
oe 

To this end let us consider the integral 


G(z) = few, (1 
ek 
the path of integration being the eS L 
loop Z extending to o as in Fig. 1. 4 = > 
t F at 
Le u=re® , 0<GS27. Fic. 1. 


As value of u71, we take 


yz) = oD logu — p(@—l)flogr+i9} 
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The integral 1) is thus defined for all values of 2 and is a one- 
valued analytic function of z by 104, since its derivative 


ae =p e “wu? log udu : 


is a continuous function of 2. 


2. We now show that 


GG@y=(e™ 1) NC): CG 
To this end we need only a 
prove 2) for g=a>0, by vir- 6/ __& Z co 
u=O Y 


tue of the principle of analytic 
continuation, 113. Let us re- 
place the loop Z by the loop as in Fig. 2. The radius 7 of the 
circle «By converges to 0. Thus 


Hoe (aj) oil oj - (3 


Now on the segment (0, «), 6 = 0, hence 


Fig. 2, 


i eur dus — Va) ag 7 == 0. 
On the segment (y,0), 6=2a. For when w passes over the 
circle «By, ¢ increases from 0 to 2a. Thus u*! has on the seg- 
ment (y, 0) the value 


eft 1)ilog r+2ni} = ut-1 2 e27t(r—1) | 


Thus & ~ 
at eu? Idu = e2 a) 6 td ee) 
. ¥ Os 
as r= (0. 
Finally 
= irels—Dlogr f e “etd dh, 
ef” apy v aBy 
Hence 


=_ r™ 


i 


aor ; 
| e “edd | 
0 


S27 es 


=0,asr=0. 
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Thus passing to the limit 7 =0 in 3) we get 2) for real x>0. 
But as the two sides of 2) are analytic functions of z and as the 
relation 2) holds for real 2 > 0, it holds for every z. 


8. Let us show that 


7) y pTIz 
G(2)= fe wy ldy =e + 
( : L el a Z) C 
For 2) may be written . 
G = ev ou ee wiz if 
‘ 27 (2) 
= 2te™ sin srz+ T(z), by 58, 8). (5 
But by 144, 13) 
sin wz- T(z2)= Tan 


This in 5) gives 4). 

Since e*” is an integral transcendental function having no zeros, 
and since (1 —z) has poles of the first order A ee hoe oe 
and no other singular points, we see that the function G() defined 
by 2) is an integral transcendental function whose zeros are 2 = 1, 
2,5, --- each of order 1. From the standpoint of the function 
theory, the G function is simpler than the I’ function. 


150. The B Function as a Double Loop Integral. 1. In a similar 
manner we can show that 


if. 11 —2)Idz =—(1— 21 — Bu, »), = 
L 


where Basen) = T(u)P(v) 


; 2 
T(u + v) ( 


u, v being any complex numbers for which the quotient on the 
right of 2) is defined. The path of integration Z is so chosen 
that the many-valued integrand in 1) 
returns at the end of the circuit to its 
original value. Such a path is 


= Thi 
where J,, 7, are loops about z= 0,z=1 


in the positive direction as in Fig. 1. 
It is easy to see that Z may be replaced 


Fia. 1. 
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by the loop % in Fig. 2, without Se 
changing the value of the inte- Ly ee 
gral 1). The loop % is a double Nes 
loop. 
Finally we must specify which 
of the many values of es 
pi I GN zye-t = g(r} log (1-2), 


we start with at the pointz=c. We take 


loge=logr+ie , log —e)=logs + i, 


as indicated in Fig. 1. The values of 
logz=logp +20 , log(l—2z)= loge +4 ig, 


at any point of Z depend only on @ and 4¢, since log p, logo are 
the arithmetical logarithms of the positive real numbers p, 

To prove 1) we shall first show that 1) is true when uw = a, 
v= y are real and positive. Then reasoning as in 114, 6 we see 
that 1) holds for complex values of w and v. 


2. Let now 2 run over the loop 7). When 2 first reaches a, 
6 = «a; on reaching a after the circuit about z = 0, the value of @ 
is a+2. Thus when zg returns to g=e, the value of @ is 
a+ 2. On the other hand, the value of ¢ is unchanged. 

Similarly when 2 passes over the loop J,, the value of @ is un- 
changed, while @ goes over into 8 + 2 7, etc. 

We may thus write 


{= foamy Rearas Goes IO anes w, B+27) 


+ (a Boa 2a) G 
Ji? 
where the numbers in the parentheses indicate the values of 6, 
at the beginning of the corresponding circuit. 


AS 


e(x-1) {log ptiat2ni} — e(x—lllog ptia} @ 2rix, 
we see that 


Kc +27, 8)= a (a, By. 
4 
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Similarly 
(a + 27, B 2 T) = eX prriy | (a, B), 
Le wines 
(@B+2r)=e f(a, 8). 


e t+ e it 


Now 


° i) ec c 
(a, 8) = | + eis | = (ere Oy ie 
vl 0 


Se e/() 


since the integral over the little circle about z = 0 is 0. 


Similarly, : 
f@@=a-e [% 
4 e770) 


(a, B) = (et df 
ia 0 


? @1 
(0, B) _ el LZ aM) 3 
e ea c 


Putting these values in 3) we get 1) for real positive wu, v. 


Asymptotic Expansions 


151. Introduction. In various parts of mathematics it is impor- 
tant to have the approximate value of a function for large values 
of the argument. For example, when z is a large positive integer 
n, we shall see in 157, 9 that [(1+ 7) or n! is nearly equal to 


2nire n”, G. 


a result of great value in the theory of probabilities and the 
kinetic theory of gases. 

Another approximate expression of this type is the following. 
Letting J,(z) denote the Bessel function of order n, its value 
for large positive values of x is approximately, as we shall see in 


253, 2, | 
pee («— G@n+ Dr), (2 
Vax 4 


a 
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This asymptotic expression shows at once that J,() has an infinity 
of real roots, a result of utmost importance in the mathematical 
theory of heat, etc. ‘ 

Connected with these approximate values of a function for 
large values of the argument is a class of divergent series 


U =u, + Uy + Ug + (3 
which have this remarkable property: — 
The sum of the first m terms U, gives the value of f(@) with 


great accuracy for values of n not too large, although the series U 


itself is divergent. 
For example, we shall see in 156, 6) that Euler’s constant 


catim {143414 Ke +i - log n| = 57721566 -» 


n=o 


is given rapidly and with great accuracy by using the divergent 


series 
1 1 1 1 
Spot Bo ae Pe c 
where 
h=%§ Las That: 


are the Bernoullian numbers introduced in 139, 3. 

Divergent expansions of this type have long been used with 
utmost advantage in astronomy. On account of their growing 
importance even in pure mathematics we shall give a brief sketch 
of them as far as they relate to the I and Bessel functions. 

We begin by developing a few properties of the Bernoullian 
numbers and a class of polynomials also named after Bernoulli. 


152. Bernoullian Numbers. 1. In 139, 12) we saw that 


where T 
1 


are the Bernoullian numbers. Now 


cose .e%+e-% 
COHi ss — = ze : 
SIn 2 C2 — en 


and ; : 
coth z = 7 cot zz. 


ASYMPTOTIC EXPANSIONS 311 
Thus 


) 2n 


1 
(2 ny)! Toe a as 


eothe=2— (-1 1)*_—_. 
1 


i ea rs qd 


If we set 22 = wu, this gives for |u| < 27 


we Ae 
er age Bog, t (2 
where 
d By=-} , B= B= B=+-=0 G 
an 
By, =(- 1 ae 2n—1 n> 0. 4 
Thus 
92 ! 
By, =(— te = a v5 Fe G 
where as usual 1 1 1 
Hy NT omit aan OE (6 


Instead of 7, we may with Lucas regard the B, as Bernoullian 
numbers. They may be defined therefore as the successive deriv- 
atives of 


ev— 1 
at u= 0. 
2. Let us introduce with de la Vallée-Poussin the symbol 
fet" by the relation 


fe-—1+4+ B sang: ee ee ‘ 7 
( 


+8 sat Coal 


151 


1 imi ! 
We observe that the series in the middle 1s obtained from 


wol+ Bo oat + B+ 


ait 


by replacing in it, B” _ Tn ses 
This new symbol has an addition theorem analogous to the 
exponential function. It is expressed by the relation 


a fel =} Set (Bru 


=14+(B+)7, K+ (B+ Oe “ (8 
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From 7) we have 
U = (e" es Dye oe ev fe, Bu — Senos 


or using 8) 


u = fepBrou _ fo} Bu, (9 


Expanding and equating coefficients of the different powers of wu 
on both sides, we get the symbolic relations : 


(B+1)-B=1 
(B+ 1)?- B=0 (10 
(B+ 1)? — B= 0, etc., 
where (B+ 1)” stands for the expression obtained by replacing 


B” by B,, in the development of (B+1)" by the Binomial for- 


mula. Thus: 
1=1 


26,+1=0 eu 
3B, +3 B,+1=0, etc. 
From these recursion relations we find readily the values of the 
Ty eiven in 130. 


The relations 11) show that: The Bernoullian numbers are all 
rational. 


153. Polynomials of Bernoulli. 1. Instead of the function on 
the left of 152, 2) let us develop 


ee 


ev — U 


(a 1) fe} Bu el 


in a power series about w= 0. Since 


P 
Uz uz)? 
Ge = | tS te @ ) 2b Soc 
we have 


eet U ur Uz , urzt wees 
Fai {1+ B+ Bo +} tees +o| 


Boas oy Ue Pe: ; 
me Gar rae al a © 
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On the other hand 1) gives 


2? (B+z) B 
fet! u— fet u 


F= 
U 
x a Seen Be +Bte- 


es coe 


Comparing this with 2) gives the symbolic equation 


(B + ee a Bu 
B,C2) n+ { (3 


These which enter as coefficients in power series 2) are the 
n 
polynomials of Bernouilli. 
From 3) we find 


B42) =$2@ —4@-DCEjr-2z- 4), 
ee es), 
etc 


2. Let us set z=m a positive integer in 1). We get on per- 
forming the division indicated in the middle member 


FP=1+4+ e+ e+ «... + em Du 


=14+(14u+ S44 -) 


3! 

2 9 3 
+(1+2 oy + CH + Os -) 

2 3 
+(L4+3u4 50" + AED, + ) 


ti? Lae 
+(1 Le ak re eal we Lau 5 -): 


2! 3! 
Comparing the coefficients of uw" in this expansion and 2) gives 


bp oe rp Cn = 1) 8, (0), . 
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which connects 8, with the sum of the nth powers of the integers 
be Bhan, 

3. The polynomials B,(2) have z= 0 and z= 1 as roots. 


That 8,(0)=0 follows at once from 3). To show that Bea. 
we set 2=1 in 8) and get 


(n+ 1) 8,0) =(B+ 1)" = Buy 
=0 by 152, 10). 


4, If we differentiate 3), we get the derivative of Bn: 
By (2) =(B + 2)" = nB,1(@) + B,. (9 
We recall that B,,,,=90 when n> 0. 


5. We now show that: 


1 2 1 
e(5)= - 25 (1-555 )Bon (6 


For 


Now the coefficient of 2"*' in the development of the first member 
is in symbolic notation 


Chap) Be =a eG) 2 Baa. Ci 
using 3), while that in the development of the last member is 
B n+1 : Ba 
(3) Se : 


Equating 7), 8) gives 6). 
Since B,,,,, = 0 for m >0, we have from 6) that 


Bo $) = 0). (9 


6. The polynomial B,,,,, does not take on the same value at more 
than two different points in % = (0, 1). 


For then its derivative would vanish at least at two different 
points within %f. But by 5) 


Blo) =(28+ Serene 
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Thus §;,(a) vanishes at least at two points within 9; hence by 3, 
82, vanishes at least at three points within %. But by 5) 


B(x) =2 8Bo54(2) = B,,. (10 


Hence £,,_, takes on the same value at least three times in Y; 
hence 

Bo ’ Boss char ee Bs ’ By 
each take on some value at least three times in Y. But 


B8,(@)=4(@— 2) 


is of the second degree, and can take on the same value but twice. 


T. No Bernoullian number with even index B,, can equal 0. 

For by 6) 6:,,(%) would vanish at x= 3. This is impossible 
by 6. 

8. The polynomial B»,.,(2) does not change its sign in A = (0, 1). 


For then it would =0, at three different points in 2, which 
contradicts 6. 


9. The polynomial B(x) vanishes at x=, 3, 1 and at no 
other point in A= (0, 1). 

For suppose £,, = 0 at two points within Y%. Then §},(7) = 0 
at least at three points within 2. Then 10) shows that ,,_, takes 
on the same value at least three times in %f and this is impossible 
by 6. 

154. Development of B,(x) in Fourier Series. 1. Let us develop 


the polynomials §8,(2) in a Fourier series, valid in the interval 
% = (0,1). We begin by showing that 


1wl 


“ £ Gin 
Bi@)= 5 —jl)=— Feet ee — cos 2 nx) 
Lief <1 cos 2 na 1 
ee qa | > n ( 
fee ey 
where Tip Jatt ge ag 


as usual. 
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Let us denote the right side of 1) by F(x). Since 8,\(0)=F(0), 
we need only show that 8, and # have the same derivative in 2. 
The left side of 1) gives at once 


Bi(2)=2—}. 


On the other hand, from 110, 8) we have 


a 


1 sin 2 n1rx 
e—-f=—-->— : © 
Ts n 


But differentiating the series /’, that is the last member of 1), we 
get precisely the series on the right of 2). This establishes 1). 


2. From 1) we can express all the other #’s as Fourier series 
by using the relations 153, 5). Thus for n = 2, we have 


Bw) = 2 By@) + By. 


Integrating, we get, using 1), 


: HA 1 Ssin2 nrez 
Be) = ar + —— »: ; + Bye. 
Te a ‘i 
tL 


1 n® 


The constant of integration is 0 as B,(0)=0. Using 152, 5), the 
last relation becomes 


1 Ssin 2 nx 
aA fs, es 9 
B,(2) = SS : H 
2 cary n3 C 
3. Let us now set 
ey eratayy De 
COS 7 Tide : 
G,(@)= > Sal Cera ee s an even integer, 
nl ns 
sin n 2 rex 
= > ae s an odd integer. (4 
= Ve 
n=l 
Also as before let 
1 1 


re, th 
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Then, by using 153, 5) and reasoning from n to n +1, we have for 
any integer s > 0 


Cray at 1) Oe. a): 


92s qrest 1 
( 
(3) _ ! 
Ben) = Cy 
eae Tae 
valid for 0<a< 1. 
We notice that for m an integer or 0, 
ee. 2s— 1772s 
G,,(m) = A, =(— 1) a : sa], 2, (6 
g G(x) =(— 1). 2G, 4(2) (7 
dx 


Ge44(v) + const. 


d : 
ih Heke 
: 2 


4. From 5) we see that in the interval Y= (0, 1) the signs of 


Berit 9s 


are 
respectively. 


5. Also we see from 5) that at any point x in Y, the sign of 8, 
is the opposite of that of f,,.». 


6. In passing let us prove a formula we shall need later. Let 
m<n be positive integers. Then by partial integration we have, 


using 7), 
ss ae G(x) dx _ 1 ae poe 1 "Go(a) daz 


1l+z 1l+z n 2 e/ im Ci x)? 


a 
G,(m) = G,(n) = A, = 


Now 


by 6) and 139, 9). Thus 


" Gidxz - T L (8 
» Lea} 12 m 
As this = 0 as m =m we see that 
ieee © 
0 1+z 


is convergent. 
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155. Euler’s Summation Formula. 1. To derive this important 
formula we employ an elegant method due to Wirtinger.* Let 
f(a) be a real or a complex function of the real variable a, having 
a continuous derivative in the interval 9{=(a, a+ nb), where 6>0 
and m is a positive integer. Let m be a positive integer <n. 
Then as in 93, 1 we have 


f(a+nb)—f(@ =6 ["f'(at br)de 
/0 

f(atnb)—f(at+b) = b {re + bxr)dx 
e/1 


f(a+nb)—f(a+2b)= | "f(a + br) dx 


f(at+nb)—f(a+ nb)=b { "f(a + bx)dx 


where the last equation is added for symmetry. Adding thesen+1 
equations gives 


(+ DfCatndy-3 fatsdy=b > ["p(arteyde. C1 
s=0 


s=Ye/ s 


Now n st1 st+2 en 
i; ={ +f “ls wot f . 
s Ss e/ st] e/n-] 


If this is put in 1), we see that every integral of the type 


Te 
s 


occurs just s+ 1 times. Thus the sum on the right of 1) may be 
written 

m1 /*st1 ae 

S { (s+ 1) f'Ca + bade (2 


s=o’ * 


Now within the interval (s, s +1) 


s+1=H(2)+4+1 


* Acta Matematica, vol. 26, p. 255. 
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where He) is the greatest integer contained in z Thus the sum 
2) sae 


Sy SE(x) +13 f'(a+bx)dx = ib "| Be) +1} f'(a+be)de. (3 


oy E (x)= G(x) +2—- a 


l 9 
where Gln) = = sin 2 NTL _ ‘@ ice 


n=] 


G, being given in 154,4). Thus the right side of 3) equals 


ie SG@)+2+3} f'(a+ br)dx 


70 


= [Arf atbnydar [af arbeydet 5 [pCa + bade. (4 
/( 0 sae) 
But by partial integration 


» (xf! (at bade = ng (at nb)— ff (a+ bade, 
-/0 0 


gb F(at Pde =tifad m7)! 


Thus 1) and 4) give 


(nt 1) flatnd)—Z plat shy=b [" Go) fiat bade 
1) 0 


+ nf (a+ nb) — ["fatbeydet } §f(a+bn)—f(a)}- 
e/ 0) 
Hence 


Sf (a + 8b) = 4} flabby soni f- flat+brjdx—R 
s=0 


where eee ie G(x) f' (a+ bx)dza. (6 


7 
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2. The remainder & may be transformed by partial integration. 
Thus 


PCA + bx) dx= I [A@rc + bxr)dx 
Th 


0 e/ () 


= Sore hye! (a+ bx) ] +5 G,(«)f"' (a+ bx) dz. 


Now 
G,(0) = Ga.) = ee = Hoo De. 
m= at 
Thus ; : ; ‘ , 
R=—— Bi f'(atbn)—f'@) i+ By Ci 
where I2 A aA 
hee Lf G(x) f(a + bx) de. (8 


3. Thus by repeated partial integration we get Huler’s formula 
of Summation : 


f(aytf(at b+ f(at+2b)+ ++ + f(a+ nb) 
le eae i f(atbn) + eaka F' (atbn) —f'(a)} 
e/() Ze 
+02 nl ee FIV (ait - 


1S § CBO: ae bn) Des es on )§ a Dene Oo 


G'st i 
T™ @e+3y! 


where ae a 
Lich SS Oe err fh Goo42(@) Wat + bx)dz. (10 


If we integrate partially in 10) we get, since 
Goe.3 2) = 0; fore = 0, 2 Sn, 


—1)3h+3 fn, 5 eee : 
Ry = ee | Groi3(@) fOr (a + bx) dz. qd 


4. In 10) and 11) we have expressed the remainder R, in 
terms of the functions G,,,, and G,,,; let us now express it in 
terms of the 8 polynomials. 
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From 11) we have, setting for simplicity 6 = 1, 


ay le 1 ' 
Hei eeeea| |, +f ee ‘ig 


==) o.. 
Seeail Ga aZ)i FO Cate) + f"O(a+e4+1)+ «Ide. 


Now 


Soe 


a ap Go—1(4) fF (a+ 2+ m)dz 


= -—2> 2S men (2), f (2s— Ya+ x m) |i 
aL stl 
o> ip G,,(2) f° (a+ x+m)dz=A,,— B,,. (13 


But by 154, 5) 


LI oo ae + GOO oe, 


Q2s—1 yas Te” eS 225-1 qpas ~~ 28" 


Thus 
A, = a H,,§ f° (a +m +1)—f%(a+m)}, 


tI 


B,, = >——— 
(2s = 1)! 1)! ev’ 


‘Baa(a) f(a + x + mde 


= st+l Hi s 
4 c feed Sige H,,| f°(a+x2+m)dz. 


D2s— Les 0 
Here the last integral is A,. Thus 12), 13) give 
| ih mele : 
R a et ae ) § F(28) (4 Yr 
a= gat fae reer 
+f Ctetl)+ --+fatet+n—1)idx (14 


5. Let us return to Euler’s formula 9). We imay write it, 
setting b= 1, 


F=f@)t+f@t+f@t2)t+ - +f@tn) 
=) f(a+n)+f(a)} + [FC +a)dx+D,+ f,, (15 
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where D, is the sum of the first s terms of the series 

B. B a 
Da Rist -LOI+t HUNG EW- I @OIt 
=d,+d,+d,+ 


As the Bernoullian numbers B,, increase very rapidly as n = o, 
the series 16) is in general divergent. Suppose, however, that 
f(z), f%'?(v) have the same sign in (a, a+). As 
Bosii(@), Bos43(2) have opposite signs in (0,1), the relation 14) 
shows that R, and #&,,; have opposite signs. Thus 


| R,| < |, — Re+1| = | d,41|- 


We have therefore zn this case the remarkable result: 


Although the series 16) is divergent, the sum of its first s terms, D,, 
enables us to calculate the sum F in 15) with an error numerically 
less than the (s + 1)st term in 16). 


156. Asymptotic Expansion of 1 + ; + ; fovee + a In 155, 15) 
let us set ‘ . 
{Q=— 3) 21") 2 =m 1 
x 
Then ih a Gl 1 1 i 
Eee gtr ie pr tay Oe aCe, ad 
where B i B i B 1 
10) = =e! 1-<) *s(1 - =) rele 2s -—.) DP 
a m> bs 4 m4 : a 28 ; mm} ( 
1 it 1 
R,= (28 +2) f Bar) { ee 
( 24 ; +1 (@ a 1 (x aL Zee at 
al 


) 
—— lc (3 
(@ + m — 1)**8 ji eae 


Now the Eulerian constant 


G=lim {145+ + = — log mI. 
“ 1 


mMm=n 


Let us therefore keep s fixed and let m= o in 1); we get 


anaes 2 2s 
a is bp Selo, (4 
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pay al? | » Boi) 
=(2 8+ Sis a anaes ve (5 


Returning to 1) we have, using 4), 


where 


1 a) 


il peer B 
[eee ae 224 
5 ) ee m + 2m sy eis 12m a 4 m4 
By if 
Soeeeeee ae 
_ 23 ™ ae c 
where Eres <1 Posi (w dx (7 


JQ p= ee 


Since the derivatives f°*? (x), f@*#(x) have the same sign, we 
are in the case considered in 155, 5. The formula 6) is thus an 


asymptotic development of 1+ : foes Hf <. 


From 7) we see that U, has the form 


y= EC) (8 


ms 


where e,=0as m+. For in the interval (0, 1) 


Boi (2) G 
(2+ ayes ah 


(2842) G some constant. 


Hence 2 
1 
U, ox G > 28+3 
p=m+1 p 


: af = by 22, 1) 


G 1 
= Dg. net? 
Thus 8) holds since 
em) < eee (9 
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ol 


157. Stirling’s Formula for n!. ‘In 155, 5), 6) let us set 
Q=b=1 , f@--x) log a2) 3) t= m— 1. 


Then 
m—" Hp b ; fem—] dx 
Slog +s) = 4 log m a log +2)de— [" Ga) *- A 
s=0 0 e/( 1 +2 
By partial integration 
m—] 
i log 1+2)dxv=mlogm—m+1. 
0 
Thus 1) gives 
log 1 -2-3---m)=4QQ2m+1)log m—m41— f~ Bey @ 
0 l+z2 

We now transform 2) by using Wallis’ formula, 127, 5) 

mre. <2) Le GG 

Roa ga ee 3 
From 2) we have 
2log (2-4-+.. 2m) = log( 2? . 42. 62... (2 m)?) 
=(2m+ 1) logm +2 mlog2—2m+2—2f'"" G(x) dx ete: 

0 I Se a 
Also if we replace m by 2m + 1 in 2) we get 
log 1-2-3--2m+1)=(2m4+1+4+4) log Qm4+h 
2m ; dx 
SS VAG Geis =. 
v0 @) l+z2 © 


From 4), 5) we get, on subtracting, 


loo ott 8 om ae, 2-2.4-4...2m-2m 
5 Te eto) ¢ ¢ aay P 
L300 as) 2 9p ek ee 1 8°3).D «1D se Dyn Pe ey Se 1 
2m+1 1 


=—(2m+ 1) log —5 logQm+1) 


m 


*m—1 2m 
+ 2mlog2+2-2f +f 
Vv 0 


2 : 1 1 m—1 2m 
=— m+ Dog 1495, )—plog@m+1)+2—log 2— f ae 
v0 m—-1 
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1 2-2-4.4...9m-2m 
— log = SZ 1 
7g Soa ES es ene an Ree eT ( m+1) log (1+ 5) 


— log 242 = fh +f 


AU 


Now ; 1 
lim (2m + 1) log (1 ree \= i 
2m 


m=O 


A m— (2m 
lim =f" ; | = 0. 
M=2/ 0 | m—1 


Thus letting m = o in 6) and using 3) we get 


a Gin dr 
o /9 — 0 
log VIm =1— f Es (7 


This in 2) gives 
~ Giajdz 


log m! = 4(22m+1) logm—m+ log V27 + je 


m-1 
If we use this relation in 154, 8) we get Stirling's Formula: 
9 


log m! =} (m+ 1) log m—m + logv2m+ 7777” . 


fo) 
where nee ee 
This may also be written ; 
ee) \ 
= V2 mi(“) Da (9 


158. Asymptotic Development of T(x). 1. In Euler’s summa- 
tion formula, 155, 5), 6) let us set 


b=1 , @=2 , f(a+z)=log(u+x), 


then we get, as in 156, 1), taking the principal branch of the 
logarithm, 
» log (a +s)=(x+m+4)log(4+m)—(a — 3) log x 
oa 
Sy Ue G(u)du @ 
0 xa+U 
valid for any complex +0, —1, —2:-- 
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From 157, 2), we have 


. m (ft 
Jog 1-2+8+--m-+1=(m-+5)log (m+ 1)—m— oe, (2 
Subtracting 1) from 2) and then adding 
(a — 1)log (m + 1) 
to both sides, we get 
1323 anes oa 1 m +1 
oe eeers eer ae t=—(m+2+5 )log™ te 
i m Gdu ™ Gdu 
= op oe 
+(2 3 So J0 rere p r+U ( 
Now lim (m+a+5)log@t* 1-2. 
m=o 2 m+az2 


Thus letting m =o in 3) and using 144, 4) and 157, 7), we get 
log (a) = — x +(a—4) logz + log V27 4+ y(2), (4 
where ya 


y(@) pal ig eer: ( 


In this relation let us set 


rZ=yrn U=U—-N. 


Then since G(w) admits the period 1, 


CR OD Chew 


yy+tnjy= = 0 as n= oo. (6 


4 hg ey + v 
We may thus write 


ral D 3 aa ae > 
vo)= | + [+ [P+ = G(u)du (1 
0 1 J/J2 


s=lJs1 T+U 
In these integrals let us change the variable setting 
w=u+e—1) , s=1, 2... 


Then the limits of integration become 0, 1. But in this interval 


G(v)=4— 2, 
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Thus 


iP G(u)du zs ie Giv)dv (1 G-v)dv 
1 OU Jp vtet+s—1 0 Vice as cl 


5) a( 1 
x+8—~)log 1+——)- 
=( : 2B Al : (6 


This in T) gives a development of y(z) due to Gudermann. 


e 


9 5 xj . r ] } 
2. In 5) let us integrate by parts. We get, using the functions 


Gy, G++ of 154, 4) and the relations 6), 7) of that article, 
Cae 5 NO tor G(w)du = 1 Tl eee °G g( udu 
u=0 


Te) ctu 207] actu 2 a? bh esrenge 
ES GIVE Biel apy 
we have Bll, (won uiau 
x 2nrs, (+u)? 


As 


(9 


Integrating again by parts, we have 


cP ial ae 1 f F007 = ” G(u)du 
0 (@+ u)* ae (x eg w)* u=0 Meo (e+ u)? 


* G,(u)du 
(a +u)? ; 


s G,(0) =0. 


Integrating again. by parts, 


= G(w)du _ -<-| G (wu) l= “GCu)du_. (10 
u=( e 0 


Jo (et+u)’ 2arL_(x#+ u)? ei 
As : 28qr4 
< G00) ieee 
9) and 10) become ; 


Cae 
1-22 3-42 ia one 


3. If we continue integrating by parts we get Stiling’s 


Series : — a 
le log (x) = logV27 — 2+ («—4) loge 


ik th Wee 
Ae eo ee Re ee 


ce ee a (12 
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where ae (—1)*@n=1)! (7° Gn. wdu ds 


92n- “ign : > (x ae uy” 


Since here f(@+ u), f°? (a+ u) have the same sign, we are 
under the case considered in 155, 5, and the series 12) is in fact 
an asymptotic development of (@). 

From 13) we see F,, has the form 


Lis, ce En( 2), (ig 


where ¢, =O asa+oo. For if we integrate by parts we have 


Gide. A eae i 4h Pro a OE 


oy CEU) 2a We) or ge 
= de au 
Now sea: du tis sil s 1 
EA Vat i wy CE ae 
eu nae where G is a constant. 
as Cn B) < ae , Ma constant. aes 


159. Asymptotic Series. 1. In the foregoing articles we have 
been led to divergent series 


, OP et 

D@)=a +4434. Cd 
such that the sum of the first n terms D,(2) gives a very good 
approximation of some function f(z) for large values of 2, pro- 


vided is not taken too large. More specifically we may say that 
the series 1) is so related to the function f(z) that 


iO ee Ei 2 


as 2=oo along the positive real axis. 
Such a series is called an asymptotic series, and we write 


FO) Santee 3 
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Hereby we will not restrict z to move along the z real axis, but 
permit it to = o along any radius vector so that 


z= re? roo , O@=constant. (4 


This we call the asymptotic vector. 

Asymptotic series figure quite prominently in astronomy and 
also in some parts of the theory of linear differential equations. 
We shall meet them in this latter connection when we come to 
study the Bessel functions. 

We wish now to see how the ordinary operations on conver- 
gent series may be extended to these divergent series. We shall 
suppose that z= co along the same asymptotic vector unless the 
contrary is stated. 

Let us first show that: 


f (2) does not admit two different asymptotic developments along 
the same vector. 


For from iia Ree Gm ence () 
z gn gn 
b os n Me 
=byf-tpe + 2+ , m=, 
0 Z rile Wi 
we have Oi Un ey 


0 = (a) — by) + DI + oe + 


Letting zoo we geta,=b). Thus 
2 — 5 — 
el coe SEs Be son f'n (), 

z rs 
From this we get as before a, = 4,, ete. 
2. Addition and Subtraction. Suppose 

a 
far io Foot at 


g@)~by ++ be 


Then fe g~ (ap +b) + DEA + ag (6 
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For 5) stand for 


ay Us Ce 
Niet lee eae” teen ctw nt on? 
Ch 
b Un all n 
= sll ea deme eee ey 2 
whee és ea. as 2= 00. 
Thus , uth, 4 pot b,, 2 o, 
IPS 6h ) —= see ae <9 
Tey ae, zn z" 
where thy = (Ss Se In = 0) ASS eo: OO. 


Hence 6) holds. 


3. Multiplication. The functions f(z), g(2) admitting the 
asymptotic developments 7), let us show that 


Cy 4 6 
j PNA ae ire ps ei (8 
rc) 
where 
Cy = y0p 5 Cp = Aig Gy Sy — pda Ft 210 ly 
as in the multiplication of series. 
For 7) gives 


EnMn 


a 
f9 = fnJn 25 an (EnIn “ Wala a a2n 


But Cy Ch oy 
SrJn = Cy + + cee ont aan? 


where &, is a polynomial of order <n—1. Thus 8) is valid. 

4. Division. Since rel 
g Tg 

the problem of dividing one asymptotic development by another 


may be reduced to finding the reciprocal of an asymptotic devel- 
opment. ; 


Let us suppose in 5) that a, #0. We will write 


E, 1 i 
fafi+ 2a (142 5 Se cor +e )+e 
z ay 8 Ay z a” 


= a)(1L + hn) + 2: 
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toed | 1 h 
oat : _ (EA h i} tea A n+1 n 
1 
Hence SE a as ee eee noe 
2 gn gn A 
where eG as Z== 0 


5. Integration. We show that: 


331 


(10 


An asymptotic development of f(z) may be integrated termwise 
along the asymptotic vector when the function f(z) is integrable along 


this vector as indicated in 12). 


For from 7) we have 


0 2 2 n+] 
{i f@de= f fasta t ff aa 


Now along the asymptotic vector 


a sit da < “ 9,20 , agsz=oo 


Thus 11) may be written 


[ G@-4-2)% 
=[Sa+f ¢ “8 dz. ale ath dz 


6, = 0 as g= 00 


where 


Thus from f(z) ~ a, 4 “1 fe 3 ass 


we can infer that 


6,(2) 


gn 


20 a ay ta, . 
i (7@) — 4-2) de ~ ! “eae+ | pet: 


b) 


G@l 
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6. Differentiation. Suppose that we know that f(z) has an asymp- 


totic development . 
a As . 
EOD oe ew fora (18 


also that f'(z) has an asymptotic development of the form 


ee (14) 


6 
! Ys si Se. 


Then the asymptotic development of f'(z) may be obtained from that 
of f (2) by termwise differentiation. 


For from 14) we have, using 5, 


Since 


f(a) =—lmf@y—v by ls); 


we have, from 15), 


Oe san 2 
1@~Begdt gat a 


Since by 1, a function admits but one asymptotic development 
along the same vector, the comparison of 13), 16) gives 


sae. = — 56 
b=—a , b=—2a,- 


These in 14) establish the theorem. 


CHAPTER X 
THE FUNCTIONS OF WEIERSTRASS 


160. Limiting Points. 1. At this point it is convenient to in- 
troduce a notion which is fundamental in many parts of mathe- 
matics, that of a limiting point. 

Let 2% be a point set. If in any domain D(’) of the point 4, 
there lie an infinite number of points of QM, we say } is a limiting 
point of A. The point 6 may or may not lie in Y. 


Example 1. Let Y= 1,4, 4,-.-. Then the origin 0 is a limit- 
ing point of %f. It does not lie in Y. 


Example 2. Let % denote all the points within a circle . Then 
any point of Yf is a limiting point of Y. Also any point & of the 
circumference & is a limiting point of %, although & does not lie 
in Y. 

2. A set of points %f which le in some square © is called limited, 
otherwise unlimited. 

A set of points which embraces an infinity of points is called an 
infinite point set, otherwise a finite set. 

Thus the point set formed of the points corresponding to the 
positive integers aoe 


is an infinite unlimited set. For obviously no square contains 
them all. 

The set of points on an ellipse form a limited point set. 

We now prove the fundamental theorem : 


Every infinite limited point set & has at least one limiting point. 


For % being limited lies in some square G. Let us divide S 
into 4 equal squares. Since %& contains an infinite number of 
points, at least one of these squares contains an infinite number 
of points belonging to Y. Call this square ©,. This we divide 

333 
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into 4 equal squares. Atleast one of these must contain an infinite 
number of points of %. Call this G,. Continuing in this way we 
get a sequence of squares 

Cr) a ea d 
each contained in the foregoing. As the sides of these squares 
= 0, the squares 1) shut down to a point « which les in all of 
them. Since each square contains an infinite number of points 
of Y, any circle about «, however small, will contain an infinity 
of points of 2. Thus « is a hmiting point of Qf. 

3. Suppose the point set 2% is not limited. Then there are an 
infinite number of points of 2 without any circle R about z = 0; 
that is, there are an infinity of points of % in any domain of the 
point 2=oo. It is convenient to say that z= oo is a limiting 
point of 2. 

We may thus say that: 


Every unlimited point set admits 2 = ~ as a limiting point. 
Putting this in connection with the theorem in 2 gives: 


Every infinite point set has at least one limiting point. This may 
be the deal point 2 = n. 


4. Let the one-valued analytic function f(z) take on the value ec for 
the points of some set I. Any limiting point of X is any essentially 
singular point of f(z), provided f is not a constant. 


161. Periodicity. 1. Let the one-valued analytic function f(z) 
satisfy the relation 


fe@+o)=f@) . © constant= 0, (1 


for every 2 for which f is defined. We call w a period of f and 
say f admits o as a period. We shall of course exclude the case 
that f(z) is a constant. Thus 
eos site: oy tans (2 
admit ctl 
dmit respéctively Te a ees GB 
as periods. 
Obviously if @ is a period of f(z) so are 


+5 —30, —20, —a@, o, 20, 80, *- (4 
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Thus if f admits one period, it admits an infinite number of 
periods. Sometimes these lie on a right line as in the case of the 
functions 2); sometimes they are spread over the plane as we saw 
in the case of the functions 


Ny 1 p=3, 4, +. (5 


(2+ M,@,; + M,@, )? 


considered in 123, 6. 
It will be convenient to say that two points a, 6 are congruent 
when their difference a— 6 is any period of f(z). This we write 


a=b 
and read a is congruent 6. If we write more specifically, 
a=b , moda, 
read a is congruent b with respect to the modulus w, we mean that 


a—b=mo , m some integer or 0. 
If we write = 
a= », mod o,, @, 
we mean 
a—b=mM,o,+mM@, , M,, Mm, integers or 0. 

If w,, @, are any two periods of f(z), so are obviously @, + @,, 
and ,—, periods and still more generally m,o,+m,.®, are 
periods, m,, m, being integers or 0. 

If a, 6 are not congruent we say a 7s incongruent b and write 


axXb. 

2. Let G denote the totality of all the periods of f(z). The 
point set $ must have z= as a limiting point as it always con- 
tains a set of points as 4), and nw=o asn=o. On the other 
hand, we now prove the important theorem: 


The point set B has no limiting point in the finite part of the plane. 


For suppose 7 were a limiting point. Then within D,(m) there 
are an infinity of points of 8, however small éis taken. If a, B 
are two of these, y= «—# isa period and|y|<26. As dis small 
at pleasure, this shows that f(z) has periods which are numerically 
< any givene>0. But f(z) is an analytic function and cannot 
have such periods. For if z=a is a regular point and f(a) =e, 
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we know that f(z) cannot =¢ in'some D,*(a). But f(z) having 
periods 7 numerically <o, we have 


F@+n) =f@) =¢ 


and a+ lies in D,*(a), which is a contradiction. This shows that 
every point 2 is a singular point of f(z), and f(z) is not analytic. 

3. Let be any period of f(z). On the line Z passing through 
the origin and @ will le an infinity of periods, for at least the 
periods 4) will lie on 7. Since the origin is not a limiting point, 
there are two periods +2 on / nearer z= 0 than the others. 


All periods on 1 can be expressed as multiples of X. 
For let » be any period of f(z) lying on 7. We can write 
@o=nr.+7 


and take the integer n so large that |yn|<|A|. If now 7 #9, it is 
a period on / which is nearer 0 than A, which is contrary to hy- 
pothesis. We call a primitive period. 

Thus the periods 3) are primitive periods of their respective 
functions 2). 


162. Jacobi’s Theorem. 1. Jf the one-valued analytic function 
JF (2%) has more than one primitive period w,, there exists a primitive 
period w, such that every period of f has the form 

MO, + MyWy, cd 
where my, Mg are integers or \). 

For let » be any primitive period other than @,. In the 
parallelogram @ whose sides are Ow, and Oo there are but a 
finite number of periods. None of these can fall on the edge 
of Q. For if 7 were such a period 7, =7 would fall in (0, ,) and 
as 7, 1s a period, w, cannot be a ” 
primitive period. 

Let now , be that period in Q 
for which the angle o,00, is 
least. Then every period of f 
has the form 1). 

For let P be the parallelogram 
whose sides are Oo,, Oo, If ¢ 
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there is a period of f not included in 1), let @ be that point of 
P which is =. Then o! is a period and 


Angle o! Oo, < Angle @, 0o,, 


which is contrary to hypothesis. 

2. An analytic function f(z) which has more than one primi- 
tive period is called a double periodic function. 

Two primitive periods @,, @, such that all other periods of the 
double periodic function f(z) can be expressed linearly in terms 
of them, as in 1), form a primitive pair of periods. 

The functions e%, sinz, etc., are simply periodic. All their 
periods are multiples of a primitive period. 

As examples of double periodic functions we may take the 
functions 1 


F(2)= > (2 + mw, + M,0,)”’ . 


p an integer >2 considered in 123, 6. 
These functions have 
MO, + Myo (3 


as poles of order p. All other points in the finite part of the 
plane are regular. The point 2=o is of course an essentially 
singular point. 

3. Let f(z) be a double periodic function having @,, @, as a 
pair of primitive periods. Leta be another point. The parallelo- 
gram P whose four vertices are 


Gh he ORT A+@, , a+ @,+ 


is called a primitive parallelogram of periods. By drawing par- 
allels to the sides of P through the points 

A+ Mo, + Myo 
we may divide the whole plane into a set of parallelograms 
similar to P. 

Any parallelogram @Q built up on two periods 7, 7, not neces- 
sarily a pair of primitive periods will be called a parallelogram of 
periods. We shall often have occasion to integrate over the 
edge of such parallelograms, and in such cases we shall suppose 
the point a chosen so that the edge of the parallelogram does not 
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pass through a singular point of the integrand. To indicate 
what periods 7,, 7, are used we may denote @ by QO(1, 12). 

The fact that f(z) admits @,, @, as a primitive pair of periods 
we may indicate by the notation 


SIZ, Oy 3): 
4. From one primitive pair of periods @,, @, it is possible to 
form an infinity of other pairs. 


For let 
Ny = MO, + MWg, 4 


Ny = 14, + Nos, 
where the m, m are integers. Obviously 7,, 7, are also periods. 
For them to form a primitive pair it is necessary that the deter- 
minant 
D= mM Ny — MN, 
is +1. In fact, solving, we get 
Non, — mM 
pee h 272 


t D 


m = 
o, = ie AN. 


Hence when D= +1, @,, @, are linear functions of ,, 7, with 
integral coefficients. , 
Let us call the set of points 
1,0, + 1,0, l,, Li +1, EE Diese (5 


a network. We may denote it by (@,, @,). 
We now see that the (7, 7.) network is the same as (@, @,) 
when and only when D= +1. 


5. Let P be a parallelogram formed by the points 
OS asia ese, @1 + @,. 
If ‘ 
@, = a, +), Wy = Ay +tb,, 
we know from analytic geometry that 


Area P(,, @,) = |“1 by 


(6 
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Thus the area of P(,, 7) is 


MA, + MyM, Mb, + Ms] as myn le 
NyAzHNyA_ Nyy + Nyby| | Ny NQ| Jab, 
Hence 
Area P(m,, m2) =A- Area P(a,, ,), (7 


where A= | D|. 


163. Various Periodic Functions. 1. From a periodic function 
J (@) admitting @ as period we can form an infinity of others ad- 
mitting this period. For example 


g@) = Ff") m an integer, d 


admits the period . For 


gato) = of +0) = f(z) = 9(2). 

If o is a primitive period of f, it does not need to be a primitive 
period of 1). For example 27 is a primitive period of sin zg, but 
it is not a primitive period of sin?z, whose primitive period is 7. 

2. If f(z), g(2) admit the period w, their sum, difference, product 
and quotient will also admit this period. 

For example let 


h(2)=f@)g@)- 
h(z +o) =f@ toyz +0) =f @yg(@)=h@). 


We must, however, guard against the case that h reduces to a 
constant. Thus f=sin?z, g=cos?z admit the period 7. Their 
sum 


Then 


A =sin?z+ cos?z=1 


is not properly periodic at all. 

From the above it follows that any rational function / of the 
periodic function f(z) is also periodic, guarding against the case 
of course that / is a constant. 

3. Let f(z), fy(2 -fa(@) be one-valued analytic functions ad- 
mitting w as a period. Then the analytic function w satisfying the 
equation . 

w+ fi(2)wr + faz) wr? + +h = 0 @ 


will admit w as period. 
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For let w(z) be a value of w corresponding to a value of w at z. 
The value of w at the point z+ will be w@+o). As the co- 
efficients of 2) have the same value at 2+ as at 2, we see 

W(2+@)=Ww(Z). 

4. If the one-valued analytic function f(z) admits w as a period, 
so does its derivative f'(2). 

For f’(2) 1s the limit of 

se I) y= p(B) 
pete Dares. 


fie+ot+h)—fae+o) 
h 


Passing to the limit h = 0 in 3) gives 
PE@+eo)=f.- 
5. If f(z) admits the period , we cannot say that the primitive 
function #(z) admits this period, as the following example shows. 


Let 
Then 


But 


IG@+o)= tes (3 


F() = cos 2+ 2. 
F@)= { (cose+ 2)dz=sinz4+224+0 
is not periodic although f(z) admits the period 2 7. 


There is, however, an important case when the primitive func- 
tion F(z) does admit the period o, viz.: 

Let the derivative f(2) of the one-valued function F'(2) admit the 
period w. If Fis an even function, F admits the period ow. 

For from 
fE+o)=f@) 
we have, on integrating, 


F(2@+o)=F(2)+ C. 


5 . @ 
In this relation set z= — =) then 


od 


#(2)= F( = °) + 0. 


As #(2)= F(- ), this gives C=0; thus 
F(2+0)= F(z), 


and # admits the period o. 
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< ee : , 
6. From a one-valued periodic function f(z) having no essen- 
tially singular points in the finite part of the plane let us show 
how to construct a periodic function having z= a as an essentially 
singular point. 
To fix the ideas let us take 


C2) = Cote. 


This has the period 7 and the poles 


Pr=mr m=—0, +1, +2,... 

Let us set 1 

2) = cot (2 —a—a,), 
n} 


where a, a,---is a properly chosen sequence which +0. For 
example we may take here 


a 
a, —— 
n 
Consider now 7 ; 
Chis ray BE) yt (2- a—*), (4 
The poles of f,,(2) are 
In.m= A+ — + Pm Fie Sea cee (5 


No two terms f,, f, have a pole in common. Let § be the set of 
points formed of the sets 5) and their limiting points 


b= OA Dye 
If z=4 is not in §$, we can describe about it a circle ® which 
contains no point of $. Then each and every f, in 4) is nu- 
merically < some fixed G for any zin . Thus each term of 4) 
is numerically < the corresponding term in the convergent series 

Se 

Nv. 
Hence the series 4) converges steadily in & and as each term of 
4) is analytic in &, the function g(@) is regular at z= b, 

On the other hand, each pole qg of any term f, of 4) is a pole of g. 


For we have g(2) = f,(2) + h(2), 
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where A is the series obtained from 4) by omitting the term f,. 
From the foregoing reasoning hf is regular at g. Thus g has a 
pole at g and of the same order as*f,. 

The point z=a is an essentially singular point, since it is the 
limiting point of the set of poles 


z 
o=at+-: 
anv n 


Finally g(z) admits the period 7 since each term of 4) does. 
This shows that not only a but also J, =a-+ mm are essentially 
singular points. This is as it should be, since the /,, are limiting 
points of the poles 5), and g(z) has the period z. 

7. Instead of the function cot z we can take a double periodic 
function as il 

Ae ay (2+ m,o,+ M0)? 
With this we can construct a series of the type 4) which will de- 
fine a double periodic function having a given point =a as an 
essentially singular point. Of course all points =a will also be 
essentially singular points. 


164. Elliptic Functions. 1. Having now an idea of some of the 
singularities a double periodic function may possess, let us pick 
out a class of great importance called the elliptic functions. These 
are defined as one-valued analytic double periodic functions which 
have no essentially singular point in the finite part of the plane. 
The reader will recall that, as we saw in 123, every periodic 
function must have =o as an essentially singular point. Thus 
the elliptic functions are the simplest double periodic functions, 
in that they are one-valued and the number of their essentially 
singular points is the least possible. 

Such functions are 


p(a=—2> ee 


Pn(®) = 1)*(n + 1)! > (2 


where 2@,, 2, are any two complex numbers not collinear with 
the origin and m,, mg range over all positive and negative integers 


uf 


2m,0, — 2m,o, )8 


a 


1 


(2 — 2 mo, — 2m,o,)"*? 
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and 0. We notice that p, is the derivative of p,, ps the derivative 
of p,, ete. These functions are essentially the functions con- 
sidered in 123, 6; we have replaced @,, , by 2.,, 2@, to avoid 
writing the fraction 4, as we shall see. 


2. From p,(s) we can get by integration another elliptic 
function of fundamental importance. In fact let us write 


2 
Pie —— 9), (3 


where the first term on the right corresponds to the values m,=0, 
== Oink}. 

The function g(2) is regular in any part of the plane which 
does not contain one of the points 


2m,0,+2m@, , m,=m,=0 excluded. 


In particular it is regular about z=0. Thus 


z ! z dz 
x Z2= — 2 
ie g(2)dz ys [ (2 = M,@, — oy MyW, )® 
A Tal kG 


(2-2 m,o,—2m,@,)? (2 myo, + 2 mo)? 


where the dash indicates that in effecting the summation the 
combination m,=m,=0 is excluded. This dash we shall often 
employ in this sense. Let us now set 


p@)=5+ h(z). (5 
Then 2 
p'(@)= ee = Pe) (6 


Thus 5) is the primitive of 6). Let us now show that A(z) is 
even. For to the term indicated in 4) there corresponds another 
term in which m,, m, have the same values but with opposite signs. 
Thus A(—2)= A(z) and h is an even function. Hence by 163, 5 
the function 5) is double periodic admitting the same periods 2 @, 


2@, as p;(2)- 
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Thus the function 


il 7 (f ls F A 
P@=atd i@— 2m Gl 


: De WG ‘) 2 
0, —2m,o,)? (2 m,o, + 2 mo.) 


is an elliptic function admitting 2@,, 2@, as periods. It is the 
fundamental elliptic function in Weierstrass’ theory. To denote 
it, he has invented a modified p, viz. the symbol g, and this 
has been generally adopted. We shall, however, retain the 
ordinary p. 

By virtue of 6) we see that the functions defined in 1), 2) are 
the derivatives of p(w). 

165. General Properties of Elliptic Functions. 


1. Hvery elliptic function has at least one pole in any parallelogram 
of periods P. 


For having no singular point in P, it has no singular point any- 
where in the infinite plane. It is thus a constant by 121, 2. 


2. Let f(2) be an elliptic function admitting o, and @, as periods. 
Then 
ie faa = 0, a 
e/ (P 


P being a parallelogram of periods not passing through a pole of f. 


For 2 
faf+ fe fief. @ 
Jp WJ 2300 e/ Bde 41 
e/ 48 12 


since f has the same value at 2! = 2+ , as it has at 2, by virtue 
of its periodicity. Hence 


- ut J 


Similarly if 
Ye 41 e/ 23 


Thus the right side of 2) vanishes. 


Now 
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3. The sum of the residues of f(2) in any parallelogram of periods 
P, not passing through a pole of f, is 0. 

For this sum is by 124, 1 
ae F(2) dz, 


2 Tl, P 


which = 0 by 2. 
4. The sum of the orders of the poles of an elliptic function in any 
parallelogram of periods not passing through a pole is at least 2. 


For if the sum is 1, f can have but a single pole z =a in P and 
its development must have the form 
¢ 


Pel ee (0 


i= + +¢,(2—a)+>. (3 


poe = Kes 7 (2). 
As the sum of all the residues in P is 0 by 3 and as there is but a 
single pole, we must have e= 0. But then 3) shows that f has 


no pole at a, which is contrary to hypothesis. 


5. Definition. The sum of the orders of the poles in a primitive 
parallelogram of periods not passing through a pole is called the 
order of an elliptic function. 

From 4 we have: 

There is no elliptie function of order less than 2. 

By means of this theorem we can often show that a pair of 
periods of an elliptic function form a primitive pair, as the follow- 
ing theorem shows: 

6. Let o,, 0, be a pair of periods of the elliptic function f(z). 
This is a primitive pair if the sum of the orders of the poles of f in a 
parallelogram P(@,, @,) not passing through a pole rs 2. 

For if not, let 7,, 7, be a primitive pair. Then 

O, = MN + MyNg 5 Oy = MN + NM 
and A =|myn, — m,N,|, 


is >1 by 162,4. Now by 162, 5 the area of P(@,, a) is A times 
that of P(n,, 7). From this it follows geometrically that there 
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are » parallelograms which either contain no pole or a pole of 
order 1. As f(z) behaves in all parallelograms of periods just as 
it does in any one parallelogram, we see that f violates the 
theorem 4. Hence ,, @, must form a primitive pair of periods. 


7. From this we see that 2@,, 2, form a primitive pair of 
periods of the function p(w) defined in 164, 7. 

For as we have seen, its poles are the points of the network 
(2 @,, 2 @,) and each is of order 2. 

From 118, 4 and 163, 4 we also see that 2 @,, 2 , form a primi- 
tive pair for the derivatives p'(u ), p!'(w) + 


8. On account of periodicity an elliptic function takes on the 
same values at a@ and 6=a+o@ where o is a period. Thus in 
counting up the points where an elliptic function takes on the 
same value in a primitive parallelogram of periods we agree to 
consider only one of the two opposite sides. Also if f(z) =e at 
z=a the function g(z)=f(2)—e will have a zero at a. If this 
zero is of order s, we will say that f(z) takes on the value ¢ at a, 
s times. 

This being agreed upon we now prove: 


An elliptic function f(2) of order n takes on any given value ec just 
n times in a primitive parallelogram P. 


For choosing P so that no zero or pole of f(z) les on its edge, 
we have, by 124, 4, 
ae Par 
2 12.) pf(2) 
where m) is the sum of the orders of the zeros and mz the sum of 
the orders of the poles of f(z) in P. 
Now FP being a parallelogram of periods of f(z), it is also for 
fz) 


© 


= My — Mz 5 (4 


the function Thus the integral in 4) vanishes by 2. Hence 


Me = "Mears 
But m.=% by definition. Thus f vanishes n times in P. 
Consider now yy 
g@=fle)—«. 


This vanishes whenf=c. On the other hand, P is a primitive 
parallelogram for g as it is for f. Finally, g having the same poles 
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as f, and to the same orders, the order of g is n. Hence g vanishes 
m times in P, 


9. A theorem of great use in the elliptic functions is the follow- 
ing : 
Two elliptic functions having the same periods, the same zeros, and 
poles to the same orders, can differ only by a constant factor. 
For let f(z), g(z) be two such functions. In the vicinity of a 
zero or a polez=a we have 
F=@—-a)"6@) 9 =@—4)"V@) 
where ¢, Ww are regular at a and do not vanish. Hence in the 
vicinity of a zero or pole 
F(2) _ $(2) 
IJ@) ¥@ 
is an analytic function. If we give to gat a the value 
b(@) 
¥@) 
q is regular at a. Thus q has no singular points in the finite part 
of the plane. It is therefore a constant. Thus 


(2) = Cg(z). 


10. A similar theorem but not so often used is the following : 


Tf the elliptic functions f(z) g(2) have the same periods and at 
each pole the same characteristic, they differ only by an additive con- 
stant. 


For at a pole z=a, let 
S@=$@)+ FO), 
I2)= $2) + F@), 
where ¢ is the common characteristic at a. The functions F, @ 
are regular at a by 118, 2. 
Thus f(z) — g(z) =/h is regular at aas it is the difference of two 
regular functions. Thus the function is regular everywhere, and 
is therefore a constant. Hence 


f@)=9(2) + 6. 
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11. Abel’s Relation. Let f (2) be an elliptic function of order n. 
Let P be a primitive parallelogram of periods not passing through a 
zero or pole of f. If ay, dg-+- a, are the zeros and py, Py +++ Pn the 
poles which fall in P, then 

(a, + dg + + +4,)—( py t+ Pots + Pn) = 4& period. (5 

Before proving this theorem let us see its significance in the 
function theory. It is often convenient to construct functions 
having assigned properties, and it is therefore necessary for us to 
know which such functions are possible. 

For example we know it is possible to construct a one-valued 
analytic function which vanishes at @,, a, +++ Gn, Which has poles at 
Pi» Po°** Pn and which has no essential singularity even at o. 
Such a function is 

(2— a1) +++ (2— Om) 
@— Pi): aC — Pn) 

Now if we were asked to construct an elliptic function having 
these zeros and poles in a primitive parallelogram of periods P we 
would say at once that this is impossible unless in the first place 
m=nby 8. This is the first restriction. Abel’s relation 5) is 
another restriction. It says that having chosen 2 —1 of the 
zeros and poles in P, the last one is no longer free to choose ; it is, 
in fact, completely determined by 5). Are there any other con- 
ditions to inpose? We shall see in 166, 4 that there are not. 

Let us note that we may write 5) 


20,= 2), 4 .M0d/a,,.0,. (6 


We turn now to the proof of this relation. 
From 124, 2 we have 


1 
D) Ti,, ae log f(z a == a —_— Dy (7 
Now 
Pie 
i> es 23 ete e/ 41 (8 
Also 


{=f @c+wo a@ C+, 
4 e pees Seif 


Let us change the variable setting 


‘ Chu, 
s8=ut+ Ds. C 


THE FUNCTIONS OF WEIERSTRASS 349 


. F%+w, 3 
[= log f@) =| (& + @,)d log fiw) 
= | ud log f(a) + o,| og fo | ote (©) 


/12 


Then 


Now if the reader will remember that an integral is the limit of a 
sum, he will see that the letter chosen for the variable has no 
influence on its value. Thus 


i ud log f() = f 2dlog fe) = {- 


12 


Also if log f(w) has the value log f(¢) at u =<, its value at ¢ + @, 
is one of the many values log f(¢+,) has at this point. But 
F(e + ©) =f (e) ; thus the value log f has at ¢+ o, is 


log f(e) — 2 mg77, My an integer. 


= 9 ; 
ea) 4+ = 2 M,T@,. 
12 
= 2,710. 
ne f- ie 
23 41 
Thus 7) gives 
co) 


Zon — 2 Dm = mall MO, + MyWy 


= a period. 


Thus 9) gives 


Similarly 


12. From Abel’s relation we have : 


Let the elliptic function f(z) =e at the points 2,, % ++: 2, in P. 
ee 52,2 pa (10 
F 
y= -e 


has the same poles as f(z), and its zeros are 2++-2,. We thus 
need only to apply 6) to the function g. 


Remark. In Abel’s relation 5) the a’s and p’s lie in one and 
the same primitive parallelogram. We can give this relation a 
slightly more general form as follows. Let us say that any set of 
points form an incongruent set when no two of them are congruent. 


Let then ar, / aul 


ay ay wae a, 
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be any incongruent set of zeros, and 


any incongruent set of poles of f(z). Then 5) may be written 
Ob o++ + Oi, = py + +** + Do (13 

For each a!, must be congruent to some a,, and no two of the 

points 11) are congruent to the same a,,, since then they would be 


congruent to each other, in which case 11) would not be an incon- 
gruent set. Thus 


ait + +a,=a,+ +--+ +a, + 4 period. 
Similarl 
: y pyres + Pn = Py 4- °° + py +a period. 
Thus 13) is a consequence of 5). 
A similar remark holds for the relation 10). Here it is not nec- 
essary that the 2, --- 2, all lie in the same primitive parallelogram ; 
they can be any set of incongruent points for which f(z) =e. 


13. In case of an elliptic function f(z) of order 2 Abel’s relation 
enables us to solve the problem of finding all the values of z for 
which f(z) takes on a given value as follows: 

Let p;, p, be incongruent poles of an elliptic function f (2, 1, @,) 
of order 2. If f takes on the value ¢ at z=2,, then all the roots of 


I@=e (14 
Zy + mo, + Mw, (15 
Pit Po % HF My@y + Myo, 


are given by 
where 
Mis) Mg = Vie ce Le ene 


For if z, is the other value of z for which f = ¢ in the primitive 
parallelogram P(@,, @,) in which 2, lies, we have, by Abel’s relation, 


Z +2, —Cp, + p.) =a period. 
Thus 


as stated in 15). 


8 = Py + Po — % 


Remark. In case f(z) has a double pole p we replace Pit De 
in 15) by 2 p. 
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14. Between the poles of an elliptic function of order 2 and the 
zeros of its derivative there exists a remarkable relation which is 
expressed in the following theorem : 


If the elliptie function f(z, @,, @,) of order 2 has pr, Po, 48 incon- 
gruent simple poles, its derivative f'(2) is of order 4 and admits the 
incongruent points 


2 _ Pit Pe @1 + 
I 2 2 


(16 


“ or aha RS ; eae ise 5 > %=2,+ 


as Zeros. 


That f(z) is of order 4 follows from 118, 4. That the points 
16) are incongruent is easily seen. For suppose 


me 25 

= %g = 2+ > 

a 

Then @, 
ee 

2 So aG) 5) 


is a period, which is not so, since @,, @, form a primitive pair. 
From 13 we have 
FCP1 + P2 -— =F). 
Hence f'(24,-—2)=—f'(). Cle 
As 2, is incongruent to p, or p,, it is not a pole of f’(z). Let us 
therefore set z=2,in 17). We get 
I’ @) =—f' @): 
or, 2 f! (2,;) = 0. 
This shows that z, is a zero of f’(z). 
Again, set z= 2z, in 17); we get 
f' (22, —%) =—f' (&)- (18 
Now 


a 4 


He 
Thus 18) shows that f’(z,) = —f!(%) or 

27 an) =, 
Hence z, is a zero of f’(z). Similarly we show the other points 
of 16) are zeros. 
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15. Similar reasoning applied to 17) gives: 


Tf the elliptic function f(%, @,, @,) of order 2 has the double pole 
p, its derivative is of order 3, and it admits the incongruent points 


“153, 


2 


@ w@ 
=pta , m=pty . S=pt le. 


as Zeros. 


Remark. The reader mayask: Why does not the same reasoning 
prove that p is also a zero of f/(z) ? As we know that a pole of f 
is also a pole of f’(z), our reasoning would then be quite fallacious, 
since p cannot be at once a zero and a pole of an analytic function. 

The fault in such reasoning on p would he in setting z= p in 
17). Since we know that z=>p is a pole of f’(z), this latter is 
not defined at this-point. The relation 17) holds for values of z 
near p but not at p. 


16. An elliptic function of the second order having simple poles 
satisfies a very simple differential equation, as the following theo- 
rem shows: 


If f (2) is as in 14, tt satisfies 
d 
(fy -cg-eG-adf-a—e) 20 


where f (2m) = em m=1, 2, 3, 4, and z,, are the numbers 16). 


Let us first show that the e’s are all different. For if 0, =O, 
for example, then 


and either Bo = 215 
or, By + 2, =P, + Po, by 18. 
Neither is true. Let us now set 

Oni 2) =f @) =e, t= 1 28 A. 
and | I@) = M1923 


We show that g admits @,, @, as periods and has the same zeros 
and poles, and to the same order as (f/(2))?=h. hus h and g 
differ only by a constant factor by 9. 
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For in the first place f and g obviously have the same periods. 
Next g being the product of four factors of order 2, is of order 8. 

AS Jm= 0 for 2=2,, we see that g vanishes at the four points z,. 
Each of these points is a zero of order 2 for g(z). In fact 

Pee ! ! : ee 
FE) =I 2939s + I IIs + Is * NI2Is + I's * NG2Is° 
Let us set z=2, in this relation. The first term on the right 
vanishes, since the factor 
He) =f'@)=9 — by i. 

The other three terms=0, since each contains the factor g,. 
Thus g'(2,)= 0 and hence 2, is a zero of g() of order 2 at least. 
Hence g(z) and A(z) have the same zeros to the same order. 


The poles of g(z) are p,, p, each of order 4. The same is true 
of A(z). Hence by 9, h=C-g. 


17. When the elliptic function of order 2 has double poles, we 
have: 
If f(z) is as in 15, it satisfies the differential equation 
af’ 21 
Bee ae), C 
where f(Zm) = ms» m=1, 2, 3, and z,, are the points 19). 


The proof is entirely analogous to that in 16. 


18. Application to the p function. This function is defined by 


@~ 


1 f L 1 
POD) ai ae | (22 


where me 5}, a 
O=2M,0, + 2 MyWo- 


Here p=0 is a double pole, and the periods are 2@,, 2a,. 
Thus 19) becomes 
Zy= Oy 5 %y=Og 5 B= Ot Oy (23 


aa poa)y=% ; P(@,) =e 5 P(@, + @2) = eg. (24 


Hence 21) shows that p(2) satisfies the differential equation 


ey = C(p i e,)(p cat ,)(p _ €3)- (25 
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From this follows that 
2 =f = ap = e (26 
V OCp — €1)(p = 2) (p'— 5) 


Remark. The reader can now see why we have denoted the 
periods of p(z) by .2@,, 2, instead of @,, ,. It is the half 
periods which enter in the definition of the e,, e,, e,, and these 
quantities are of fundamental importance. Also in many other 
relations the half period figures. If we call the periods 2,, 2 @,, 
we avoid the fraction } when using the half periods. 

The reader will also note that the period of sinz is denoted 


by 27. 
19. It will greatly simphfy our equations, as the reader will 
see later, if we introduce a half period , by means of the relation 


o,+0,+0,= 0. (27 
Then p being an even function we see that 
P(@, + @2) = p(@s) = eg. 
Thus the three equations 24) can be written 
DO, =e, Sa pao: (28 
Also the zeros of p'(2) are 
ei ga peo ee One (29 


166. Elliptic Functions expressed by o(z). 1. Let the elliptic 
function f(z) of order n have P(2@,, 2,) as a primitive paral- 
lelogram of periods. Let its zeros be 


M5 Gy 45 Ag ov el 
arranged so that |a,.:|>|a,| #0; let its poles be 
Dy = bee be as (2 


arranged so that |6,,;|>|6,|#0. Then by 140, 4, and 6, 


a 2 ee G 
b 
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Sie, [3 2 a [3 
converge. 


To determine 7 let us observe that 


since 


a? d° log f (2) 
dz2 


gI@)= (4 


also admits 2@,, 2@, as periods. Thus 


I" i i 1 
hore as Dy are: Sh uns homme 


is double periodic. 
Now each © here admits 2 @,, 2, as periods. Hence 


T"(2)=9@)+>— 


admits 2@,, 2@, as periods. As 7 is an integral function, so is 
TT". But then 


T'(2)=2e, a constant. 


Hence T=a-t bz+ cz. 


The infinite products entering 3) can be expressed as the 
product of m simpler products as follows: Let 


SE oN aoe to 
SY Lo mn gi a 
be the zeros and poles which fall in the parallelogram P. Let 


(5 


Cpl aia igs AS (6 
be all points 1) which are =c,._ Let 


ites ies Pag, SS (7 
be all the points 2) which are =p,._ If we treat the other points 
in 5) in a similar manner, all the zeros 1) will be thrown into m 
classes, the points in each class being = some zero in 5). A 
similar remark applies to the poles 2). 

Let us therefore set 
z faces 
: ee HG” (8 


t(%, ¢;)= n(1 =p 
In 
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Then the numerator and denominator in 3) are each the product 
of m factors of the type 8). We have, in fact, 


I@) _ patbeton b2 ets, C2) ++ O(2) Cm) 3 @ 

(2, D1 )t&, Po) ++ 2, Pm) 
2. The simplest ¢ function is obtained by taking ¢, at the 
origin. It is denoted by o(z) and is called Weierstrass’ segma 
Function. Thus ; 


eis all (1 z 2) get) (10 


where o=2m,0,+ 2 mos, m—=m=0 exeluded: 


By 140, the zeros of o(z) are z= 0 and the points o. They are 
of order 1. By using the o function the formula 9) can be much 
simplified. To show this we make use of the fact that 


_ Plog o@) _1 eee Pg 11 
dz? Se (2—@)? at =a : 


From 10) we have 


log o(z) = log z+ > log(1— 2) 42 45(2) 3 (12 


@ 


The derivative of this function is so important that it has a 
special symbol ; we set with Weierstrass 


Fae d log o(2) nas) (13 
dz a (2) 
Thus x 
fe u +244}. (14 
z MOY (a) {ae 


Hence finally Oe: 


Let us note that o(z) is an odd function. 
For replacing z by — z in the II in 10) it becomes 


= z lfz 2 
n(1 +2 ee) (15 
@ 


As and —@ give the same network of points, we can replace 
by —o in 15); but then 15) goes back to IIT in 10). Thus this 
product II is an even function. As o=2II we see o is odd. 
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eae ; . ng ‘ : 
As a'(%) is now seen to be even, the definition of €(z) given in 
13) shows that € is also an odd function. 
We have introduced these relations at this point in order to see 
how o(2) behaves when 2 is replaced by 
Z+2 0, Ores a @o: 
We start with the relation 
p@t+2o,)=p(z).- 
Integrating gives 


C2+20,)=@)4+ ¢. 
To determine the constant C, we set z= —,; we get 
&(@,) = §(— @,) + C=— F(a) + G, 
since € is an odd futtction. Hence 


G=2£(@,): 


Let us set for brevity 


dk [(@,) te 19 f(@,). (16 
These two constants are of constant occurrence. Then we have 
(2+ 20) =C(2)+2 0, ct 


S(2+ 2.) = (2) +2. 
Integrating the first equation of 17), we get 
log ¢(z + 2@,) =loge(Z)+ 224+ 0 
or a(2+20,) = ce" a(Z). 
To determine ¢ we set 2 =— ,, and remember that o(2) is an odd 
function ; we get 


o(w,) = cen o(— wy) = — ce" o(@)). 
Hence Oe e721 
Thus o(2+20,) = — e@ta(z), (18 
o(2-+ 2a,) = — emera (2). 


3. Using the relations 18), we can now simplify 9) as follows. 
We saw from Abel’s relation that 


Gt & oe FO — CP Pg Fo + Dm) = a period. (ES) 
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Let us therefore pick out a set of incongruent zeros a1, a +++ Gm 
and a set of incongruent poles 6;, +++ 6,, so that 

Ay + Ag + ove + Ay = by + by + oo + Om (20 
From 19) this can be done in an infinite variety of ways. Let us 
.now form the function 

Z— d,) +++ FT Z— Ay 
1) =e 2 Ql 
o(@— b,) + ¢@— ey: 

We show that g admits 2 @,, 2, as periods. For from 18) 


oy) BEES IIo(z rahe Gy) 
g@+2o,)= ens@—nto) To (zg — b,) 


Zon 


e2m =n 


— eematn J B). 
But by 20) She 
Thus g@+2o,) =g9@). 
Similarly g@+2o,) = 9(8). 


On the other hand, the zeros and poles of 21) are the same as 
those of f(z), and to the same order. Thus by 165, 9 f and g dif- 
fer only by a constant factor. Hence the theorem: 


Let f(z) be an elliptic function of order m having 2 w,,2@, as a 
primitive parr of periods. Let ay, +++ Umi by, +++ by, be a set of incon- 
gruent zeros and poles such that Xa, = Sh, Then 


a(2— d,) +++ o(2 — an) 


ce — b,) Pia: a(z a by 


4. From this we conclude that elliptic functions exist having 
assigned zeros and poles provided: 


J@=C 


1° the sum of the orders of the zeros in any parallelogram of 
periods equals the sum of the orders of its poles, and 

2° the zeros and poles satisfy Abel’s relation. 

In fact these functions are all given by 22). 


5. The relation 22) shows that every elliptic function can be 
expressed by means of the o function, which thus dominates the 
theory of elliptic functions. 
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It is interesting to note how naturally we have been led to con- 
sider this function. By Weierstrass’ factor theorem, 140, 4, 6, every 
elliptic function must have the form 3). The products in 8) can 
be decomposed into simpler products, each vanishing for one of the 
m classes of zeros or poles of the given function. Of all these 
simple products 9) the simplest is the product 10). It is an in- 
tegral transcendental function like sin 2, and as the circular func- 
tions can be built up on sinz as a fundamental function, so the 
elliptic functions can be expressed by means of this new transcend- 
ent. It is natural to denote it by o(z) where o reminds one of 
the, first letter s of sine. 

The first logarithmic derivative of sin z gives cot 2 which has, as 
poles of order 1, the zeros of sing. ‘The first logarithmic deriva- 
tive of c(z) gives a function which Weierstrass has denoted by 
f(z). This also has, as poles of order 1, the zeros of o(2). It is 
not periodic since 


E@4+2o)=f(2)+2y, 1=1,2. 


Its first derivative is periodic, and this leads to the p-function 


- Sc ae ites , 
The minus sign is inserted so that the term on the expression 
z 


164, 7) has a positive sign. The letter p reminds one that the 

most essential characteristic of this function is its double periodicity. 

6. If in 10), 11), 14), defining the functions o, g, p, we replace 
28 Ey oa, 

by 

BZ 5 PO, 4» PO, 


we see that o (PZ, HO1, HO,) = Wo (2, @4, Wy), 


1 
Coz, MO,, HO) = fe (2, @1, 2), (23 


il : 
pes, HQ), HO,) = “a? @y) Wy). 


which shows that o, & p are homogeneous functions of 2, @,, @, of 
degrees 1, — 1, — 2 respectively. This property 1s useful at times. 
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The relations 16) show that 
ote gt : \ 
Ny (MO, HO) = ii 1(@1, ®y) r=, 2. (24 
Since e, =p (@,) we see that 


€,(HO,, HO.) = F o,(@y Ws ) ea 75 oe (25 
m 


167. Elliptic Functions expressed by p(z), p'(z). 1. We sup- 
pose first that the elliptic function f(z) is an even function of 
order 2s. Then if z=a is a zero or a pole of f(2), soisz2=—a. 
Let a set of incongruent zeros and poles be 


+ a, ’ + Ay ’ ee 3 = 0; p) Up ’ 


of orders ; 
ys Dip ee sees ee; Mn 5 


so that 7 F 
2m, +2 my +--+ =2n,+2n,+ + =2s. 


We consider first the case that none of these zeros and poles is 
=(. Let p(s) have the same periods as f(2), we consider the 
function 


Z)= (pz — pay) (p2 — pag)” ++ 
oe (pz Rie poe ieee 

Va VAG Saf 5) ORE 
It has the same zeros and poles and to the same orders as f(z). 
As g admits the same periods as f, we see that it can differ from 
F(®) only by a constant factor. 

Next let us suppose that z= 0 is a zero of f(z). Since f is an 
even function by hypothesis, the order of this zero must be an 
even integer, say 2m. Suppose now 
form a set of incongruent zeros of orders 

6 t 

PATO Ts AT ORS Mg 
respectively. Then as before 
2m +2 m,+ 2mM,+ + =28. 


Let us now form the same function g as before, where no factor, 
however, corresponds toz=0. The numerator is of degree s —1 
in p and the denominator of degree s. As z=0 isa pole of order 
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2 for p(z), it follows that z=0 is a zero of order 2m for g(z). 
Thus as before gy has the same zeros and poles and to the same 
orders as f(z). It can differ from f only by a constant factor. 
We get the same result if z=0 is a pole of f(z). Thus in all 
cases when f(z) is an even function, 


F(z) = COPE BGC pe — pag) oo, : 
( pz— poy) pe — pb, ya wee ( 


where we use a set of incongruent zeros and poles, always omit- 
ting that one which may be = 0. 


Case 2. f(2%) is not even. Let us form 


gy =2) a =D ep 


» _ £2) — fC— 2) 
hz) = ; 9) 
) 2 p'(2) 

f@=I@ +h) p'C). 


As g and A are even functions, they may be expressed as in 
Case 1. We have thus proved the theorem: 


which give 


Any elliptic function is a rational function of pC), p' (2). 


168. Elliptic Functions expressed by {(z). 1. In 166, 167 we 
have learned two ways of expressing an elliptic function. Both 
require a knowledge of the zeros and poles of the function f(z). 
When these are not readily found, it is convenient to have another 
representation. Such is the following, which depends on the 
knowledge of the characteristic at each of the poles. 

We will suppose, therefore, that a, b, --- are the poles of f(z) in 
a primitive parallelogram of periods, and that its characteristics 
at these points are 

Serer At. forz=a 
(2— 4), z—a 


B, bay eteie et 1 
LT. en amore: for y= ( 
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We now construct a & function on the periods 2 @,, 2 a, of f(z) 
and then the function 


g(2) = Ab — a) — Ask! — a) +596" Tipe re. 
eg D(2—a)+ Bio — 6) —B,t' @—8) 


no = Il) 
=e 2361" 1D ne 
(@=—p@) , “@=—p@ 
all the terms in the 2d, 3d --- columns on the right of 2) are 


periodic. 
On the other hand, 


(2+ 2@,)= 8)+ 2), ete. 


BEM” (gb) een 8 
As 


Thus 92+ 20) =2,(A, + By + -)+9(2). 


But A,, B, --- are the residues of f(z) in a parallelogram of 
periods. ‘Their sum is 0 by 165, 3. Thus 

g@t2o)= 9). 
A similar relation holds for 2@,. Hence g also admits 2 @,, 2a, 
as periods. 


Let us now show that g has at each pole as z= a the same char- 
acteristic as f. For from 166, 14), we have obviously 


f(2—-a)= a +h(z), 


where A is regular atz=a. Hence 


iG@—a)=—— + _ +), 
a) 
TE = a 0 1)! + ROD (zx), 


Thus the characteristic of g(z) at =a is given by the first row in 
2). Thus f and g have the same characteristic at z=a. The 
same is true at the other poles. Thus by 165, 10 


F(R) =g9(%)+ constant. G3 
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2. From the foregoing we have : 


Any elliptic function can be expressed in terms of &(%) and its 
derivatives. 


169. Development of o, , in Power Series. 1. We have now 
seen that the three functions 


2 z 1 
o(3)= al(1 — = en 3G oe Cd 
@ 
reel Be es 
2 1G 2 
< Fe te ( 
1 1 1 
2)== ae 3 
PC sees e —o)? —}. . C 
where ao m,@, + 2 My, NM, = MN, = 0 excluded (4 


may be taken as the basis of a theory of the elliptic functions. 
We propose in the articles which immediately follow to develop 
some of the properties of these three functions. 

We begin by developing them in a power series about 2=0. 
Since 


ih 
p@)- =o) 
is regular at z= 0 it can be developed in Taylor’s series 
one 
PZ) = (0) + 26'(0) + SPN O) + - 


which is valid within a circle 8 which passes through the nearest 
point in +), 


Now G@)= (—1)* (n+1)! Fie a 
Hence (n) 
“¢ (9) = (n a 1) An @rte 
Let us therefore set = Lee (5 


ote 


We note that when n is odd, s, = 0. 
For to each 2 m,o, + 2 myo, in 8, there corresponds a 


» re) 
met al MO, a MoWo- 
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When is odd, the two corresponding terms in s, will have oppo- 


site signs and cancel each other.. .We thus have 


1 7 
p(2)==+ 8 8527+ 5 8,24 + T sez? + «-- 
a2 


Integrating, we have 
1 5 
C(%) == — 8,22 — 3,2? — + 


Integrating again gives 


ve Ve een ees 
log o(2) = log z — } 8,2* — 4 8,2 


Sie 


Hence 


io il og mst aL a 
o(3)=28= q %2" — 4% 82" — | Ben" — =" 


(6 


Ci 


@ 


2. Differential Equation satisfied by p(z). Further coefficients 
in the developments 6), 7), 9) can be obtained by a recurrent re- 


lation which we deduce from a differential equation. 


In fact, we 


saw in 165, 25) that p satisfies a very simple differential equation 


which we now proceed to find. 


From 6) we obtain, on differentiation and slightly changing the 


notation, 
ra) 


WG. css ad es) ¢ oe 
BE) ds eyes 20 c,28 + «++ 
This squared gives 
+ 
ie 2 “ 
D2) oe 24 c, 
Also cubing the series 6) gives 
1 1 : 
t a\ one Qa a 
PR) = te los 


Let us now set 


In = 60, = 60> t 2 = 140 OS 14055. 
@ 


(10 


These are called the invariants. From the foregoing equations 


we get on adding 


p' (2)? — 4 p(@)? + 9p p(2) + gg = 2a, + de® + ++) 
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It thus admits 2.,, 2, and yet admits no pole ina parallelogram 
of periods. It is therefore a constant. Since it vanishes for 
= = 0, we have the desired differential equation 


Bi) = £P@)? — WP) — Ia C1 
From this we get on differentiating 
pl! =6p?— 4 gp. (12 


3. We can now get the desired recursion formula. Let us write 
* 1 of of 36 
ple) == + ae 4-08" G8) 4- oss 


and put this in 12). Equating the coefficients of 2’"-? on each 
side of the resulting equation gives 

2n(2n — 1) a, = 6 (a, + Aang + t+ + yoy + An). 
Hence 3 


ee oo ees nag bot HE Ay_olty}. is 
o eee oa 24} ( 


This shows that a3, a4, a; --- can be expressed as integral rational 
functions of a,, a3, that is of g, gg, since 
2 eset WP mee eae ICL 
For n = 3 we get from 13) 
Sa py pene Node, 
Os 4 = ao 2" 
For n = 4 oe ; 3 
hy = 3p (Mg + 4g) = S160 29" 


In this way we may continue. Thus we find 


5 gil 932 
<a aes ee (3 ak! 
ee as Fs oy 577 ( 
AB: od in il Z 
(2) = i Big pi 5 eae a gee anne? (15 
2 We ty) Oe ity) 9 De ee pe | 
st iw Fo 5% pe 
anes I 93 I ahte (16 
PO) =at"t oo et on 7 t e.g. 5 . 


¢ 3 25 
p@=—-24e+ Mh Ey Ot aq 
2 e hon “'£ 
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From the definition of gy, g, we see that 
tk 
Jo HO, HO.) = Ie (@1, 2), 
i (18 
: 1 
J3 (HO PO) = yo! (@1, @): 


170. Addition Formule. 1. We have seen how important are 
the addition theorems 
eutv — eXer 
sin (uw + v) = sin u cos v + Cos u Sin 2, ete. 
for the elementary transcendental functions. We wish to estab- 
lish analogous formule for the new functions, viz. : 


Fut ye) Uw 
ou - ov = p@)— p), . 
o!u— vp! 
ou + n=bO+E@) +3 (PP), s 
a\ pu— pv 
et led wears), 
LES NSN ral pu— pv ‘ 


These relations are fundamental and of constant service. We 
begin by proving 1). 

Regarding uw as a constant let us look at the zeros and poles of 

FO) = pP@)— p@) 

in the parallelogram of periods P(2@,, 2@,). Obviously, f = 0 
for v=vu, and hence for v=u. As p(—u)= p(w), it follows 
that f=90 at v =—u, and hence at v=—w. As f is of order 2, 
it can vanish only twice in P. ‘Thus all the zeros of f(v) are 
=+u. The poles of f(v) are v=0, and these are of order 2. 

Thus the two functions of v, on the two sides of 1), have the 
same zeros, poles, and periods. They can only differ by a con- 
stant factor @ 

To determine this we develop both sides about v = 0 and com- 


pare the coefficient of Es Now by 169, 14), 
i 5 


o(v)=v+ av? + ... 


Hence Pp 5 
oVvU=v-A+ -«-- 
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Thus il 
Pe es 


oud ou v2 


To develop o(uw+v), o(u—v) about v= 0, we set 
J) = o(u + v) = 9(0) + v9! (0) 4 + 
=a(u)+ vol (u)+ + 


Similarly o(u—v)=(u)— va! (u) + 


Thus o(u+v)c(w—v)= out + 


Thus the left side of 1) has 1 as coefficient of as The same is 
ga 
true of the right side. Hence (=1 and 1) is established. 


2. To prove 2) we take the logarithmic derivative of 1) with 
respect to v, and get 


f(ut+v)—f(u— v)—26)=—P*— 


But this relation holds for uw as well as for v. Thus interchanging 
Uu, V gives 
; plu 
f(utv)+ SCu—v)— 2 Su) = — “+. 
Ore Us 
Adding and dividing by 2 gives 2). 
3. To prove 3) we need only take the derivative of 2) with 
respect to w. 


4. Another form of the addition theorem for the p function is 
the following: 


: la — yp! v2 
PGFs OT PC?) =o) ad 
To prove this we square 2), getting 
? iy — plv 


Let us denote the left side of this relation by g(w), regarding v 
as a constant. The right side of 5) shows that g(w) is an elliptic 
function. 

We propose now to express g by means of ¢ and its derivatives, 
using 168. To this end we must find the characteristics of g(w) 
about its poles. These are =0 and —», each pole being of order 2. 
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Developing about wu = 0 we have 
Su) =— + au? + - 


fu +») = es + ull(v) +: 
Hence 


Eu +0) — Ku) — Sv) = —* + us) + 


and thus 


glu) = 200) + (6 


Hence in this case the coefficients A in 168, 1) are 
A= 5 Av=1, 


Let us now develop about the pointw=—v. We have 
; ae 3 
S(utv) ate CD) os 


SOS aad Ca BE OAD a esl Cg CAD 
= ED ee Daa MSN et 


I 


Hence 
Lou 0) — Su) — $00) = = (wt 0800) Ho 


Thus 1 


(w+ v)? 

The coefficients B in 168, 1) are here 

Vs) 5 shea 
Putting these values of A,, A,, B,, B,, in 168, 2) gives 
g(a) = — (uw) — F(ut+v)+ © or 
{o(u + v) — (uw) — €(v) }? = p(u) + p(ut+v)+ C. Gi 

To determine the constant C, let us equate the absolute terms 
of the developments of both sides about w=0. From 6) this term 
on the left side of 7) is 2 p(v). 

On the right side of 7) it is p(v) + C. Equating these, we get 


C= pv). 


I) = 


—2 tO) Je ope 


This in 7) gives 4). 
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171. The o,, 7,, e; and g, gs. 1. We saw in 169, 11) that 
p'@)? = 4 p>) — gop) — gp: ad 
On the other hand we saw in 165, 18, that p'() =0 forz= W4 
@,, @3- The three roots of the cubic 
4p? — gop — 93 =9 @ 
are therefore €; = p(@;) Jesh Pay 
Thus we can write 1) 
p' (2)? = 4(p2 — ey) (pa — e)(p2 — eg), G 
which shows that the constant C= 4 in 165, 25). 
Since the coefficient of p? in 2) is 0, we have 
€, + +e, = 0. (4 
The other coefficients of 4) give 
Cy€n + €1€g + Cols =—F£Gq 1 Clog =1 Go: (5 
To complete the symmetry let us introduce 7, defined by 
1+. + 73= 9. (6 


We show that also an: (7 
Since € is an odd function, 
S( ws) = €( — a1 — w2) = — $( a, + 2) 
=— €(@,) — f(@,) by 170, 2) 
=—-™%—%™%=%3 » by 6), 
and this establishes 7). 


2. Between the o,, 7; exists a relation due to Legendre. Let 
us suppose that we pass from a+, to a+, by a positive rota- 
tion of angle <7 as in the figure. Then Legendre’s relation 
states that 


Tt 
Dhar SG act Weer C 


Let us take the parallelogram P so that z= 0 lies within it. 


Then 1 
rif $Ou me Rove 
2 Tt P P. 
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But ¢ has only one pole in P, viz. z=0, and by 169, 2) its 


residue is 1. Thus @ 


i tia =o a. 
if t(2) de -{ ta4+20,)de @ 
43 12 


= | {f(2)+27,jdz , by 166, 17), 
e/ 12 


=[ Cdz + 4 No: 
12 


Similarly 
ib C(2)dz =/ Sdz + 4 7,W». 
23 14 


Hence 3 a 2 
JP 12 re) 23 eB re) AA 


=—47,0,+ 4 nyo. 


Now 


at+2o, 


Putting this in 9) gives 8). 
By using 6) and , +, +3; =0 we have for any two indices 


r, 8=1, 2, 38, 


Tt 
,®s — 7,0, = € ayo) (10 


where ¢ = 1 when we pass from @, to @, by a positive rotation of 
angle < 7; otherwise «= — 1. 


3. The relations 166, 17), 18) may be at once extended to @, 
and give for r= 1, 2, 3, 


o(2+ 20,) =— ey: (Gal 
$(a-+ 2 e,) =e) + 2m. a2 


172. The Co-sigmas o,(z). 1. We introduce now three new 
sigma functions 


rap (2) = pat Ee) 
Tr o(@,) ’ 


This we can transform as follows. From 


o(u +2 @,) —— erirlutorle (a) 


r=1, 2,3. qd 
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we have, setting u = — z— o,, 


o(—£+0,) =e Mo(2-+4 0,). 
This in 1) gives em o(@, — 3) 
o,(2)= a @ 


Replacing z by —z in 1) and using 2), we get 


a(—2)=¢,() , o,(0)=1. (3 
We find without trouble 


o,(2 + 2 w,) = — er ten) (2), (4 
o.(8+2 0) = dutte,(2), (5 
o(2 + @,) = + 0(o,)0,(2), (6 
; a(2) 
Zz = Np (Wpte) ; 
o,(2+0,)= Fe ae Gi 
Z Ss ur) 
o,(Z + @,) ease Dg so (2), (8 


r 


where 7, s, ¢ are the integers 1, 2, 3 in any order. 
For example let us prove 7) for the + sign. From 1) we have 


o(z+2a 

o(z te @, ) = ert wy) AEB eS) = = r) ’ 
QO, 

or using 171, 11), o(z) 

= — e-Irletwr) e2Mr (2+ oy) 


To, 
= — etr (2+) oe) 
CW, 
which is 7). 
2. In 1) let us set 2 =ao,, then 
oW 
C,@,—— € rs Es (@o) 

ow, 

since o(#,+0,)=7(—,)=— oo, Here as usual 7, 8, ¢ are 


1, 2, 3 in any order. 
Setting z=, in 2) gives 
o,(@,) = 0. (10 
Let us put 9) in 8), we get 


o,(2 + @,) = et's*0,0,0 2. 
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In this formula with the lower sign, set z=, As o,(0)=1 
by 38), it gives 


e788 = 0 ,0),0 Ws. (12 


Let us now make use of this in 7), it gives 


o,(2@ +0,)= Fetwe st el BAA SET CD (13 
ow 
From the definition 1) we see 
CO, (Me, HO, UW.) = 7,(Z, 1, @,)- (14 
8. In 170, 1) let us set v=o, ; we get, using 1), 2), 
Se ee o3(2@) 15 
pP®) A Es ( vo 


This shows that the square root of the left side is a one-valued 
function of z We set 
Vp@)—2,= + 24, (16 
o(z)" 
which determines the sign of the radical. 
Let us set z=, in 16), we get 
Vee (17 


ow 


-and the sign of the radical on the left is determined. 
Putting 9) in 17) gives 


oo, 


Ve, —6,—— eas : 
oW,00, 


Interchanging 7 and s, we get, dividing, 


V eC, =; és = CNP s—Ngp , 
Wie 


Hence using Legendre’s relation 171, 10) 
Ve, — & =tVe, — e, » Ve— €g=—tVez,—e, , 
Veg — €g = 1V eg — 6," (18 
Here we suppose ,, , such that we pass from @, to @, by a posi- 
tive rotation < 7. 
The relations 18) enable us to replace in our formula a radical 


Ve, —e, by Ve, — é, a substitution which is often useful to make 
reductions. 
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4. In 15) let us replace z by z +, we get 


o3(2 + ,) 


ple + @, ane ners ’ 
aE a.) 
or using 6), 13), 
bs pings T1@sF7s 1 a2) 
oo, en'o2o, o2(2) 
Using 15), 17) this gives Me 
¢ as ye Gas) 6 —2}) 
Pe ny 5) es at plz) th e, Ks (19 


5. To find the development of ¢,(z) in a power series about the 
origin we have, from 16), 


e,(2) =a(2) Vv o(2) — 2 
Now from 169, 16) 


1 1 
pe) —e¢, meres: +5 ne + oe 
Thus 


hie 


1 1 
o,(2) = a(2) |5- Lae x I ae } 


=1 je £ G8 - ge - see (20 
6. We have obviously 
es ae) (21 


ou 


173. The Inverse p Function. Casel. 1. We have 


1 
pbs exe 
1 1 ? 
J, = 60>, : ge 40> » O=2mM,0,+ 2 mw. (3 


The relation 1) defines p as a function of 2. We wish now to 
consider the inverse function z of p. 

Case 1. a, real and positive, o,=10,, o, >. We note first 
that the invariants g,, g, are real. For in to each positive m, 
corresponds a negative value — m,. Then the two values of a, 


5 i 9 ra) 
2m,0,+2 mio, , 2m,@, — 2 Mte,, 
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are conjugate imaginary. Thus the terms in gy, gz enter in pairs 
which are conjugate imaginary numbers. As the sum of two con- 
jugate imaginaries is real, go, gy are real. 

From 1) we see that p is real for real values of zg, say for z = z. 
As p has the real period 2 @,, p() is periodic. 

The relation 1) shows that the p-axis in Fig. 1 is an asymptote. 

From 2) we see that 
pe) is Negative for 
small values of x Thus 
p decreases until p’(@) 
vanishes. The roots of 
p' (@) =0 are @,, @, @, of 
which only the first is 


Pp axis 


real. 

Thus p decreases from 
z=0 to r=o,, at which 
last point p(@,) = ¢,. en 
Since p(#) is an even 
function, p is symmetric with respect to the p-axis. Thus p de- 
creases as x ranges from 0 to—a@,. As p has 2a, as period, the 
graph of p in the interval (,, 2 @,) is the same as in (— @,, 0). 


2. The graph of p = p(x) shows that the relation 1) defines a 
many-valued inverse function 


x= $(P), G4 
one of whose branches may be characterized by the conditions 


12 2=Qasp=+o, 
ae 2 is positive for p > e,. c 
This branch is shown in Fig. 2. 
We show now how this inverse 

function may be represented by an 

integral. The derivative of p(2) is 


dp | 

—“—=+ V4 2 Opp ioe 
dx P= dae mage ” 
To determine the sign of the radical 
we observe that for 0<a< 1 dp 


AL 
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is negative, while the polynomial under the radical is large and 
positive. We must therefore take the minus sign in 6). Then 
the derivative of the branch of 4) as determined by 5) is 


EN u 
dp dp” Vip — gp — 9, 


da 


Ci 


From this follows that the inverse function x defined by 4), 5) is 


2 dp 
c= f . 8 
<2 V4 3 — IoP — Is ( 


In fact the quantity under the radical is p’(x)?; it is therefore 
positive for p>e,. Also as p++ oo the integral 8) converges 
to 0. Thus the conditions 5) are satisfied. 

From p(@,) = e, follows now that x= @, when p=e,. Putting 


Tike ck cs 
is In 8) gives man : is | A 
1 : C 

a +V4p'— gp —9s 


This expresses the period 2 @, as a real integral. 


3. We show now how «, can be expressed as an integral. To this 
end we note that 1) shows that p(¢) is real and negative for small 
values of zof the form z=. We have in fact 


z ul 
1 | ee ae (10 


By analytic continuation the series 10) will give the values of 
for all values of z from 0 to @,, that is, for values 0<v<@p. 
As the terms of 10) are all real, the values of q obtained by 
this process will be real. When 
V=Oy 7 = p(to,) = p(y) = ey» 


which is therefore real. 
As p'(z) does not vanish as z moves from 0 to @, until it reaches 


@, “a does not vanish as v moves from 0 to @,, until it reaches ap. 
v 
The graph of g considered as a function of v is given in Fig. 3. 
It shows that 10) defines a many-valued inverse function. 
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entirely analogous to4). One of its branches is given in Fig. 4 
and is characterized by 


y = Jas g =" cor, -y > 0 for g < e. (12 


q axis 


Fia. 4. 


To represent this inverse function by an integral we observe 
that 


La Le : 
dv de dv ip'(2)=+1V4 p®— gop— gs. 


As the derivative is real and positive for this branch, and as 
p(2)= p(w) = q, we may write this 

dv _ a} 

dq +V—G P= 9:9— 95) 


the radical being real and positive for ¢ < @. 


Let us now consider 


v= f' dg (13 
-»V—(4 P — 929 Ss) 


We see this is positive for g< — e, and thatu=Oasq=—o. It 
is therefore the function defined by 11), 12). 
Setting g¢.= e, we have 


= 2 dc 
@2 = ip : d_ : (14 
, ele Nes Hh agra) 


From this, we have expressed @, = 1@, as an integral, 
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4. We have seen that e,, e, are real. As g,, gg are real, all the 
roots of : 
4 p* — J.P — 93 = 9 (16 
are real. Since 
=+@&+¢e,= 0, (16 
it follows that at least one root e must be negative. As the first 
root of 15) which we meet as p moves from —o toward the 
origin is é,, this root is certainly negative. 
The sign of the root e, is given by 16). 
174. Case 2. Periods Conjugate Imaginary. 1. Let us suppose 
now that 


@,=o-—to' , o=aot+to , ow >0. (Gi 
Then 

2@ = @, + a = — 3 = 3, 

(5) a == =a 

a t@ = Ws @; =— @3 = ®3) (2 


2o=2it0' , 20+2t0' =20,=0. 


As in Case 1, the invariants g,, gg are real. 


For ‘ ey 
2m,o, + 2 myo, = 2(m, + M,)@ + 2a! (mM, — M4). 
On interchanging m,, m, this period goes over into one which 
is conjugate imaginary. 
. we ‘ ¢ i/ 
From the series 173, 1), 2), we see that p(z), p’(2) are real for 
real z, and that p is real for purely imaginary z. 


378 FUNCTIONS OF A COMPLEX VARIABLE 


As in Case 1, we see that as x moves from 0 to 2, p(#) de- 
creases. At zv=2@ 
P(2)= P(@3) = ey - 
at which point p has a minimum, and p’(@3) = 0. 
Let us note that p/(xv) has only one incongruent real root, as @, 
@, are complex. 


The inverse function defined by 
p=p@) 


is many-valued. One of its branches is given by 


Jp + V4 p? —IJoP—JI3 


which is positive for p 7 e,, and which = 0 as p =o. 
When p=<¢, ¢—20,  Lhus 


20= 


an 
d 
{ P : (4 
Ja +V4p? — gop — Ys 
2. Let us now express w' as an integral. Knowing a, w', we can 
express the periods 2 w,, 2, as integrals by 1). 
As 2= vw moves from 0 to 2%’, p is real and moves from — o 


to : 
¢ PN — 
Pal) Ph Oia 
We have 1 
q = p(w) =—-—- BY ves (5 
vy 20 
dg__ 2 
dy v3 
: . ° p dq 
Thus g is increasing for small values of v. As “4 does not 
dv 


vanish unless p'(z)=0, and as the first root of this on the 
imaginary axis is @,;=2tw’, we see that qg increases steadily 
from — oo to és. 

Thus the relation 5) defines an 
inverse function v of gq, one of 
whose branches is characterized by 
the condition that 


v= 0) as G@=— 6 5 and o> 0 
[Ors en (6 


q axis 
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Thus, as in Case 1, this branch is represented by 


v= fo dq (7 
=. ‘—4¢ — Joq — Is) 


As v=2 a! for ¢= ég, this gives 


2 | ee : 
—= FV — (49° — 9.9 — gs) 


175. The p Function defined by g,, g,;. 1. Up to the present we 
have considered p(w) as defined by means of the periods 2 @,, 
2,. These numbers being taken at pleasure but not collinear 
with the origin, we constructed the sum 


1 
P(4 2), 20.)= Se ares 5} @ 


@2 


as in 169, 3), and showed that 
p@)=5tt+ B24 Bay... (2 


all of whose coefficients are rational integral functions of the 


Poas, 7 1 ih 
9, = 60 DS : ge = 140 > (3 
We ask now: Can we start with two numbers g,, g3 taken at 
pleasure, and find the periods 2,, 2, with which to construct 
the p function 1)? 
Let us consider the roots e,, é, e, of the cubic 

4 #— g,t —g,=0 or 4 (t—e,)(t— &)(t— @g) = 9. (4 
We must in the first place suppose that two of them are not equal. 
For we have seen, 169, 11), that p(z) satisfies the equation 


invariants 


us = Vip? — gop — Jg=V4(p— &)(p— &)(p— es). 


If now ¢, = é, this gives 


oP 2(p— Vp — & (6 
dz 


H . re 
| ence “= | dp ae: (7 
2(p — &) Vp — eg 
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Thus z can be expressed by means of the elementary functions, 
and p cannot be a double periodic function. 


2. The roots e, being unequal, let us suppose they are real. 
We define 2 ,, 2, by the equations 


Dy} @, => 2 i ——= dt 5 (8 
Je V+tt3— got — Js 
2 dt (9 
a We (4 := Got =) 


ZO, = 2 


where we suppose the e’s so numbered that 
yn <0, < Cy. (10 


Then 2, is real and 2, is purely imaginary, since the radicals 
in both 8) and 9) are positive. As 2@,, 2, are not collinear 
with the origin, the series 1) constructed with these two numbers 
defines an elliptic function p(z, 2,, 2@,) which we have seen 
satisfies 5). The reasoning of 169, 2, 3 shows that this function p 
will have the development 2) about z=0 and that gy, g, will 
satisfy 3). 


3. Let us next suppose one root e, of the cubic 4) is real, while 
the other two are conjugate imaginary. We define 2@, 20’ by 
the equations 


20= i = ail 
ed es V4 Bb = Jot = Is 
Pe, 
9 ol ~ : dt (2 


ey Seo 


These are real and positive, since the radicals in 11), 12) are 
both positive. 
We now set 


20,=20-210 , 20,=20+2i%0!. (13 


Since these are not collinear with the origin, the series 1) con- 
verges and defines an elliptic function p(z, 2.@,, 2,). As before, 
we see that this function satisfies the differential equation 5); its 
development about 2=0 is given by 2) and g,, gg satisfy the 
relations 3). 
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4. Suppose finally that g,, gs; are any complex numbers, such 
however that the cubie 4) does not have two equal roots. From 
algebra we know that 


G= (a= &y)*( ey = es "(ey — és)? = 16 8 = 27 i gz). Ge 


Obviously 4) will have equal roots when and only when @ = 0. 
For this reason @ is called the discriminant of the cubic. 
We shall not treat the general case but merely state that : 


If we set 


{ : dt { dt 
a Se = @, — ere 
Ja VtO— yt — 95 Jes V4t— got — 9g 


the series 1) constructed on nee numbers is convergent and defines 
an elliptie function p(2, 2 @,, 2.) having 2 @,, 2, as a primitive 
pair of periods. This function satisfies 5), its development about the 
origin is 2), and Jo, Jz satisfy 3). 


176. The Radicals Vp(z) —e,,. These are factors in 


dp _ 


dz 


= V4 — JoP — Jg=2Vp— & Vp — e, Vp — ey 


In 172, 15 we saw that they are one-valued functions of 2, viz. : 


Fe some). ONS i 
Vp em aa) m Me!) C 


Let us set in general 


T,(2) = a(zZ) @) 


Cnn = Cn, = = — te 5 
yen a(z) : sa Oon(2) : ie o,(2) 


They are homogeneous funetions of 2, @,, @,, of orders — 1,1, 0 


(2 


respectively. 
Of these 12 functions, 6 are reciprocals of the other 6. Let us 


consider one of them as 
a(zZ) 5 il G 
O(2) Vp(z)— ey 


q=%p(2) = 
From 172, 1 we have 
q@+2o0)=—9(2@) , G@t+2o)=9(). 


Thus g admits 4 @,, 2 @, as periods. 
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As o(z)=0 for z=0 mod 2@,, 2, we see that the zeros 
of gare = 0, mod 2 @,, 2 @,. 

As o,(2)=0 for z=, we see that the poles of g are =o, 
mod 2@,, 2 @,, and simple. 

Thus g is an elliptic function of order 2 for which 40,, 2, 
form a primitive pair of periods. 

By 165,44 the zeros on 9 C2) are = 

@y 4 0-@, 5 @g 4 Os te Oy mod 4@,, 2@,. 
At these points qg has respectively the values 
1 —1 i —1 


2) os ] — 7 = 


a, Ve — ey Veg = €5 Veg — 


Thus by 165, 16 q satisfies the differential equation 
ae ea 
e— e| | Gea” 


To determine the constant C’ we observe that 


é! 


= 2) 1 —ee?+ ie 
=2jl+taze+ ...}. 
Hence d 
oT 12s acter 
dz 
Putting these developments in 4) and equating the absolute terms, 
we get 
te CO 


(41 — &y) C¢3 — a 


Thus 4) becomes 


dy? : 
) = {1 — Ce, — e9) 97} 11 — Cg — €9) 97: G 


CHAPTER XI 
THE FUNCTIONS OF LEGENDRE AND JACOBI 


177. Rectification. 1. In the previous chapter we have studied 
the elliptic functions from the point of view of their most charac- 
teristic property, viz. as double periodic functions. Historically 
they presented themselves from quite another standpoint, and this 
we wish now to develop. 

The integral calculus enables us to find the lengths of a great 
variety of curves found by effecting the integration in the formula 


sm fo yis%. dx ; Cd 


for example, the circle, parabola, catenary, cycloid, cissoid of 
Diocles, the cardioid, ete. When the contemporaries of Newton 
and Leibnitz attempted to rectify the ellipse, hyperbola, and the 
lemniscate by means of 1) they met a most unexpected difficulty. 
In spite of every effort they could not effect the integration. 
Let us see how these integrals look. 


2. The Ellipse. The equation being 


a®y? + Dx? = a*b?, (2 
we seid oe 
=i seta de , @=a2—B (3 
Vv ( = — z*)(a* — ex) 


Instead of the equation 2) we may use the parameter equations 
of the ellipse, 


2=asind , y=6cos ¢. (4 

Yas f= af ve cos? d + 6 sin? $ - dd, ( 

or setting pi v—#_@ (6 
a a 

ree if Ve ere. Ae: (7 
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As we now know, the integrals 3), 7) cannot be expressed in 
terms of the elementary functions; the efforts of the mathemati- 
cians of the seventeenth and eighteenth centuries in this direc- 
tion were doomed to fail. And yet only failure in a narrow sense, 
for from their apparently fruitless efforts has sprung a whole new 
branch of mathematics, the elliptic functions. 


3. The Lemniscate. If we take the equation in polar form, it is 


p=a cos? 2 dp. 
Then 1) gives dé 


=. (8 
V1 — 2 sin? @ 


If we set x= sin 0, we get also 
dx 


s=a : (9 
V(1 —2*)(1 — 2 2?) 


178. Elliptic Integrals. 1. Many problems of pure and applied 
mathematics lead to integrals whose integrands are rational func- 
tions of x and the square root of a polynomial P of the third or 
fourth degree, that is, to integrals of the type 


[oe VP) de. a 


Such integrals are called elliptic integrals; they include the inte- 
grals 3) and 9) of 177, and cannot be expressed in general in 
terms of the elementary functions. They therefore define new 
functions in the same way that 


ie ( dr 
wv ‘ oh WY 1-2 


define transcendental functions although their integrands are 
algebraic. 

The question arises, how many different types of integrals are 
included in 1). We propose to show that all these integrals may 
be reduced to three, viz. : 
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f da (2 
J V0 — 2) — Px)’ 


xdx 
i (is OG eee me C 
Vd ~—2*)(1 — #2?) 


dx 
@—4a)V1— 2) (1 — a) 


(4 


which are called elliptic integrals of the 1°, 2°, and 8° species, 
respectively. 

The number & is called the modulus, the number a which enters 
4) is called the parameter. 


2. To reduce the integrals 1), let us note that if the polynomial 


P is of the third degree, 
az + bx? +exr+d, (5 


the integral 1) may be replaced by one in which the polynomial 
under the radical is of the fourth degree. 
For let @ be a root of 5), then P has the form 


P=(x—«a)(pa?+qr+r). (6 


Let us set 2 
L—-a=—Y', 


ie MS UY ro) sy a) Ee 


and the polynomial under the radical is of the fourth degree if 


p#?. 
But if p=0, the polynomial P is of the second degree, as 6) 


shows, and this is contrary to hypothesis. 


3. Let us suppose then that 
P= pot + py? + po + pet Py + Po# 7 


Since ¢ is a rational function of # and 


y=vP, 
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let us arrange its numerator and denominator according to y. 
Then 


pe RI Ae (8 
Cot Cy + egy” # > 
As VIaWA Of ey ee pd ae 
we see that 8) has the form 
Oo Ala By © 
C= Dy 


where A, B, C, D are polynomials in a. 
If we multiply numerator and denominator in 9) by C— Dy, we 


et 2 Gt 


where H#, F, G are rational functions of z Thus 


f ae = if Edz + i Sa (10 
e N/E 


Here the first term on the right may be integrated by means of 
the elementary functions as shown in the calculus. We are thus 
led to consider (ole 


VP 
4. As G is a rational function of z, it may be broken up into 
partial fractions as shown in 122, 4). Thus @ is the sum of a 


polynomial which may reduce to a constant and a number of terms 
of the type 


nl 


Am eae ay 
m + el ea - 
(i —@)" (e—a)™ xr—a 


Thus the integral 11) reduces to integrals 


ee and {—“ = (12 
PP (c@—a)"VP 
Both of these may be represented by 
3 dx 
oo = fo 4 a)"——, 13 
e ye ( 


if we let m be a positive or negative integer or 0, and a any num- 
ber including 0. There are now two cases. 
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5. Case l. ais not a root of P. Then we may write 
P= A)(#—a)*+ 4 A,\(w— a) 4 6 A,(a@— a)? 
+4 A,(@— aj)+A, (14 


and A,#0. For setting 2=a in 14), it reduces to A,, and if 
this were 0, P would =0 for x=a, which is contrary to our 
hypothesis. 

Let us note now that for any integer 


d Sa yn 1(> n Pl 
n(x —a)r bP + de 
mi@-O'vPj= C am rallies ea 
WE 
Hence, integrating, 


eh an “(2 — Ee (2 — a)" Pr de, 


VP 2. WP 


If we put in the value of P and P’ as given by 14), we find 
(a — a)*-VP =(n+2)A,Qnist 202 14+3)A, Qnge +6 (2+ 1A, Pnis 
+ 2(2n+1)AgQ, + NAgQn-1 (15 


If we take n= — 1, this relation enables us to express Q_, in terms 
of Q_,, Q,, Q, and an algebraic function. If we take n= — 2, we 
see Q_, can be expressed by means of Q_,, Q_1, Qp. But we have 
just seen that Q_, can be expressed in terms of Q_,, Q,, @- Thus 
Q_, can be expressed in terms of Q@_,, Q), Qi» Ga In the same 
manner we may reason for higher negative values of n. This 
shows that the integrals 13) when m is negative may be reduced 


to ae : 
2PM ree (16 
a ad (a—a)vVP 


and to Q, with positive indices. 


Case 2. Suppose a is a root of P. It cannot be a double root 
of P. For then P would have the form 


P =(a2—a)*(px?+ qx +r), 


and hence ieee. Veep ee 
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that is, the polynomial P under the radical can be replaced by one 
of degree 2. But in this case the integral 1) leads only to the 
elementary functions, as is shown in the calculus. 

In the present case therefore A,=0 but A,#0. Thus the last 
term in 14) disappears, but not the next to the last term in 15). 


Hence if we set » =— 1 in 15), this relation enables us to express 
Q_, in terms of Q, and Q,. 
If we set n=—2, it gives Q_, in terms of Q_, and @), etc. 


We are thus led to the first integral in 16) and integrals of the 
type 13) for which m > 0. 


6. When m>0, the integrals 15) give rise to integrals of the 
form 
Fetes Tae (17 
a. <P 


In the relation 15) we may set a= 0, then the Q’s will go over 
into the integrals 17). The relation 14) shows that the A’s are 
the coefficients p in 7). 

In 15) let us take n = 0; this enables us to express #, in terms 
of R,, R,, and R,. If we setn=1 in 15), it shows that R, may 
be expressed in terms of R,, #,, and R,, and hence in terms of 
h,, Ry, and Ry, as just seen. 

Thus all the integrals 13) reduce to 


dx avdax adx : 
<= 5 = 5 —— il 8 
VP NP. VP ( 


when m> 0. 


179. Linear Transformation. 1. To complete the reduction let 
us show how to determine the linear transformation 


a + be 


= 1 + cz eC 
so that dy _ | | d y 
VY Vy 92)(¥—¥3)Y —¥4) 
dx dx @ 


MVA-®O_PA) MVE 
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Let us determine a, b, c, k so that when 


Sie este ee. 5) Uy 


we have respectively 


v=, —1, 5 ay 
k k 
Then 
eae) ’ je eel ®) 


1+ ez 1+ ex 
— 931 — ke) 
.= 


2 OR scon 
1 + cx ee 


1+ cx 


Set z =— 1, y = y, in the first equation of 4), then 


eee fF 
saad 4 oe pester’ 
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(3 


(4 


Similarly if we put the other pairs of values of 3) in the remaining 


equations of +) we have 


2 Ip g, 2 
Fat oar 5) ee oe eae A 


These relations give 


2 Sa OPS, (44 — ¥2) A +e) 
Gy 2 2 qd 


a 


ae 


1 1 BN , 
93 = 5(1-£) 49s) , 9, =5(1 + £)cue— 0). 


From 4) we have 


Gop Cl 2) Lt ae 
Y-—Yo Gf{lt+zr) Il1+e r+1 


Set here Y = Ya C= * we get 
iC 


PES a a ES 
YG, tee Lk 


(5 


(6 
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. [ms 4 
Also in 5) set =U ea . we get 


Ae Tek 
+—¢ I—k 


Yi! 
Gia ae 


From 6), 7) we find 


G =f) =a : Yo Is — 92, say. 
Lh) Ya 9s YY 


This gives 


From 6), 7) we have also 


€ a V's Wi— Fs , 4 — g? say. 


1+ e/ Y,—Y3 Ya Ya 
This gives 
5 l= @ 


C= : 
i te ay 
To get a, 6 we start with 1) or 
y+exry—a—br=0., 
Fora=1,y4=y7,, this gives 
Y¥,+ ey, -—a—b=0. 
Fora —— 1, y= 7, 10 gives 
Yo — CY, —4+6=0. 
Adding and subtracting these two relations give 
@ = 2(Y1 + Yn + C1 — Yo))s 
b=3%1— Yat e+ ¥2))- 
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(7 


(8 


9 


(10 


ul 


(12 


To find Mwe differentiate the second equation in 4), which gives 


1—e)dz 
Cyd, Cian 
= (1 + ex)? 


The fourth equation of +) gives 


_., (k=o)dz 
dy = I ex)? 
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Hence Tee) 
a= 9190 a aoe 
or —— 
Jy = V 92941 — ) Ck — €) he 
dy aLeeesy adc (13 
Thus . 
dy _ V9.9, —e)(k—¢) GA+er)? ade 
ae Cae VI1I2I3I4 Vx 
Hence 
M = 14/41 = Yo) (Ys — Ya) | 14 
M=} \ ; ( 


2. Students familiar with analytical geometry will recognize 
that p in 8) is the cross ratio of the four roots ¥,, Y, Ys, Yy These 
four roots can be permuted in 4! = 24 different ways, to which 
correspond 6 values of p*. This the reader can verify without 
trouble. We find these 6 values are 

aS e 5 feel 1 


as ; 5 1— J. cae al = Pp Ee 
7 p pe—1 : p? Us 


(15 


We observe that three are reciprocals of the other three. 
To illustrate our meaning, let us interchange y,, y, in 8). 
The middle term becomes 


Ge V5 Gr — Ye 1 (16 
Ge 9. 9a Yep 


Corresponding to this, the value of & in 9) is 


1+p, eu 
1—p 


We observe that 9) and 17) are reciprocals. We have there- 
fore established this important result: 


By means of the linear transformation 1) we can reduce 


wey 2 (18 
VV MV (1 — 2) (1 — Fx?) 


in such a way that the modulus k is numerically less than 1. 
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3. Let us return now to our general elliptic integral 


fee ‘Vv Poa Ge 
We had 
P= port + py? + pow? + pax + Py 
= PY — YY — Ya) (Y — Ys)(Y — Ys) = Pol: 
The relations 4) show that the linear transformation 1) con- 
verts VP into 
ova Se) a yee 
(1 + ex)? (1+ er)? 


Thus this transformation converts the integral 19) into an in- 
tegral of the same form 


ip v2, VX)dx (20 


except the radical VP has been replaced by VX, which is the 
form used by Legendre. 

If we had made .this transformation at the start and had 
reasoned on the integral 20), the middle integral in 178, 18) 
would be 


i rda . 
‘ Vd-2)d— [ise 


If we set 2?= u, this becomes 


aD du 
2 V(1—wd— eu) 


which can be expressed by elementary functions. 
The final result of our investigation may be summed up thus: 


The general elliptic integral may be expressed in terms of the ele- 
mentary functions and the integrals 


da f xvdax f dx (21 
I PRS | AG ne 


AX = (1—2?)(1—k?2?). 


where 
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We have therefore established the statement made in Li Seaeleys 
_ The integrals 21) may be regarded as standard or normal forms of 
the three species of elliptic integrals. 


180. Legendre’s Normal Integrals. 1. Instead of the three in- 
tegrals 21) of the last article, Legendre employed as normal 
integrals 


df pa VI- Be da 
Vd — 2) — #2") Sd) Vie 


[ da ; ad 
3 (1+na?)V(1— 22) (1 — #2?) 


Let us show how the former integrals may be expressed in terms 
of these latter. 

The integral of the 1° species is the same in both cases. To 
express the second integral of 179, 21) in terms of Legendre’s 
integrals we observe that 


Lage prow 
{ieee dx _ = ke eels Arde vi. 
VX VX Be Va 


Thus the normal integral of the the 2° species adopted in 179 is the 
sum of an integral of the 1° and of the 2° species as adopted by 
Legendre. 

Turning to the third integral of 179, 21), we have 


if dx A aa ee 
A (x—a)VX aa) /X 


=f ede +af dx . 
3 (a? — a) VX (a? — a2)V X? 


The first integral in the last member can be expressed by ele- 
mentary functions, as we saw in 179: 2: 
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The last integral becomes, on setting n= —— 


» i il a dx 
a) (1+ na*) JA — 2) — 2?) 


which aside from a constant factor is Legendre’s integral of the 
3° species. 


2. Let us set with Legendre 


f= Sill Dp; 


Then ae 


The integrals 1) become, on putting in the limits 0, ¢, 


¢ dd -[- Tae OVE Oe: 
F(¢, k)= , Hd, k)= V1—k?s . dd, 
CoD if V1— sin? ceo) 0 eee 


$ 1 dd 
Il ; = : . . By 
Cp, 2) i Ll+nsitd V1—ksu2d C 


The radical which enters in these expressions and which is of 
constant occurrence in this theory is denoted by Legendre by 
A(¢), thus 


A(?)=V1 — k* sin? ¢. 


7 : : x 
When ¢$ = 5, the first two integrals in 2) are denoted by 
al 


_ 4 aie 
ss ACA? We A(¢)dd. (3 
They are called the complete integrals of the 1° and 2° species. 
Legendre denoted the integrals 3) by the letters F’, E’, but we 
shall follow the modern usage. As we shall see, they play the 
same role in the theory of Legendre and Jacobi as ,, 7, do in 
Weierstrass’ theory. 
In practice the modulus k? is usually real and <1. Legendre 
sets 


rn] > 


k=sin@ E! 


and calls @ the modular angle. 
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To make the elliptic integrals useful for numerical purposes 
Legendre calculated at great labor tables for the integrals F(¢), 
E(¢) for values of ¢ and @ for every degree from 0° to 90°. 
They are to be found in Vol. 2, p. 292 seq. of his great work: 
Traité des Fonctions Elliptiques, Paris, 1826. Shorter tables are 
to be found in various works which treat of these integrals, for 
example in the Tables of B. O. Peirce referred to on p. 91. 

The reader will note that the functions F(¢, k), H(¢, &) are 
unlike the functions log z, sing, ete., in that they depend on two 
variables ¢, & and so require tables of double entry. This makes 
their tabulation extremely laborious. 

Turning to the elliptic integral of the 3° species, we see that 
this depends on the argument @¢, the modulus 4, and a number n 
which we call the parameter ; in all on three variables. Its tabu- 
lation would thus require a table of triple entry, which is quite out 
of the question. Legendre, who had the numerical side of these 
integrals close to his heart, was delighted when Jacobi showed 
how they may be computed by means of the © functions. 


3. Example. To illustrate the use of the tables let us compute 
the are of an ellipse. We saw, 177, 7), that the length of an arc 
starting from the major axis is for a=1, 


e= [° VI= sin? db = E(o, k), 


where & is the eccentricity of the ellipse 


Suppose f k=sin@=1}, 


then 6=30°. For ¢ =45° we have from the tables 


s= 16719. 


For ¢ = 60°, s = 1.00755. 


Thus the length 7 of an are between $ = 60° and ¢ = 45° is 
1 = .24036. 
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181. Real Linear Transformations. In the foregoing reduction 
we have not been concerned, whether the transformations em- 
ployed were real or complex. In many ‘of the applications our 
elliptic integrals are real, and it is often desirable to use only real 
transformations. With this in view let us show that : 


Lf we set 


phe ad 
L+y 
we may reduce 
ae dx (2 
ViP Vt@—a)(e#—B)@—yY@— 4) 
to the form (q- p) dy (3 
Vay? — 71) (y? — ne) 
where a=t+(¢q-a(¢q-Bq-nN@—-S); (4 
= (p—«)(p—B) (5 
m= OG BY" 
(p—y)C(p—8) 
1 = — : ce 
Gg =s) 
provided D 
=a+PB-—y—6 Si 


is #0. In case D=0, we set 
ray that B=y thy +d) ( 
OT 1 ry ny =4(e— 8)? ; Ng = 4(y — 8)?. (9 


Moreover if the coefficients of the polynomial P are real, the coeffi- 
cients p, q of the transformation 1) will be real. Also the transfor- 
mation 8), which ts to be employed when D = 0, is real when a, B or 
y, 6 are real or conjugate imaginaries. Finally, n, and ny are real. 


and then 


The verification of these statements is purely algebraic and aside 
from its length involves no difficulty. We therefore sketch it 
only. Let us consider first the transformation 1). By direct 
calculation we find that 

dx _ (q—p)dy 
VEP VaQ’ 
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where 

O= {p—a+(-«)yi{p—B+ (—-Byiip—yt+ @—yy} 
ip—otg—s)y}. 


Let us now choose p and q so that the odd powers of y drop 
out of Q@. This requires that 


(p—«)(q—-8) + (p—B)(q—«) =09. 
(p—y)(q—8) + (p—8)(q—) = 0. 


Let us set eee ae eee eareh 
We find ee ees 
D 9 
yea @=D(E=S(B= (B= 5) _ Me 
DP ~ p 
But 


pHrA+em@ , G=rA—-E. 


To show that p and gq are real, we observe that the coefficients 
of P being by hypothesis real, there are three cases to consider: 

1° Roots all real. Takew<B<y< 6. 

2° Two roots real. Take «e=a+ id, B=a—1. 

3° All roots imaginary. Take a, 8 as in 2° and y=e+4 ad, 
6=c— id. 

Obviously in each case A is real. Thus p, g are real if p is 
real and > 0. We now consider the three cases separately. 


Case 1° All the factors of M are < 0; hence M> 0, D? > 0, 
and thus » is > 0. 

Case 2° Here 

M=(a—y+%b)(a— 6+ ib)(a— vy — tb) (a — 6 — 2b). 

Now the product of two conjugate numbers is real and positive, 
as we saw in 2,6. Thus M, being the product of two such pairs, 
is real and > 0. 

As D is real, » is real and > 0. 

Case 3° This is treated in a precisely similar manner. Thus 
in every case yw is real and > 0. 
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Finally, p, g being real, we see that »,, 7, are real. Thus our 
theorem is proved for the case that D#0. The case that D= 0 
is at once disposed of, and needs no comment. 


182. Real Quadratic Transformations. Let us now show how by 
a quadratic transformation we can convert 
dy _ dy 
VIG ai) ee 
gate Maz _ Maz @ 
Vqi—2) 1 — kh) Vz 


> M4 Ny real C1 


in such a way that if the variable y ranges over some interval U for 

which Y is real and positive, the variable z will range in the interval 

B= (0,1). Moreover M and k? will be real and 0 < k? < 1. 
There are six cases, as indicated in the table. 


Case 1. Suppose n, <7. As Y is to be > 0, we must have 


either 
ye < ny or We Sos 


Tf y? < ny we take 


hen 
M= 1 eee Tn (4 
V any No 
Tf y? > ny we take ee 
Then 1 : 
M= — —__. 5 k2 = Uh . (6 
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Case 2. As Vis to be > 0, we must have Go Sa. 
We set 


V no 
Y= 7 
V1l-2 ( 
Then 1 
he ,. ff PS. (8 
V a(n — 71) No — Ny 


Case 3. Here Y > 0 for all values of y. 


Let 
M41 < || 
We set inal <| : 
Y = Suh o i 5 (9 
Then 1 
AT eee eee he floes] elas 10 
V —any Up} ‘ 


Case 4. As Vis to be > 0, we must have 
nS ue < No. 


We set an, 


pee ie a 
(8 . 
"2 
Then ve 1 jae eas Ia C12 
= AN, 2 


Case 5. For Y to be >0 we must have 


m<Y <n 
We set y= Vy, V1 — 24. (13 
Then Tes ea ee a4 
V — a(t, — ™) aE 


Case 6. As Vis to be >0, this case is impossible. 


183. Rectification of the Hyperbola. As an example let us find 
the length of an arc of the hyperbola 


$272 — qdy? = ab. 
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We have , 1 
ING 1 (P +t) 2 2 2 
ae il ak d Bie Ge a Te as d ) C= + 64, 
: if oa am iJ pre 
_Lf_G@esiiy ln a 
ii be 
Nee 0) (y’ | | 
If we set (ae Ne = — 0, 
we have 
174|<|n9|- 


The integral 1) falls under Case 3 of 182. We set therefore 


oe Z 


(B ese 


° = 
and get 
dy dz ca u! ; dz 


Ve ua 1G +3) "VG -)0 b~V/Z 


We note that & is the reciprocal of the eccentricity of the hyper- 
bola. Thus putting 2) in H we get 


H=0 [ dz ey 
A -—2)VzZ 


Let us set sa sind, 


then 


= b2 
T= pitang- Apt GF($) — B(G)}. 
Hence finally 
s=ctangd:- Ag+ Us F'(¢) — cE), (3 
* ; 


in which the modulus & has the value determined by 
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184. Rectification of the Lemniscate. We saw in 177, 9) that the 
are s of the lemniscate is given by 


z . 
ee da 


evils 22) 


ae. iP = dx 
V2J0 V(et—1DG?— 4) 


Here 0 < 22? < } if the are falls in the first quadrant. We take 


7, = 3, n, = 1 and use the transformation 


x= yVh 
of Case 1 in 182. We get 


— ety 1 dy ; k2 = 4 
V24J0 VA—y)(C1 — By?) 
a 
= HD). 
v2 
For ¢=%, the arc is just one quadrant of the lemniscate. If we 


2 
set k = sin 0, we see 0 = 45°. The value of the complete integral 
K for this modular angle is given by Legendre’s Tables Traité, 
vol. 2, p. 327, as 
K = 1.85407. 
185. Elliptic Integral of the First Species. 1. Let us now con- 
sider the function wu of z defined by 


dz 


= |. 7 1 
? i! VC — 2)(1 — ke?) : 


When the modulus & = 0, this function degenerates to 


z dz : 
—— = = ATC BD 2. 


y= 
0 V1—-2 
Now the many-valued arc sin function is of much less service to 
us than the inverse function z = sinw which is one-valued and 
periodic. So we shall find also here that it is not the many- 
valued function u of z defined by 1) which interests us most, but 
the inverse function z of w. This we shall see presently is one- 
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valued and doubly periodic. In analogy to the sine function we 
denote this function by 


z= sn(u, &) or more shortly bY 2 = sn u. (2 


and read s, n of u. In analogy to the cosine function we write 


V1— 2=V1 — sn®2u = cuu. (read e, n of u). 


If we set 2 = sin ¢, as we did in 178, 


V1 — #2 = V1 — k* sin? d = Ad 


in Legendre’s notation. In memory of the A we set 


V1 — kz? = dnu (read d, n of u). 


Thus with the integral 1) are connected three elliptic functions 
snu , cnu , anu. 


These are the functions of Legendre and more especially of 
Jacobi. It is these functions which occur in all the older ltera- 
ture of elliptic functions and which to-day are still used by many 
mathematicians. 

In the same way as the basis of the Weierstrassian theory of 
the elliptic functions is the o function, so the base of the Jacobian 
theory are the § functions, which are integral transcendental func- 
tions differing from the o function only by exponential factors. 


After this slight outlook, let us return to the function w of zg 
defined by 1). The integrand 


f@ = : 


Vi — 2) (1 — ke?) 


(3 


is one-valued and analytic except at 
al 
2@=+ 1 ale fp 
Obviously each of these points is a branch point and the two values 
of f permute when zg describes a small circle & about one of them. 


Thus in any region acyclic relative to each of these points wu is a 
one-valued function of z. 
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One of the values of wu for z= 0 is w= 0; also one of the values 
of fforz=0is +1. Let us start with these values and find the 
value that w acquires, call it wv, when z 


describes a circuit € about the branch C 
point z=1. Without changing the value 

of % we may replace © by the loop _o Y B 
C= (0,6, Bey, 0):as in Fig. 1. The : 

circle @ has a radius r as small as we 

please. Thus ae 


ejoreae : 
e/ e/ () Cc e f 


The first integral on the right differs from 


dz 


K= [- (5 
0 tVA1— 2) — ke?) 


by as little as we choose. Here the + sign indicates that the 
radical has the value + 1 forz=0. 

Let us look at the last integral in 4). When z leaves z= 0, 
f has the value +1. On reaching « it has a large positive value 
p. After zdescribes the circle Cand arrives at y, the two values 
which f has at this point have interchanged and the value of f is 
now —p. Thus as z describes the segment y, 0, the integrand f 
has the same values as f had in describing the segment 0, « except 
that its sign is changed. Hence as « and y are really the same 


hah dz =f daz =k asr=0. 
y y = 0 safe 


Turning now to the middle integral, we show this is 0. For let 


us set a 
g—l=re”% , dz=rie%dd, 


point, 


r being a constant on C. Then 


Vd — 2) — #2) =V2—-1-iV(z24+ 1d — 2) =Vz—1-9(2), 


Bae |g(z)|>some G , forallzon @. 


ah h us Dar jae 3 ib 
[ fe= [OR ae, 
C 0 g 
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and this is numerically 


5) 
ae e which +0 as r= 0. 


40h ° 
1us | 25 


and we have finally G=2K tencas 


Tf we start with the value u=0, f = +1 at 2 =0 and let z describe 
a circuit about z= 1, u will acquire the value 2 K on returning to 
g= 0. 
2. Let us set 1 
i _ Me es a (6 
L=[ +V(1—2)(1 — ke?) 
0 


where the + sign indicates that on starting out from z= 0 the 
radical has the value +1. Precisely the same considerations 
show that if we start out from z= 0 with the value w= 0and make 


a circuit & about the branch point z= 7 u acquires the value 


: : “=2D 
on reaching z= 0 again. 


3. We now suppose that z starts from z= 0 and makes a cir- 


cuit © which includes both branch points 1, 7 We start with 


the values w= 0, f=+1 and ask what value w has acquired on 
reaching z=0O again. If we denote it by w, we have 


z) <) 


vo dz ao aa I dz ay (7 
C+V JR+V e—v 


For in the first place € may be replaced by 
K - Las in Fig. 2, since the region lying be- 
tween these two curves contains no singular 
point of f(z). Secondly, in the last integral i 
in 7) we have the — sign because when z 4 
reaches 2=0 after the circuit ® about z=1, Fie. 2. 
the radical has the value — 1, and it is with this value, therefore, 


> ]e 


that we start out to make the circuit @ about z= o Thus 


i= oT (8 
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Since we can deform any path of integration 
without changing the value of the integral u, 
provided that in so doing we do not pass a sin- 
gular point of the integrand f, we see that the 
circuit & - @ can be replaced by that in Fig. 3, 
which we will call 9. Thus 


a 7% 7 77 
=| =| ay | a+ | +| de 
Mm 7% Ja +V ie be eae 


Now as before 


Oo 


If we let the radius 7 of the two circles Cj, C, converge to 0, 
the last integral converges to a value denoted by Jacobi by 


a) k dz 
eee I ; (10 
1 +V(1 —2?)(1 — 2?) 
These results put in 9) give 
R= 21 qd11 


To explain why the integral 10) is denoted by 7K’ instead of by 
K' we remark that in practice the modulus & is such that #? is 
realand <1. Then (1—2)(1 — kz?) is real and negative in the 


segment (1, =) and thus the integral 10) is purely imaginary. The 


notation 7A’ in 10) is therefore quite appropriate. 
Equating the two values of wu in 8), 11) shows that 


29K—2L=2iK". (12 
4. Suppose next that z makes 2 C, 
a circuit € as in Fig. 4, which B +1) 


: Fia. 4. 
includes the two branch points me 


z=+1. If we start with uw=0, f=+1, let % be the value which 
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w acquires after ©. Then 


ise ° dz °o: eS of hes de 
“= -= 
e © aly 0 Cy 
pe dz -+ be de 
B 
As before f=. i My 


Nees — Bl BPS 97 ae ls 
e/ 0 rive 


Moreover since f(—2) =f (2), 


m= EL 0) eat 
Thus, u=4K. 


5. Let us now ask what values 
wu can acquire when beginning with 
the initial values z= 0, z=+ 1; 
wu = 0, 2 describes any path $ not 
passing through a branch point, 
and ending at some point z 
. Let U be its value along the path 
Oz as in Fig. 5. If $ is a loop & 
about z= 1 followed by Oz, we have 


dz i. dz fs dz 
v= —— —+ —_—: 
JIB+V Vise | ry) i, 


In the last integral the radical has the — sign as indicated, since 


on returning to z= 0 after & f has acquired the value — 1, instead 
ef +1. Thus, 


aD Ke (13 
If $B is a loop f about + 1 and —1, followed by the path Oz, u 


has the value m 
nee dz “i [ dz 
JX as vo 2/() =f a 
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For on returning to z= 0 after the loop &% the radical has changed 


its sign once in going about z=1 and once about z=—1. It 
therefore reaches z= 0 at the end of 2 with the value +1. Thus 
uw=4 K+ U. 
If $ is a loop Y about z=1 and z= 7 followed by Oz, we have 
eee dz 2 "de i 
es came oe say 
= 271K' + U. 
If $ is a loop about z= 1, followed by a loop 9 about both 
z=1 and z=— 1 and finishing with Oz, we have 
w= fe dz, e+ [- dz 
et Mm —V NG 
=2K—-4k-—U. 
=2K—U-4K. 


We see this differs by —4 A from the value of wu in 18). By 
choosing various paths we find that all the values which uw can 
acquire at a point z are given by 


u= 0+ms4 K+ m'2ik! 


and u=2hK—-U+m4 K4+m' 21K, (2 


where m, m’ are positive or negative integers or 0. Thus we may 
state : 

The analytic function u defined 
by 1) is an infinite many-valued 
function of z. If U 4s one value 
which u has at a point z, all the 
other values which u has at this 
point are represented by 14). 


6. We have seen that w re- 
mains finite for finite z. Let us 
see what value wu has as z=o 
along some line 7 as in Fig. 6. 
The calculation is easily effected Fic. 6. S 
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if we note that 0z@z,0 is a circuit & which embraces the two 


branch points z = 1, i As this is the same circuit as considered 


in 8 we have 
f= ie 
e 


But S 0 
Free ite el 
REV 0 JG@ da 


The second integral i 


> 


2) 
Hor 3 ; 
For let us set Gis: 


so that on the circle G dz = Rie’dd = izdd. 


Hence 


i “3 ee 7 zd 
JS Jo Vd = 2) — #2) 


If # is taken sufficiently large, 


IVa zs a — hz) 


for allzgon G. Thus 


[ |<er=0 as Roo. 


| 


(15 


(16 


Now, when z leaves z= 0, the integrand f(z) has the value +1. 
After it describes the circuit ® it returns to z=0 with the same 
value, since as far as the end value of f is concerned, the circuit 


RK is equivalent to a circuit about each branch point ; and 1. 


For 


each of these, f changes its sign. Thus it changes sign twice and 


so returns to z= 0 with the value +1. Thus 


e 1 
aS ae ae k22) 


has the same value along Oz as along Oz,. Hence 


ie f= 0 ES igh : je222 
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This with 15), 16) gives 


Kk’ =|" dz =. CLT 
0 +V0-2)\1—R22) 


Thus the different values which u has for z= are 


tKh'+2mK+2m'ik'. (18 


186. Inversion. 1. In the foregoing section we have considered 
the function w of z defined by 


Sis dz z 
— = dz. 1 
Jo VA— 2) — kz?) 1p ieee C 
Let us now look at the inverse function z of uw. This we said is 
denoted by 
Powe 2= 3n(w). (2 


Since the integrand f(z) is a one-valued analytic function about 
z= 0, uw can be developed in a power series. It may be obtained 
thus: Since a mT 

F=(l— 2) *— 2) ™ 
we may develop each factor 
(1— 2) and (- Kee)? 


by the Binomial Theorem and get two power series in z These 
two series when multiplied together give 


FH=14414+RF)24186420 43) A+ -- 
Integrating, we get 
w=2t+414h) 84+ A(8420 43K) ot -- (3 


which is valid for \z| < either 1 or as 


|| 
If we invert this series by 125, we get 
err -3d1 Ape ie ei a: 1G 
oO! oO. 


which is valid in some circle ¢ whose center is u = 0. 
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By analytic continuation we may extend the function so as 
to define it for values of uw outside c. It can be shown in vari- 
ous ways that the analytic function defined by 1) is an elliptic 
function, having 4 A, 27’ as a primitive pair of periods. Its 
zeros are = 0 and its poles are=7K! mod 2K, 27K’, each of 
order 1. 

It was by inverting the integral 1) that Legendre, Abel, and 
Jacobi were led to consider the elliptic functions. We have seen 
that Legendre set 

2= 810 ©. 
From this point of view it was at once evident that z admits the 
period 4 AK. But Legendre, using for the most part real variables, 
failed to notice that z possesses also an imaginary period, that in 
fact z is a double periodic function. 

The discovery of this property by Abel about 1825 enabled him 
and Jacobi to develop the theory of elliptic functions in the next 
few years far more than their predecessors had done in half a cen- 
tury. 

Because of the fundamental nature of the double periodicity of 
the elliptic functions, we began our treatment of these functions 
in the preceding chapter from this point of view. At the same 
time the older theory is so interwoven in the modern that we 
have not hesitated in treating the functions of Legendre and 
Jacobi to start from the elliptic integrals and work up to the ellip- 
tic functions. This point of view is also useful in those applica- 
tions which lead at once to an an elliptic integral. 


2. To show that the inverse function z= sn wu is in fact an 
elliptic function, let us actually write down such a function which 
satisfies the differential equation 


“ =V0d—-Ad— BA, (5 
u 

the radical having the plus sign for z = 0. The constant of inte- 
gration we will determine by taking z= 0 forw=0. There can- 
not be two such analytic functions. For both having the same 
derivative 5) about w= 0, they can differ only by an additive con- 
stant and as z = 0 for u = 0, this constant must be 0, 
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8. To this end we consider the function gq of 176. We saw that 
q is an elliptic function which satisfies the differential equation 


1 : 
= vd — (¢,—4)¢) 1 — (es — €9)q"). (6 
Let us choose €15 g) &g SO that 
k2 = €g — & (7 
Cinco, 


and set — 
i Vey ms 65 <9. 


Then z satisfies the equation 


3 = Ve, —e@,V(1— 2) (1 — k2*). 
To remove the factor on the right we set 
v 
u=—_., 
Ve; — & 
which gives =p 
—=V( — 2) (1 — ke). (8 
dv 
Thus i 
2= Ve, 65° oq —— 5 OR 4 a) (9 
Ve, — & 


is a solution of 5). Asz=0 for v=0, the function 9) must be 
4), replacing wu by », or snv. 

We saw in 176 that (wv) is a homogeneous function of z, ,, 
w, of degree 1. We can thus write 9) 


Z=Oy(V , @1Vey—lg » OV ey— eq); (10 
whose periods are 
4K=40,Ve,—¢ ; 21K! =2 a, Ve, — &, cil 
whose zeros are = 0, and whose poles are = 7K’, mod 2. K, 27K’. 


4. Having assured ourselves that the inverse function z= snu 
is a one-valued function throughout the whole plane, z= in- 
cluded, let us see how the study of the integral 


Jo VA—#)(1 — ke) 
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shows us: 
1° zis a double periodic function with the periods 


fig ae dé 
0 VA —2)(1 — ke?) 
1 


ek dz 
21K! =2 (18 
ait | Va-A0- PA 


e 


2° z has as simple zeros the points = 0, 
3° and as simple poles the points =7A’ both mod 2 K, 27K’. 
This will be an a posteriori verification, but it is very instructive. 
Precisely this path was followed by Cauchy and his successors. 
5. To begin, the relations 185, 14) show that sn wu admits 4 K 
and 27’ as periods, while the reasoning of 185,6 shows that sn u 
remains finite except in the vicinity of the points 


c=tK'+2mK+2mik'. (14 


Let us show that these are poles of the first order for snu. We 


write 12) . : 
v= + [o=e+u (15 
0 eo 


where ¢ has the value given in 14). We wish to see how w be- 
haves about z=. 


If we set z= 1 it becomes 


t 
t : 
wa fi : dt —= [opi-Ltett ott dt 
0 Ve-P)a—e) Jo & 


1 le 
ny = Sarg) S00 
k +3 k 3 


This shows, using 125, that ¢ considered as a function of w is a 
one-valued analytic function. 


t=w(— k+ bywt byw? + «--). (16 


Hence 1 1 1 
= pt ds te) of, (17 


¢ u—e 


and w =e is a pole of the first order. 
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6. Let us show that the points w=0 mod 2 K, 2¢K' at which 
snu=0 are simple zeros. In the vicinity of z= 0 we have 
a 
V (1 — 22) (1 — ke?) 


=1+a,2+ a,27+4 .. 


Hence 


o— | ies Gadi C42 + ce" + sisio ¢, =1, C8 
Jv 


where ¢ is given in 14). The relation 18) shows that 
2=(u—c) {eg + e,(u—c)+e,(u— ¢)?+ «3 Gg 
and thus w=c is a simple zero. 
T. Let us show that z is a one-valued analytic function about 
the point u for which z=+1, + a These latter points are points 
in whose vicinity the integrand of 12) becomes infinite. 


Let us set 
2—l=# ; then dz=2tdt. 


Also 
Vd — 2) — Ba) =vV2—1V (24 1) (2-1) = thaytatt+ +}. 
Thus 


a= pot bith os 
du = 2(6,+ 6,t + ---)dt, 
U=Cyt e+e +--- , #9, (20 
where ¢, is one of the values which w has ioL i), that is, ror 2 = 1. 
These values are all =+ K. 
The relation 20) defines ¢ as a one-valued function of w in the 
vicinity of u=c, Asz=1+4# this gives 


z—-1l=d,(u—¢e)+ d,(u—%)? + + (er 
Thus z is a one-valued function of wu about u= é. 


187. The sn, cn and dn Functions. 1. We have now two defini- 
tions of z= sn wu; one as the inverse of 


ye (i yas dz : 1 
Jo VA — #2) — #2) 
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the other as 


= u 
Z2= 8nu = Ve, — Fy (V, O %) » Y=——— Q 
= Ve; = iD) ; 3 
= —— ) 
V p(v) — 5 
where ye = (3 22. 4 
e} — & 


The radicals Yar ey ER 


although two-valued functions of z, are one-valued functions of w. 
For from 3) we have 


iL 2 eae 2 = oy(?) et thy 
p—€, 8) 


Hence ree V1i— 2 22 = e() ‘ cen(0)= L. (5 
o,(v) 

Similarly dn A/T , dn(0)=1. (6 
o(v) 

If we set z2=sin ¢, 

the integral 1) becomes 

$ 
Jo V1—sin?d 9 Ad 
Then sou , enu , dnu (8 


become in Legendre’s notation 


sing: 5 “cos@ , Ad, (9 


as already remarked. 


2. We wish now to deduce a number of properties of the func- 


tions 8) from the definition of sn was the inverse of the integral 
1), and from the definition of enu, dnwu by the relations 


enu=V1i— stu , dnu=V1—Psn?u. (10 


This is the older point of view and will accustom the reader 
to the use of integrals as an instrument of research. Later 


we propose to study these functions from the standpoint of the 
% functions. 
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Let us first find the periods of enw. We take up the considera- 
tions of 185. Allowing 2 to describe a circuit about z= 1, wu goes 
over into w+ 2 K, while V1—2 changes its sign. Thus 


en(u+ 2 K)=— enu. 
Hence en u has + Kas a period. 


: : : : : il 
If we let z describe a circuit which contains both z= 1 and i u 
goes over into u + 27K", while V1 — 2 changes sign. Hence 


en(u + 271K') = —enu. 


Thus enw has the period 2A +27’. In a similar manner we 
may reason on dnu. ‘Thus we can draw up the table: 


PERIODS 


4 K, 27K! 


4K,2h+42ik! 
2 K, 471k! 


The poles of enu, dnwu are obviously the same as those of sn wu, 
as seen from 10), and they are of order 1. 

From 10) we see that enw=0 when sn?u=1. But sn H=1. 
Hence by 185, 10) all the points w at which snw=1 are given 
by K+4mK+2m'ik'. As sn?u is even, the points at which 
sn?u=1are K+2mK+2mik’. Ina similar manner we may 
reason on dn uw. 

We may thus draw up the table: 


ZEROS Pons 


QmK +2 m'ik! 2mK + (2m! + 1)ik' 


(2m+1)K+2mik! 2mK + (2m! + 1)ik' 
(2m+1)K+ (2m'+ yee! 2mK + (2m! + 1)ik! 


Since sn wu, en u, dn u have each two poles only in a parallelogram 
formed of the periods given in the first table, these periods are 
primitive pairs of periods. 
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3. Let 2 move from 0 to 1, at which point w= K. Hence 
snK=1 , mK=0 , dnK= V1—-Re=k', exe 


if with Legendre we set jp, _ Viz (12 


taking the positive determination of the radical for k=0. ‘This 
is called the complementary modulus. The introduction of k’ is 
quite natural from Legendre’s point of view. For as we have 
seen, he set k=sin 0; hence cos @ would be k’. 


Next let 2 move from 0 to > at which point w= K+7K'. 
Then 


wn(K+iK')= a 
n(K+7ikh')=Vl-==4+—, (13 
dn( K+ 7K')=0. 


To determine the sign in the second equation let us take & real 
positive and <1. We let 2 move over the path Ozer in the 
figure. When z=0, V1— 2 has the 


z 
value +1. Thus at z=a, V1—2 a a 
is real and positive. We set c : 


al- 


A1=—2=ree?, 
Then 


———s ite Ele 
23 pp? —T) 
V1 — g= rietie-™, 


and take V1+ zwith positive sign. Then V1—2 is real and 
positive at a, as it must be; but at c, V1 —z becomes 


ab Oe 
f2e ~ = — 2s, 


gene Pune : A i ‘ ; 
which is negative imaginary. Thus at z= R the radical is nega- 
be 


tive imaginary. Hence we must take the — sign in 13). 
Thus from the foregoing we may write down the following 
table : 
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In each square the values of snu, enu, dnu are given in order 


for : 
p=mK+mik' , mm =0,1, 2, 8. 


In the table m refers to the columns and m’ to the rows. Thus 


foru=3 K+i7K' 


snu , enu , dnu 


ee. 
k »} 
188. The Addition Formule. 1. If we set 


u= [oS > v= fs - w= f°, 
pee ape | if @ 


the addition theorem log ay = log x + log y 


states that w=utr, 


or that zs a is 
ffl” : 
1 1 1 


2. Let us set = 
6 Vil—a 
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The inverse function defined by this relation is 2 = sin u. 


addition theorem for the sine function is 


sin w = sin (wu + v) = sin UCOS Vv + COS U sin v. 


Let us therefore set 
i dy le dz 

Y= ae 9 (bi ———— 

0 V1—-¥ 0 V1l-2 


The relation 3) states that 
g=aV1—y+yvi — 2, 


x i) rV1-y+yV 1-2 
| ical : 
0 0 e/() 
38. Let us set 


w= fo dx =|" dx 
0 V(1—2)(1—kxt) Jo AM 


and hence 


The 


(3 


(4 


(6 


For k= 0 this integral reduces to 2). It occurred to Euler that 
the integrals 6) might have an addition theorem, that is, the sum 


of two integrals ¥ : 
a) 
e/ () e7 (0 


might be expressed as a single integral 


Zz 
ae 


in which z is some algebraic function of 2, y asin 4). This rela- 


tion he found to exist; it is in fact 


2a tVO-P)d— by) +yVd—A) 0 — Be) 
1 — hry? 


Thus if we set, similar to 2 


v=" dy : 
0 VA— yA — By) 


wauto= fo de se 
Jo V(1—2) (1—k?) 


Gi 
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we may write 7) 
snucnv dnv+snv e 
sn(u+v) = + enu dnu 
1 — ksn2u sn2v 


_ snu sniv+snv sn'u 
1— ksn?2 w sn2v 


(8 


To obtain the relation 7) we notice that the differential equa- 


ion 7. v dy 
Roa G 


Ay 


de dee ad Me Case 
= 10 
oe 7/0 ( 


If this integral is determined by the condition that when 2= 0, y 
shall have the value z, the relation 10) shows that the constant C 
of integration must have the value 


c= Wee de | (11 


The value of C may also be obtained, as Darboux has shown, as 
follows : 
Let us introduce a new variable defined by 


= (9 


admits as integral 


ds = wes (12 
Az 
Then 9) becomes 
ds = dy — 0, 
Ay 
dx dy é 
es Oy od met NTF: 13 
ms ds cay 7 ( 
Hence /  €2 _9 128-14 2)2, 
ds? 
dy _ 942 2 
=2)p—-A+h)y, 
ds? 
dx et ae a Sat 
lamas ee y”)s 


y lea — 2( 42) = —(1— hr2y*) (2? — y?). 
§ 
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Thus Pa (ey 
oe ds xs 2 hey 
(2) 0 1 — k2x2y? 
ds ds 
If we multiply this by dv dy 
ds ds’ 
we get qe a 
UE BY ag oma MH 4 Y 
Ti Cee ea) 
de dy 1 Bap 
Tas ds 
or 
ai log (ya Re ot) = dlog(1 — x2y®). 
ds ds - 
Integrating, we get 
log( v2 — oil) = log(1 — k’x*y*) + log e, 
or using 13), we have 
yAx + cAy = eA — Fxty?). (14 


This is an integral of 9). To determine ec we must have y=z 
forz=0. This in 14) givese=z. Hence by 14) 


yAx + xhy 
1 — h2x2y2’ 


Zo 


which is 7). 
4. By means of simple but rather lengthy reductions we get 


enucny—snudnusnvdnv 


en(utv)= 
Cay) 1 — k’sn? u sn? v : 


(15 


dnudnv — k?snuenusnv env 
1 — k2sn? wu sn2v 


dn(u+v)= 


(16 
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From 8), 15), 16) we may also derive : 


sn2u— sn2v 


sn(u+v)sn(u—v) = —S 
1 — ksn2 wsn2v’ 


2 2 2, 

env — sn®u dn2v 

en(u+ vyen(u—v) = — Sear 
1 — R28n2 wu sn2v 


2 Qand 2 
dn2v — k2sn2u cn? v 
dn(u+v)dn(wu—v) = : 2 A 

1 — k’sn?2 u sn2v 


189. Differential Equation for K and K’. 1. We saw that 


Kee = dd 
0 i i 22h 


When | #?| < 1 we can develop the integrand, getting 


9 


a1 Sarge 14 > ae ote on — TD sin” ¢. 


n=l 2. 2n 


But from the calculus we know that 


9 1.3.5..-(2n—1) @& 
Ss 2n d — ; f 
ip EE Gs ler ot Or aaa 


Thus integrating 2) termwise gives 


= fa4(1fes (1-84 (Letty | 
K=5{1+G)" ‘Gar et ee a es 


valid for | | <1. 
Comparing this with 103, 5) we see that 
K="7(5, = hl. 


9° 9 
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(17 


(18 


(19 


d 


(3 


(4 


This relation, holding for |k?| <1, must hold throughout its 


analytic continuation. 


. The other period 27K! we saw in 186, 13) is defined by 


: 


2iK'=2 ae =2if" ee 
v1 ‘Vaa aL ES 1 V(a?— 1) #24) 
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Let us set 1 


CO ———————— k/% = 1 — k?. 
V1 — k!2u? 


Then toe = ly =; correspond w=0andw=1. We thus get 


Ka fo a du —— (5 
0 VI — wv) — ku?) 
Comparing with 4) we see that 
Ri =2R(, ih Hi), (6 
2 \2 2 


3. We saw in 103, 4 that F(aByz) satisfies the differential 
ati 
So ea = 1) a(n ee ley eee Ba, Gi 


If we take (203 Se ee 
the relation 4) shows that ff satisfies the equation. 


d? dy, 1 

A Biren Oh ai pei (8 
If we replace z2 by 1—z=k” this equation is not changed. 
This shows that not only HK but A’ as given in 6) is a solution of 
8). Thus both & and KX’ are integrals of 8). We shall return 


to this subject later. 


GHAPTER XJI 
THE THETA FUNCTIONS 


190. Historical. These functions were first considered by 
Abel. We have seen, 186, 4), that the inversion of 


+ ={ dz 
0 VAd-AO— RZ) 
leads to an infinite series 
=u FLFR) + al 
which gives the value of sn w within a circle passing through 7K’, 


which is the nearest pole of z. 
In a similar manner the inversion of 


“u= ie dz 
Jo 1 +2 
leads to a series 


2g=tanu=u+5wt+ wt --. 


which gives the value of tan wu within a circle passing through s 
its nearest pole. 5 
But we know that there exists an analytic expression 


2 
2II{ 1— = 
( n* 7? 
4 2? 
i 1-=—* 
( (2n — 1) 27? 
which is valid for the entire domain of definition of the tangent 
function. It occurred to Abel that a similar expression might be 
obtained for the sm function. This is the way he found it. 
From the addition theorem we may express snnu in terms of 
snu, enu, dnu just as in trigonometry the addition theorem of 


the sine function enables us to express sin nu in terms of sin u, 
423 


al, 2, lr @ 
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cosu. If in the expression for snnu, n being an odd integer, we 


replace u by . we get 


“U } 
sr — | 
7 
IT) 1— m(2 mK +2 a | 
snUu=n sn a (3 

mp ( Si y 
T | (eae ee ee | 
| | m(2 mK + (2m + DIES | 
n J 


This expression is entirely analogous to that obtained for the 
sine function in 136, 6). 
From 1) we have 


U 
sn — 
lie ee ee oe 2 U 
eae an( = mh 2 me ~ OmK+2miK"’ 
n 
etc. Abel therefore concluded that 
n(1 ~ omK = m = 
1 (4 


Ti 1 uU ) 
( 2mK + (2 m'+1)ik! 


This passage to the hmit is not rigorous and the infinite products 
which enter 4) are not even convergent in the sense that we have 
given this term in 128,2. Let us therefore regard the relation 
4) merely as a stepping stone to get infinite products which do 
converge; these will be the #s. 

To this end we write the products which figure in 4) as double 
iterated products, and for brevity we will set 


Oo Rit pees 
w v aay (5 
Then Be 
sn 2Ky = Ay (6 
Th) 
where . - 
1, =2 Kv u(1 = nl n(1 -—_), @ 
n N/m’ m m+ m'r 
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and a similar expression for 7). Here 
m=+1, +2, .:. 
m=0,¢1,4+2:. ; m’=41, 42... 
Now n(1—2)=sn7, 


n TU 


n(1 ae ‘ie sin 7(m't — v) 


im m+ mr sin m! art 


Hence 
1} ay I 
- > SIN 7v sin —wWv 
T,(v) =2 Kv Te 
TV om sin m!arr 


=% rel TV x Sin (NT — Vv) _ sin m(nt + v) 
T 


n=l «SIN NT sin NTT 
= 2 ee TV fee eer aaa sia”. Ca fo me Sa 
7 (Chis vas err e 
2 ike il Qrint ( p2riv —2riv d4rrint 
2 - Se é é 
= sin wv II C a debe ‘ 


= (1 — eine 2 


Thus finally 


J . 2n é \ n 
(ih Cy ae EG Na cos 2 ary + gi") fia eo) eee (8 


a nd = ¢)? 
where fade 
q =e en =e K j ) 


Here the infinite products in the numerator and denominator 
of 8) are absolutely convergent when |g|<1. This last is no 
essential restriction because we would merely need to interchange 
K, K' in 9) to get a g which is numerically < 1. 

A similar reduction of 7)(v) leads to 


T,(v) = II(1,— 2 g***cos 2 rv + g'"*”) Ape abeiaev ell 
iG Re tee 

Similarly, we can express en2 Kv, dn2 Kv as the quotient 
products whose numerators 7,, 7, are slightly different from 7}, 
and whose denominators are J) as before. 

Thus the development of sn, en, dn into infinite products leads us 
to four integral transcendental functions 7%, 7, 7, Tz, which play 
the same role in the theory of Jacobi that the four functions 
OT, Ty, Ty 73 play in the theory of Weierstrass. It is one of the 
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immortal achievements of Abel to have introduced these func- 
tions into analysis. Although his method of deduction is not 
rigorous, we can and will in fact. show that when 7, 7, as given 
in 8), 10) are put in 6), the resulting function satisfies the differ- 


ential equation 
; @_VJU_AC_ RA, ast 


du 
which defines the sn function. 

Here, as often happens, a method which is not rigorous, and 
cannot perhaps be made rigorous, leads to results whose correct- 
ness can be established a posteriort very simply. Such methods 
have a great heuristic value and are not to be despised by the pioneer. 


191. The 0s as Infinite Products. 1. It is convenient to replace 
the 7’s introduced.in the last article by four new functions which 
differ from them by constant factors. With Jacobi we set 


q = ero, eit 


t4)=2 gq’ sin 7rv HC = 9") (1— 2.9" cos 2 are Eg), 


Jo(v) = 2 2g cos mo TI — F")(1 4+ 29" cos 270 + eae 
U2(0) = 1d = gl ae 2 gen 1 eos Qarv + gin % 

1 
Ty) = T( — g*)(1 — 2q?""! cos 2 rv + g™). 

1 


“We do not need to regard them in any way related to the elliptic 
functions, but simply as integral transcendental functions whose 
properties are to be investigated. The only restriction we make 


is that | q| Zz 1 (3 
in order that the products 2) converge absolutely. 


We first show that these four functions are very closely related 
to each other by the formule: 


eke ai 4)= V(r), 
aC ate =)= en ming 89. ( v), (4 


AC +25 °)= ier g to). 
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To prove the first relation we have, setting 
Q=1d a9" 
Bo + P= QU + 2g! cos Br(w + 4) + g'*) 
= QI — 29"! cos 2 av + 9”) 
= ,(2). 
To prove the second relation in +) we have 


34(v) = QUICL + g?r-temiv) CL 4 g?nle-27i”), 
Hence 


AC = 3)= QUICL + gente? (9) 1 4 gente (8) 
= areal + meen Gl ae Gree yc. + qe 2n?) 
a Qe-rivg tg# -2cosmvlI(1 + 24" cos 2 7v + g'”) 
= te, (v). 
2. Inasimilar manner we may prove the following relations: 


Aw - 2) =A(0), 


a(v arc) ) = ig te-"?9,(v), © 


d(v+ le te) = 9 “te-niv (Vv). 


AG _ og =, -ae- AGE (6 


Igv + $) = 940), 


alert) glen 
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3. By repeated application of the foregoing or directly we 
find : 
FiO tt) eh), 
a(v +1) =— (2), 
J.(v +1) =0,(v), (8 
Oi Oa Uy ==) (0). 


(0+ 0)=— q le *"d,(v), 
Fn(v + w)= gq te ,(v), 
UU @) =f see" U4), 
0j(v + @)=— gq 1e-*"0,(v). 


192. The vs as Infinite Series. The relation 191, 8) 
Fv +1)= J5(v) 
shows that #,(v) admits the period 1, and can therefore be de- 
veloped in Fourier’s Series by 126. Thus 


avs 2. apr 
UU) = 2 a2 ‘él 
—2 


To determine the coefficients a, we use 191, 9) 
eS 
CMU @) = te 2"0.(0). (2 
For putting 1) in 2) gives 
J(v afl. @) = 20,6 re Dido te 

= q_te - 2ntY anermine 

= 2a1g tee. 
Comparing the coefficients of e"”” gives 


on. = 
ang” = bn417 | 
or 


Thus 


— q" Ap: 
2) 29 
0.(v) = ay = q” ecm 
= 
5 i ; 
= ay{l + Sq" (errine 4 e- Prine) 
a 


” 
¢ 2 
=a(1+2%9” cos 2 nv). 
1 
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To determine a) set y= 0. Then %(v)=1. Hence ay=1. In 
this way we get 


Ors 
3,(v) = 1+ 229" cos 2 wn, 
1 
a ce ; 
d,(v) = 22 gt cos (2 n + 1), 
0 


3,0) = 25 (— 1g" sin (2m + Dm, ce 
0 
A(vy=1+ =S (i 1)"g” cos 2 nv. 


The representation of the #s as infinite series is due to Jacobi 
(1825). As they converge with extreme rapidity for the values 
of g ordinarily employed, they are of immense value in all ques- 
tions of numerical calculations of the elliptic functions, as we shall 
see. 


193. The Zeros of the 7's. 1. The infinite products 191, 2), be- 
ing convergent, cannot vanish unless one of their factors vanish. 
From this we have at once that the zeros of the #’s are as fol- 
lows: H,(v); v=m + no, 

F(V) 5 v=(m+})+noa, 

O00): v=(m+4)+(M+4)a, 

Bi(V) 5 v=m+(n+))a, 
where m,n= 0, +1, + 2,--. 

To illustrate the proof, let us find the zeros of #,(v). We 
have 


cL 


il Heb, er cos 2 av ae ge =(1 ae qe (A hes Gr atene rs). 
Let us find the values of v for which 
Tie ge a) 


This gives, since q = e™™, 


2riv 1 ao 1 

é = qe ida! eri(2n—l)w* 
Hence 2 miv = log (— 1)— wi(2n — 1)o. 
As log (—1)= 71+ 2 87, 


v=(m+4)+(n+})o m, n any integers , 


as required by 1). 
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2. Another method of getting the zeros of the #s is the fol- 
lowing, it uses the infinite series 192, 3). From the series for 
3,(v) we see that it vanishes at the points m+n, since each 
term of the series vanishes. 

To show that the #’s vanish at no 
other points let us consider #,(v) for 
example. We take a parallelogram P 
as in the figure not passing through 
one of the points m+n. Then by ¢ ee 


124, 8), 


a+a 


2 71 


fe log 3,0) = M— N. (2 
As 0,(v) is nowhere infinite in the finite part of the plane, 


N=. Now : 
Prbefebek  e 
P 12 e/ 23 e/34 41 


From 191, 8) d log CAG = Ds d log op iC?) 
dv dv 


while from 191, 9) 


d log UT) 9 ae d log & ey, 
dv as dv 


Thus { 
e/ 23 a ie 
: Fat] atl 
fi=-271f ie d log v,(v) 
43 a e/ a 


Tt 


These in 3) give 


joe 


Putting this in 2) gives M@=1. Thus #,(v) has just one zero 
and this of order 1 in the parallelogram P. The first equations 
of 191, 8), 9) show that #(v) has a zero of order 1 in each of the 
congruent parallelograms, mod 1, . From 191, 5) we may now 
find the zeros of the other thetas. 
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, 
194. The %'s with Zero Argument. 1. If in the infinite series 
and products of the #’s given in 191, 2) and 192, 3) we set v = 0, 
we get 


v, = 1 as yy a UB ice = (1 = cy Ag ss Ga (a 
a, — 22 qr =2 qT C1 Ses g™) ITcl ab Go). (2 
t= 14 239" = HCl o™ TG +g). (3 


Here, as is customary, we set % instead of J (0), etc. As 
v, = 0, let us take the derivative of 
#,(v) =2 ¢@ sin well — g") 0 — 2 ¢" cos 2 wv + g"") 


= sin7wv- d(v). 


ey ; 
en Hv) = 7 COS TU - co) (v) + sin av. p'(v). 

Hence 3(0) = 7h(0), 

since 


sin7v=0 for v=0. 


Thus Yf =2n S(—1)"2n4+ 1g =2rg@ll1— qs. (4 
0 


These four functions %, %, 0%, %, considered as functions of 
the complex variable g are of extraordinary interest from the 
standpoint of the theory of functions. As we have already seen, 
for these series or products to converge absolutely it is necessary 
that |qg|<1. There is nothing remarkable about this. The 


series ee eee 
log C1 oo) a eas me 

does not converge absolutely unless |z|<1; but by analytic con- 
tinuation it is possible to extend the function represented by 
this series beyond the unit circle. The thing which is so re- 
markable about the series 1), 2), 3), 4) is that it is quite impos- 
sible to extend them by analytic continuation beyond the unit 
circle in the g-plane for the reason that the functions defined by 
them become infinite in the vicinity of every point on this circle. 
Here, then, is a class of functions utterly different from all the 
functions of elementary analysis. These latter are defined for 
the whole plane, isolated points excepted. The four functions 
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J, Oy, J, J, are, on the other hand, defined only for points which 
lie within the unit circle. 

If we replace g by its value g=e™ and consider these func 
tions as functions of w, we find that they behave in a most remark- 
able manner when @ is replaced by 


@ = ve cra ( 


a, 6, ec, d being integers such that ad — be = 1. 

The 3 transformations 5) form a group G, and by the aid of 
the functions 3), 0, 7, oH we can construct functions which 
remain unaltered for G or for some subgroup of G. 

One of the simplest of these functions is the modulus #? of the 
sn function. We shall show directly that 


pot. 
Oe 
This function remains unaltered by the subgroup of G@ charac- 
terized by 
a=1, 6=0, c=0, d=1, mod 2. (6 
For this reason all functions of this class, that is, one-valued ana- 
lytic functions which remain unaltered for the substitutions of 
G or for one of its subgroups, have received the name of elliptic 
modular functions. Their theory has already reached imposing 
proportions, yet the modular functions form only a small part of 
a still vaster class of functions called the automorphic functions. 


For these functions the coefficients in 5) are not restricted to 
integers. 


2. Returning now to our #’s with zero arguments, let us prove 
a relation of great importance: 


I = TID. G 
From 1), 2), 3), we have 
ByPyiy = 2 gh 1 — gi y81 + G21 + G21 — gt, 
Now from 135, 1), 
Tg a leag 
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oe Dy Jat, —— y) gill Cl _— ia a 
Comparing this with 4) gives 7). 


- 


195. Definition of sn, cn, dn as  Quotients. 1. With the four & 
«functions we can form 12 quotients 

Hv) 
vv) 
six of which are reciprocals of the other six. Of the remaining 
six, three are quotients of the other three. Let us therefore 
consider 3(v) 3(v) Ja (0) a 
Bo) > (vr) ’ (rv) 

These admit as periods, respectively, 


re OL. a; 


2 


ee eee) Ins 2 


The poles of these functions are the zeros of the denominators. 
In a parallelogram constructed on the above periods, each of the 
above quotients has two simple poles respectively. They are 
thus elliptic functions of. order 2, and the above parallelograms 
are primitive. 

Without assuming any knowledge whatever of the functions 
sn, en, dn, let us study the three elliptic functions 1). 

We will begin with 5,(v) 


aN@D) 


and find the differential equation which this satisfies. To this 
end we use 165, 14. Here the poles are 


qv) = 


@ 
Pi=5 ’ Pa=1ts: 


2 
a 


_ To find the values of qg(v) at these points let us set 
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and use the relations in 191. Then 


(A42)-%- UI! 
1 Oy eae 


gi +o+})=—9Q)=—Vk. 
Thus da? 
(2) = OA -k@)(k—). 
dv 
Let us set aol _ 1 AQ), a 
Vk Vk A(%) 
We get 
B eV = = Pe). (5 
v 


To determine ¢ we have from 4+) 
ds_ 1 AMA -AMAM 
dv Wk (v) 


For v= 0, this gives 


(peas 

dv, v=0 \/ ke d, 
The right side of 5) reduces to ¢ forv=0. Hence 

C= s ve 

Vie % 


or using 3) and 194, 7), we get 


oan TIMI mip 


On vy 
Putting this value of ¢ in 5) and setting 
u = Tv? (6 
we get ye 


ei ( Miemet NCL eee 
du ( ex Pa I 
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Let us therefore define three functions of wu by the relations 


te th (v) 

snu=-—8. —l—, 8 
3, 3y(v) < 

on uate) (9 
v, Jr) 

dnu =20. Ps (10 


Vv, t(v) : 


where v is related to uw by 6). Then if & is defined by 8), we have 
shown that z=snw satisfies the differential equation 7). As 
z= 0 for w=0 we see that w considered as a function of z satisfies 


the relation : 
; =|" dz ; 
0 V1 —22)(1 kz?) 


The function 8) is therefore indeed the old sn function studied in 
Chapter XI. 


2. Before showing that 9), 10) are our old en, dn studied in 
Chapter XI let us note the periods, zeros, and poles of the functions 
8), 9), 10). 


The periods may be read off from 2). If we set 
Bienes 5 27K! = wravZ, Cul 


we have as primitive pairs of periods: 


PERIODS 


4K, 27K’ 


4K, 2K 42iK’ 
2K, 4iK’ 


As zeros and poles we have 


ZEROS Po.Es 


Q2mK +2miK' 2mK + 2m + 1)iK’ 
(2m+1)K +2 m'ik' 2mK + (2m! + 1)iK’ 
(2m+1)K + (Qm' 4+ 1)ik' 2mK + (2 m' + 1)iK" 
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3. We also note that from 191 we have 
sn(u+2K) =—snu, 
en(u+2 KK) =—enu, (2 
dn(u+2K)=dnu. 
sn(u+ 2th") =snu, 
en(u+ 2th") =—enu, (15 
dn(u+2tKk') =—dnu. 


mont Ra 
en(u+ K)=—k' a , Vi : @e: 
kl 
dn(u+ K)= Tne 
a i 
OD ee 
en(u + tKh')= oS (15 
dn(u+iK') =". 
isnu 
El coc dnu 
sn(u+ K+ 7K')= Foe 
el 
onus Koh) = ~. (16 


SA : 
dia Kee ee 
enu 
4. We now show that the functions 9), 10) are the en, dn func- 
tions considered in Chapter XJ, that is, we show that the functions 
9), 10) satisfy the relations 


en? u=1— sn?u, Cin 
dn2u=1—k? sn?u. (18 
Let us prove 18); the proof of 17) is similar. 


The function dn? wu has 2K, 27K’ as a primitive pair of periods 
as seen from 12), 13). 
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The zeros of dn?u are =AK+iK’. Its poles =iK'. Both 
zeros and poles are of order 2. 

On the other hand, 1 — #2 sn?.u has the same periods, zeros, and 
poles and to the same order. Thus the two members of 18) can 
differ only by a constant factor C. To determine this, we set 
u=Q. This gives at once C= 1. 


5. Finally let us show that 4?, &? as defined in 3), 14) satisfy 


the relation ey eae (19 
In fact, setting uw = K in 18), we get 
dn? KR=1—F sn? K. (20 


But from 14) deK=k? , entK=1. 


This in 20) gives 19). 


196. Numerical Calculation. 1. Let us now show how to calcu- 
late K, K’, snu, etc., by means of the #s when the modulus & is 
given. We have 

0; ssa —2¢+2q¢- 
be 1+2q+2qt+ 


When gq is small, we have approximately 


2g+ Sey a 
2q°+ eee 


77 __1-—2¢4 
= y 
Vk ia ¢ 
or a] 
214 Vi! 


To get a closer approximation, we note that 


pe eg ge yg ot ee (4 

Pov ee U5) PS 2g 
If we develop the right side of 4) in a power series in g and in- 
vert this series, we get 

g=14+2h415P+ 150+... (5 
This series converges with great rapidity. For example let 
k2=23. We find that q = .0432139 «.. 
On the other hand 1 = .0482136 -- 
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This shows that the first term of 5) gives q correctly to 6 deci- 
mals for this value of h. 
Having found q, we get K by the relation 


) k : 
Nee eee (6 
7 
As a c 
: eon aes 
¢ 
3 
we can write 6) 
ee ae ee (7 
7  1+Vk! 1+vh! ; 


which converges more rapidly than 6). 
To get K' we use 191, 1) and 195, 11), which give 


ee 
Ce 
or K LENS Bek 1 
Kl= = log (= 5 O; tog (7). (8 


The values of sn wu, cn u, dn wu for a given wu and kare now found 
from 195, 8), 9), 10). 


2. Suppose on the contrary the value of z in 
2= sn (u, k) (9 


is given, and we wish to find the corresponding values of uw. We 
start from the relation 195, 10) 


dnu=~Vk! I(v) 


a 
3,(v) , u=2 kv. (10 


From this we get 


va VE _ 9) _1—2¢c0s2 rv + 2 gt cos 4 wv —-.. 


SS BS : ugh 
Vi— h22 Y3(v) 14+2¢c0s27v42 ¢cos4av+... ( 
As a first approximation, this gives, 
ae 1—2qcos2 rv 
1+2¢4 cos 2 crv 
or AP eel 
cos 2 rv = Li (12 


2 oly 
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To get a formula which converges still more rapidly, we set 
We J,(v) — Jv) 3 il — ge — Vik! 
FV) + Hv) V1 — 2 + Vi 


___2(qceos 2 rv + ¢ cos 6 rv + +) 13 
1+ (2 ¢@ cos 4 wv + 2g" cos 8 rv + ---) C 


As a first approximation, this gives 


1 
a D ss. 
eae (14 


197. The © and Z Functions. 1. The # functions depend upon 
two variables wu and qg. Let us set 


@,(u, Ke K’) = as. 1) . i 0, dis 2s 3, ad 
yee aaa! f 
where as usual q=e © , Ord i Son (2 


The properties of the ©’s may be read off at once from those of 
the #s; in particular: 

The @,(u, K, K') are homogenous functions of 0 degree in u, K, 
fee 

Jacobi denoted ©,(uw) by O(uv) and @,(uw) by Hw); H is 
Greek eta. -We shall not use the H notation, but shall at times 
write © for ©,. 


2. By means of any one of these ©’s we may express an elliptic 
function by virtue of the following theorem: 
Let f(u) be of order m and have 2K, 2 iK' as a primitive pair 


of periods. Let ‘ 
y Pp Cys Cor 2° Cm 3 Py Po *** Dm 


be a system of incongruent zeros and poles. Then 


=e @,(u—¢) = @,(u — Cm) ‘ GB 


=, 
F(u) é @,(u—p,) --+ O,(U— Pm) 


where is determined by Abel's relation 
Le, — Up,p=2AK+ 2 mK’. (4 


The proof of this follows along the same lines as 166, 3. 
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Example 1. Let us prove the important relation 


@} Oi(u +O, — 2») é 
ke OF WMO 


sn2u—sn2v = 


which for brevity we will write 
Iu) = CR), 

v being regarded as a constant. 
For L(w) having the periods #, = 2 K, o,= 27K", vanishes at 
the points 


C1) = 2, 64=— Vv. 


The poles of L are p, =1K' = pry, 


being double. Thus 4) becomes 
VSO 0K! 0 hee dk 
Hence »=—1. Thus 8) gives 


zit @,(u— v)9,(u + v) 
==. Ppa us RES J 
coat Oj(u— 1K") 


Replacing ©,(w) by its value expressed in terms of @)(w), or 


1 niu 


@,(u) = — ig'e?* @,(u+iK') 


found from 191, we get 5). The constant is found by setting 
iO. 


Example 2. In a similar manner we may establish another 
important formula: 
Ny ap ee ee 
ae ee aoa 2 oe on, (6 
@2(w)O2(v) 


3. With the ©’s we can define four new functions 


_dlog@,(u) Olu) 
a du ~ O, (a) 


Z,(M) > P=, 10-238. Ce 

For Z,(w) Jacobi wrote Z(w), and we shall adopt this notation 
at times. In developing his theory of elliptic functions Weierstrass 
defined the (w) function analogous to Jacobi’s Z(w). 
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The properties of the Z’s may be read off from the correspond- 
ing ? relations. Thus we have: 


Zu+2K)=Z(u), 


Fy (8 
te Gs = Z — —- 
Z(u v N= (uw) - 


dZ . cw ; 
These show that qq 18 80 elliptic function having 2 A, 27K’ as 
du 


periods. This function is analogous to Weierstrass’ p function. 
In a moment we shall show that Z’(w) differs from dn? w only by a 
constant. 

The addition theorem of Zw) is obtained from 6) by logarithmic 
differentiation. Thus 


P 2k? sn2vsnucnudnu 
Zu+v)+ Zu—v)-2Zuy=— ea te @ 


Interchanging wu and v gives, on noting that 
Z(—u)=— Zu), (10 


2k sn2usnvenvdny 
1—k? sn? usn2v 


Z(ut+v)—Zu— v)—-2 Ziv) = — 
Adding, we get 
Z(utv)—Z(uy—Zv) = — snusnvsn(u+ v). (1 


By logarithmic differentiation of the # relations in 191 we get, 
without trouble: 


Zu + K)= Zu) — era g(t)s (2 
dl } 
Zutik)=Zu)+> " oe a owe (13 
=A oes ie 


We have also 


Z0)=0, Zh)=0, AK+1K')=- MRE PL yea (14 
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198. Hermite’s Formula. The reasoning used to establish 168, 2) 
may be applied at once to Jacobi’s Z and gives, using the same 
notation as before, a celebrated formula due to Hermite: 


(— 1)*-14, Lie (u — a) 


GOA Aa le ee ee 


4 BZ = 0B, 7 Gay ee ee ZY) (u—b) ad 
+ +--+ constant. 
Example 1. Let us make use of 1) to show that 
dn?u=Z'(u)— Z'(K+iK'). (2 
For the poles of dn?u are =7K' and are double. By 195, 15), 
PRY ey saya EAE a8 


tsnUu U 


al 


Thus the characteristic of dn?u at the point w=7K' is ——. 
Hence in 1), A, = 0, A, =— 1 and thus a 
drtu=Z)\(u—tKk')+ C 
=Z' (4) +) C,using 197,13). (3 
To determine (set u= K+7K’ and recall that dn(K+7K')=0. 
This gives C= — Z'( K+ 7K"), which in 8) gives 2). 


Example 2. In the same manner we show that 


1 


sn? u 


= Z'(0)— Z'(u+ik’'). (4 


Example 8. Let us show that 
1 = 1 {Z,(v) +4 Z,(u—v) -4 Z(ut+v)}. (6 


sntu—sn2v snvenvdny' 


To this end we note that the poles of the function of uw on the 
left, call it g(w), are w=+v. To find the characteristic of g(w) 
at the point vw =v we have 

1 1 een al 
snhU—snvy snu+snv snu—snv h(u) 


I@= 


Let us seettw=v+w. Then, 


snu=sn(v+w)=snyu+wsn'v ... 
hu) =hw + w)=h(v)+ wh! (v) + 
=2snv+-. 
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Thus | 
if 1 
Sal w sn! y+ oe ; 2 sn aes 
1 
=5 . + higher powers of w— v. 
2Zsnvenvdnyv u—v 
Thus ; | 1 1 
Char g(w) = — : : 
feat A 2snvenvdnv u—v 
The characteristic of g at the point w=—v is the same term with 
aminus sign. Hence 1) becomes 
: = : {C+ Z Li 6 
sntu—entv  2envenvdny' + ~1\%— CD Cha 5 ia 
In this let us replace wu by w+ 7K’, we get 
k? sn? u i ‘ 
- = 'C+ Zu-—v)—- Zut+ov)}. (7 
1—Rsn2usn2v  2snvenvdnv' amr ) LS tak 
If we set here wu = 0, we get 
be WAC G 
This in 6) gives 5). From 7) we get 
2 1 ) } 2 re m 
k* sn v ant dn ey Gy eee Kaa Ae aaaay (8 
1 — k? sn? usn?v : Tee ; 
199. Elliptic Integrals expressed by © Functions. Let 
B= [F@, y) dx a 
where f is a rational function of w and y and 
y=VA— 2) — #2). (2 
In 178, 10) we saw that we can write 
P= [Hart {—*de (3 
yw 


where Zand @ are rational functions of x. The first integral on 
the right can be expressed by the elementary functions. Let us 


look at the second. We have 
G=2H(2*) + L(2*), 
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where H, ZL are rational functions of 27. Hence 


[ous [a et f Ee (4 
y y y 3 


In the first integral on the right let us set ¢ = 2?, it becomes 
f H(t) gu = 
2 Vl Fy Ck ee) 


which can be expressed by elementary functions. Thus the 
general elliptic integral 1) reduces to the elementary functions 


and the integral 
ice i Lede. (5 
7g 


where JZ is a rational function of 2. 


Let us change the variable by setting 


o= anu, kh). 
Then 


dz =V (1 — a) (1 — kx?) du = ydu, 


= if R (02) du. (6 


and 5) becomes 


Here, & being a rational function of 2?, is an elliptic function 
admitting 2 A, 27K’ as periods. Hence by 198, 1), 


R= A,Z,(w—a) — A,Zi(u— a) + + 
+ ByZ,(u— 6) — B,Zi(w— 6) + + 
toe + 0. 
This in 6) gives 
p= A, log 0,(u— a) — A,Z,(u —a)+ + 
+ B, log @(u—b) — B,Z,(u—b) + Ci 
++ + Cut D. 


200. The Elliptic Integral of the 2° Species. This we saw in 


180, 1) is 
V1 — jp272 
dlieet a) a el 
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If we set «= sn wu it becomes, putting in the limits 0, u, 


E(u) = [an wu du 
e/ 0 
= Z(aw) —uZ'(K+71K! 9 
on using 198, 2). C ( ih") ( 


We have already called 
7.6 
B= | dn2u du 
0 


0 


the complete integral of the 2° species. This corresponds to K, 
the complete integral of the 1° species. 
Let us set in analogy to 7A’, 


= A+ik' 
iH= | dn? u du. 
K 


If we set u= K in 2), we get 


E 


Z(K+iK')= ral 
a E(u) = Zu) +u oe (3 


Replacing u by u+ 2 K, and u + 27K’ and using 197, 8), we find 
Hu +2 K) = E(u)+ 2 #, 


E(u+ 21K"')= Hu) + 27H. (4 
Thus Mee ; 
E(K + iK')= #£+ iH. (5 


In 3) let us set wu = K+ iK’, we get, using 197, 14), 
EK'— HK=2, (6 


which is the Legendrian Relation, whose analogue in Weierstrass’ 
theory is 171, 8). 
From 197, 11) we have the addition theorem of the elliptic 
integral of the 2° species, 
E(u + v)= E(u) + Ev) — ke snusnv sn(u + v). CF 
To calculate # we differentiate 3), getting 


EB 
OAS fy eas Vilar 7 
dn2u= Z'(w) + Fe 
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Setting u= 0 gives 


(BONO) seg ig) rad ee ae (3 
K 00) K? 1—-2¢4+2f-2¢+-- 


201. The Elliptic Integral of the 3° Species. 1. We saw in 


180, 1) that the elliptic integral of the 3° species used by Le- 


gendre is de 


i 
J (1 + nx") / 1 — 2) (1 — #2?) 


This differs only by a constant from 


{ 1 dx 
(P—@) SA —a) = Fa") 
Let us set L=Ssnu , A=snv». 


Then we can write 1), putting in the limits 0, w, 


e du 
Jo sn2u—sniv 


Making use of 198, 5) gives 


¥ du 1 | u 0,(v — 
= UZ l 1 ; 
f d M+ °8 O,(v+ 4) i 


sn2u—sn2v snucnvdnv 


taking that branch of the log which = 1 when w= 0. 


(1 


(2 


The relation 2) shows how the calculation of the integral 1) 
may be effected by means of the © series, which, as we remember, 


converge in general with great rapidity. 


2. Instead of the integral 2), Jacobi took as normal integral of 


the 3° species 


“ke snvenvdnv sn2u 
II(u, v) = i‘ : : du. 
Oe Jy} 1—Bertusntv © 
Using 198,-8), we find that 
i O(v — u) 
Ilqu, v) = uZ(v) + = log ; 
( ‘ Daas O(w+v)’ G 


taking that branch of the log which = 1 when w= 0. 


THE THETA FUNCTIONS 447 


From 4) we have a remarkable theorem due to Jacobi, which 
states that when the argument w is interchanged with the param- 
eter v in 3) we have 


II(u, v) —uZ(v) = I1(a, w) — vZ(u). (5 
It follows at once from 4). 


From +) we have at once the addition theorem of the integrals 
of the 3° species. Denoting the parameter now by a, we get 


II(u + v, a) — Wu, a) — IQ, a) 
ine O(uw+v— ajO(u+ajyO(v+a). (6 
2 °° Out v +a)@(u— a)O(v — a) 


Relation between the Functions of Jacobi and Weierstrass 


202. Relation between snand p. 1. We have now developed the 
two kinds of elliptic functions which are in current use to-day. 
To have two parallel theories may seem an embarras de richesse ; 
it might seem better to choose one theory and discard the other. 
Perhaps one day that will be done, but at present we stand too 
near the time when only the functions of Jacobi were employed to 
neglect these latter. Besides, each set of functions has its good 
points, and each suffers from the defects of its very virtues. 
Since then we have these two classes of functions, 


smu, Ou) , Zu), hi, ++ 
pu, ou) , SC) 5+ Gay Sap 
we must ask what is their relation to one another. Let us begin 
with pu, sn u. 
In 186, 9) we saw that 


——— u 
en(u, k)= Ve, — 9%, (——. 01, a) @! 
Ve1— e, 
where €,, ég, 3 are such that 
0,6 a 
re Nee st Yar ge) (2 
ey — 


are ; — ; ee er 
as given in 186, 7). From 172, 16) we can also write 


Vex — 5 


sn(u, k)= (3 


U 


Ge @1) ,)— 2) 
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The periods of sn wu are 


4K =40,Ve,—e& , 21K! =20,Ve, — es. (4 
From 3) we have ‘ 
Pty @y, Oy) = Cy + = (5 


sn2 (uve, — ey, — a 
2. Let smu have the periods 4 A, 27K’, then sn?u has the 
periods 2K, 27K’. Let p(w) be a p function constructed on 


these periods. ‘Then 1 
PO) ; 6 


sn? u 


have a double pole in their common parallelogram of periods. 


: hater ut 
Their characteristics at w=0 are both =e Hence the two func- 
u 


tions 6) differ only by an additive constant. To find this we 
develop both functions 6) about the point w=0. We have 


p(w) =a +* + au + wee 
te ae ): 


ahi ): 
18 


wt + 


snu = u(1 — 


sn2u =U He 


5 

Thus by 165, 10 1 

Pu = - 51+ 28). (7 
sn? u 


From 7) we can get the relation between p(w) and sn u when p 
has the periods 2 @,, 2 @, and sn the periods 4 _K, 27K’. 

For let us suppose, as we always do, that the indices 1, 2 are so 
chosen that if we set 


T= (8 
then Ordt>0. We then set 
G=O° 5 2hawi.. 241K' 3 


(9 
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Then 7) gives rR 1 142 
fas @2 | Ku -—s-—« 8 ; (10 
Piste 
aT 


Differentiating 10) gives 
2 Ke env dnv ee 


ate Gh 


3 3 ; 
wo} Snev On 


pm) =— 


203. The e,, €,, es in Terms of the o's. In 202,10) let us set 
U=@1, @,,@,. Then 


Ku og er 
=“ becomes K , ik’ , —(K+iK'). 


271 
pu becomes e, , & yee. 
1 2 
K becomes1l , 0 a es 
sn2 
H “ 
ence 
ak? iB 
ipa 9 2 ? 
Or o 
R714 
C5 =— > = ’ a 
wr oO 
K2B] 
€2 = — ———, 
a 


and 


From 1) we get 


@, —@ = (oN — 5 €s — €p = k* —. (2 
1 2 ow? ’ 1 3 wo? wo? 
Hence pees 
pee , eta 3. (3 
LE AZ5) €; — &5 


If now we put in the values cf k%, k’*, A in terms of the #s, we 


find 1 2 
TT 
a= (ge) P+ 8, 
vo a Wy 
La NS a 
é, = —=(=— SS + OS, (4 
> 2 w, 
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Their differences give 


2 

ea ga 94 

= (5 ) Dee 
oO, 


m 2 
T 
eae 4 IS; 
‘halen ( 
“0; 
2 
Th 
a ref ee 
= W, 


204. Relation between o's and 7's. The two functions 


o(U, 20@,,20,) , 0,(v, 7), 
where 


are integral transcendental functions having the same zeros. Thus 
by Weierstrass’ theorem, 140, 1, 
Oo, j= eM au), 
where g is an integral function. 
If we take the second logarithmic derivative, we find as in 
5 ’ 
166, 1 that g’ = constant. Hence 
0,(v) = eatbutew (4) 
Aaah. €! 
As 3,(v), o(u) are both odd functions, 
Se 
ebutcu? GRRE. 


or : 
e™—1 | hence 6=0. 


To determine A and ce let us develop both sides of 1) about 
u=0. We have 3 
( 2) — vin + sail + ++ 
oO. 


es Lb out ae ex. 
eMo(ujy=u+ cuit ... 
These in 1) give 
7! us gl! 


Wt ‘f Soa + ++ = Au+ cAuit ... 
a W@W 8) @ 
1 
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Hence 


Thus 1) becomes 


We can give this relation another form. We have 


a(u+ 2@,)=— emMrra(u), 
Y,Cut+ 1, r)=— du). 


42 Oe ron (ea) 
uU+ 24@ U oot 2wr P 
toe 7) call als Jae : a(u+ 204), 


2@, 


or 


1 2 45 
oe Bi, Goi - “a oy en Ge) +H] 


ern uton g() : 


This gives 1 


Haan 


e2m (Utes) — ] - 


or it 
SO es oar © 


This in 2) gives 


a, ( : )= ion gma a(u). (4 


As 


we have at once 


Q 
wo 
“> 

S 
WS 
I 
& 

So 
TS 

Or 
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From these relations we get 


Also we find 


(6 


(7 


CHAPTER XIII 
LINEAR DIFFERENTIAL EQUATIONS 


205. Introductory. 1. In the last three chapters we have given 
a brief account of the elliptic functions. These functions are of 
great importance in themselves; they also furnish a striking and 
brilliant example of the great power and usefulness of the theory 
of functions of a complex variable. As usually happens, these two 
theories have mutually aided each other. The function theory 
has furnished the viewpoint and instruments of research; the 
elliptic functions in return have furnished fresh problems which 
have given rise to a broadening and deepening of the function 
theory. Without the notion of a complex variable, the imaginary 
period of the elliptic functions would never have been discovered, 
and without this period, there would be no theory of double 
periodic functions. Yet the double periodicity is their most im- 
portant and characteristic property. 

2. Another theory which has been revolutionized and put on an 
entirely new basis by the advent of the theory of functions is the 
theory of differential equations. In the old days, a differential 
equation meant merely this: Find some combination of the ele- 
mentary functions which satisfies it. The simplest type of differ- 
ential equation has the form 

dy =f (x) dz, 


whose integral is formally given by 


y = [fae 
But already the simple differential equation 
dy = ze (al 


V (1 — 27) (1 — 2") 
could not be integrated in terms of the elementary functions. 
The problem of integrating a differential equation was a kind of 
453 
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game of hide and seek, the solution being usually so well hidden 
that no amount of seeking could discover it. 

We owe to Cauchy an entirely new point of view. He first 
taught us to regard a differential equation as defining a function 
whose properties are to be unfolded by a study of the equation 
itself. This method we have already illustrated in studying the 
differential equation 1). We propose now to apply it to a broad 
class of equations called linear homogeneous differential equations. 
They have the form 


mad 
rae rcrie peak ts! @ 


the coefficients p being analytic functions of the complex variable 
x. Such an equation is said to be of order n. We shall restrict 
ourselves to n= 2; moreover we shall generally suppose the co- 
efficients to be rational. 

A number of important functions in analysis satisfy such equa- 
tions, and we have chosen these equations for the same twofold 
reason that induced us to choose the elliptic functions, viz. to 
illustrate the general principles of the function theory, and to 
develop the properties of certain functions of great importance. 

Examples of this type of equations are the following: 


Example 1. The polynomials of Legendre satisfy 


Ce 10: 3 


ee Ge 


Example 2. The associated Legendrean functions satisfy 
2 
(1 — 2?) “4 2(m + 1eil + in(n+1)—m(m4+1)iy=0. (4 
¢ C 


Example 3. Bessel’s functions satisty 


2 d*y dy 


7 - ea (2? — n*)y = 0. (5 
Example 4. The functions of Lamé satisfy 
Opel | 1 ik Ll |) dy 
dx? Be ee aN de 


il ax +b 
4(@ — e,)(@ — &)(@— €3) Y 
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Example 5. The hypergeometric function satisfies 
x(x — ye +fa(a+ B+1)—-y¥ ou + aBy = 0. (7 
‘ Av 


We notice that all these equations have rational coefficients. 


3. The general theory of linear homogeneous differential equa- 
tions was first studied by Riemann. It owes, however, its present 
perfection largely to L. Fuchs, who began his researches in this 
field about 1866, and to a stately array of mathematicians who 
have followed in his wake. Prior to Riemann we may mention as 
especially important the early investigations of Gauss and Kum- 
mer of the hypergeometric differential equation 7). 


206. Existence Theorem. 1. Instead of the general equation 2) 
of the last article let us consider one of the second order 


y" = pry’ + Pals d 
the coefficients p,, p, being analytic about the point z=a. We 
propose to show that 1) admits an analytic solution 

y = b,+0,@—a)+b,(~—a)?+-- 2 
which is uniquely determined by the znitial conditions that y and 
y' shall have assigned values y= a, y'=8 at a=a. The reason- 
ing we shall employ can be easily generalized so as to apply to the 
general case of order n. By using an equation 1) of second 
order we simplify our calculations without sacrificing the general 
method. 

Suppose for the moment that 1) admits the analytic solution 2). 
The coefficients 6, are determined as follows. From 2) we have 
y(ay=b, , yl (aj=b,-- y¥M(aj=nld,. 
This gives at once, ees b= 8. 
From 1) we have 
yl" (a) = py(a)y' (4) + poy (@)- 


een A,=p,(4) 5 A,=p(4), 
then the last relation gives 
215, = b,A, + 6,4, = BA, + @A,. (3 


Differentiating 1) we get y’’’ in terms oLy, y'; y"' or 


yl" = pyy!' + Phy! + Poy! + Pry: © 
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If we set here x=a, we get 6,. In this way we may continue 
and so determine one coefficient 6 after another. 

This shows that only one analytic sdlution 2) with a given 
set of initial conditions is possible. The form of these 6’s is im- 
portant. To determine it let us set 


Pi == p,,(@ SO) 5 Dp = = Pan(@ — a)". 6 


These are simply the development of’ p,, p, im power series, since 
by hypothesis they are regular at 2= a. 

The relation 3) shows that 4, is an integral rational function of 
a, B and Py, Poo The relation 4) shows that 6, is an integral 
rational function of «, B, P49, Poo Piy» Por. Lhus in general 


bn = FO Oy) Pro Pav Poor Por ‘7+ ) (6 
is an integral rational function of the enclosed letters with posi- 
tive coefficients. 

2. Having shown how to determine a solution 2) which for- 
mally satisfies 1), let us show that this solution converges for all x 
which le within a circle 8 about z =a, and which reaches to the 
nearest singular point of the coefficients p,(x), p(x) of 1). 

To this end we seek a simple differential equation of the same 
type as 1), which we know admits an integral 


2=¢, +¢(@—4a4)+6,(2 —aft --. a 
converging within §, such that 
Seva: (8 


Here, as we have so often done before when dealing with series, 
we denote the absolute values by the corresponding Greek or 


German letters. Thus in particular 8, =|0,|, y, = |¢,|- 
Let this auxiliary equation be 
i sae eh ! 

all = qe! + gy? (9 
where = e 
= . * —'S) 

ci nA 4)" 5 99 =29,(€ — a)n (10 
0 


are the development of q,, g, in power series about x =a. 
Now whatever the q(x), q,(2) are, the coefficients ¢, must 
satisfy the relations 


Cn = HC Cq Cys Mor U1 °° Yan» Gar “+ Ds di 


LINEAR DIFFERENTIAL EQUATIONS 457 


where #’, is the same function as in 6), only with different argu- 
ments. 


As the coefficients are positive in 11), the e, will be real and 
positive when the arguments in 11) are real and positive. 
Now ¢, ¢, being arbitrary, we take them real and positive and 


such that ee ean 
Gin Pin > Gon 2 Yom (12 
Ba < F(Bo, By Pig => Pag -**) 
<FACYo Ye Ato 77 20 1) = Ym 
or Bn < Yn: 
Let us now try to choose the coefficients q,, g, in 9) so that 12) 


holds. By Cauchy’s inequality 


Dinve = Pn ’ 
R 


P,, 2 Max |p.(2) | 


If now 


then 


m= 1, 2, 


where 


on & whose radius, say, is 2. 


But then if we only take =e 
Ymn as RY 


the condition 12) is satisfied. In this case 


2 
ea ee 8) ee, 


l| 


, |\ew—al< £. 


Thus our auxiliary equation 9) becomes 


€ eee =P? 4 Pz. (13 
We need only to show that 7) is convergent. The ratio of two 
successive terms of its adjoint series is 


Tata | xr—a|. 
Yn+1 
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Thus 7) will converge within § if we show that 
lim pYnt2— 74, - «4 
ie Vntl 

To do this we derive a recursion formula to determine the y’s, 


or what is the same, the e’s. 
Differentiating 13) gives 


ia, Mh 1 i gl! ! 
Ge R :: PR? = Pz + Piz. 


Differentiating again, we get 


1 CSUN rey 2m m" ! 
= gem gl ee Pe Pe. 
In general we see that 


Cc — ‘ nv 
(.- Fie — Fame = Pee) + P22, 


Setting =a and noting that , _ 1 Ca 
noe" (a) 
nN. 


we get 


Gees, Eh 


R 
Ra +2) leo = + 1) lin-+ KPite. + ml RP oe, 


oe +kP, et 1 R 
i fe (n+ 1)(n + 2) 


Cn = (% +1)! Pyeay + 2! Peep. 
Thus 


or 


ete LE) 


Let us now take P, so that 
RP, >2. 
As the last term in 15) is positive, this shows that 


Jigen 2 Ch +1 
or 


= a< ie (16 
n+l 
Let us now write 15) 

Rone V+ RP RP, 1 ¢, 


Go So HD (nt D2) Ree 


Letting n= and using 16) we get 14). 
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3. The form of proof here given is entirely general, and holds 
for any n. We have thus proved the 
Existence Theorem. The differential equation 


dny , , aly 
ada” Ady 


+s py = 0 Cit 


admits one and only one analytic solution which together with its first 
n — 1 derivatives takes on assigned values at x=a. This solution is 
valid within a circle 2 which extends to the nearest singular point of 
the coefficients p,--- p, which are regular about the point x= a. 

4. Let 


y=b+b,(@—a)+b,(x~—a)? ++. (18 
be a solution valid in ®. Let a, be a point within ®. We can 
wate TE) y =U, + i(e— a) + ie — a) (19 


which is convergent within some circle &, about 2=a, which 
certainly extends up to the edge of & and may go beyond. If 
we develop the coefficients p,,(x) about x = a, 


and put 19) in 17), we get a power series 4, 
about z=a,. Since 19) satisfies 17) within &, 
it will continue to satisfy it for all points 


within §,; moreover &, will reach to the 
nearest singular point of the coefficients p. 
In this way we may extend the solution 18) by 
analytic continuation. Thus we have the 
theorem : 


Tf the function 18) is a solution of the differential equation 17), 
all its analytical continuations are still solutions of 17). 


207. Fundamental “System. To each particular set of initial 
conditions y = a, y! = 8 for x =a will correspond a particular solu- 
tion of 


yoy + Py =". d 
Let y,, Y, be two such particular solutions. Then 
Y = AY + Yo (2 


is obviously a solution of 1) also. Let us show that we may pick 
out particular solutions y,, y, such that every solution of 1) has 
the form 2). 
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For suppose that y is to satisfy the initial conditions 
yaaa, y(@Q=B. 
On the other hand, suppose the initial conditions of y, are 
W@)=4 5 YY=P,, 
YO) =% +» Y2(4)= Be 
Then 2) shows that we must have 
OP Pe anon Se ery oe Ss mary SP 


These two relations determine C15 %& when 


of yo are 


Oy hy ee 0. @ 
1 2 
Let us set ' 
D(ay=|71 92). a 
iY Ye 


We note that D(a) is nothing but the left side of 3). 
Let us show that if D#0 at z=a, it is also #0 at any point z 
which is not a singular point of the coefficients p in 1). 
For since ¥,, Y are solutions of 1), we have 
Yi + Pi + Pa = 9 
Yx + Ps + Paz = 9 
Then if D+ 0, these give 


wi Y1 
_ |Y2_ Yel _ Dy). 
AS DG)» D@) e 
Now we note that d 
ao = = D(z). 
Thus 5) gives nae ea he D(#), 
dx 
or D (x) =e —Jry(@da (6 


At x=a, Dis #0, hence (#0. Thus D is always #0 since D 
cannot vanish unless p,(v)=oo. But this point would be a singu- 
lar point of p, The reasoning being entirely general we see 
that : 


D 
uy Yr Ya° Yn Gi 
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are particular solutions of 


dny me q”- ly 


¢ ce ate ete (), 
| etigga Pt (s 
for which Ya Yo Yn 
/ / / 
D(x) = Iv Yo Yn (9 


n—1) (n—1) 
ys vee yk 


is #0 ata point r=a at which all the coefficients p,--- p, in 8) are 
regular, then D+#0 at all such points in a connected region. 

Such a system 7) is called a fundamental system, and we have 
the theorem: 

Every analytic solution of the differential equation 8) is a linear 
funetion of any fundamental system 7) with constant coefficients. 


208. Linear Independence. We have just seen that a fundamental 
system 41, Yg.°*" Yn is characterized by the fact that 


D=a=|f1 In ad 


jor Dvn ye? 
is #0. We now prove the theorem : 
For a linear relation with constant coefficients 
C1Yy + Yq + +++ + Onn = 9 @ 
to hold, it is necessary and sufficient that D = 0 identically. 
It is necessary. For if 2) holds, we get on differentiating 


CY, + CoYy + +++ + Onn = 9 


ey n-? + eye) aE og 2 cg i) 
From these equations and 2) we have necessarily D= 0. 
It is sufficient. For let D=0. Now yy, Yg°+* Yn are all solu- 
tions of the differential equation of order n — 1, viz.: 


U, Yo: Y3 eee Yn 


! ! / ney! ‘hme time} 
a ea ne 


dx 


—1 —1 (n-1) g)(n—l) 
uy” Ib, oe ) Y eee Ups 
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For setting w= y,, this determinant reduces to D which = 0 by 
hypothesis. If we set w=y,, for example, two columns of this 
determinant are the same; it therefore vanishes in this case. 

Let then w,, Ug, +++ Up form a fundamental system of 3). Then 
Y1 ++ Yn being solutions of 3) are linear functions of the w’s. Thus 


yy — 444 af eine =p 1 n-1Un-1 
Yn = Ay Uy te re ar An, n-1Un—-1° 


If we eliminate the w’s from these equations, we get a relation of 
the type 2). 

In the exceptional case that the coefficients $,, $, ---in 3) van- 
ish, it reduces to an identity. Then by using a smaller number 
of the y’s we would still get a linear relation between them; but 
we shall not urge this point here. 

Thus we may state that : 


Any set Yys Yoe* Yn Of linearly independent solutions of a differen- 
tial equation of order n form a fundamental solution. 


209. Simple Singular Points. 1. Having seen that 


obs rh + ny =0 d 
admits a solution taking on assigned initial conditions at any non- 
singular point of the coefficients p,, p,, we now turn to these sin- 
gular points and ask how the solution of y behaves about one of 
them as 2=a. We shall restrict ourselves to the case that PoP 
have at most poles at « =a whose orders are not greater than one 
and two respectively. Then we can write 1) in a normal form, 


(=a)? Th + @— aq + gy =0. @ 


Here we suppose that the new coefficients q,, q,. g are regular at 
a=a and that q does not vanish at this point. Then we have, 
developing about z= a, 


Ge) = Samn(x —a)” We Uae (3 
0 


4 


and at least qo) # 0. 
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The equation 2) aes be written 


Seale Ee O, (4 
m=() 
Let us try to satisfy 4) by setting 
y=(@—a)'2ag(e@—a)* , ey #0. (5 


& 
Our problem is to determine the unknown exponent 7 which in 
general is not a positive integer, and the coefficients e,. 
From 5) we get, on differentiating, 


on = (r+ k)Ze,(e— a)rte, 
yl =r +kh)r+k—1) 2e¢,(¢ —a)rtF, 
These in Ae give 
(@—a)*3 = qon(x = ot r+k)G@+k—1)e(a—ay? 
+ eo — a)Uqn(e — a)"=X(r+ ke, (2 — a) 
-- Sgoq(@—a)"Sey(z — aye = 0. (6 
The coefficient of (2 —a)"*" can be written, as Frobenius re- 
marked, as follows. Let us set 
I@N=BtTH + TT 1) 4 
= Eide +19 +77 — 1) 44} (2 — 2)" 


ay 


(7)(e@— a)”. (7 
Then 6) can be written 


2. 
Dha-n(r + k)e,(a — ay” = 0 foe als +00, 


fea 0, 1.2: 
As this power series = 0 identically, the coefficients of the differ- 
ent powers (z—a)"*" must all=0. Hence 


(8 


e,fo(r) =9 
Ghar) + Galt + Ly =) 
Cofa(T) + fir + 1) + efo(r + 2) =9 @ 


eogfg(r) + eto(r +1)+6f,07 + 2) + ¢, fi(r+3)= 0 


Thus when 2) admits a solution of the type 5), the coefficients ¢q, 
ce, :+- and the exponent 7 must satisfy 9). 
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As ¢,#9, the first equation requires r to satisfy f,(7) = 0; or 
using its definition in 7), 
So) = BC) + 7H, (2) +77 = Dq(® = 9. (10 
This equation for determining r is of fundamental importance; 
it is called the indictal equation. It is a quadratic in r. 
Let now r be a root of 10). The coefficients ¢,, ¢, --- may be 
obtained in succession provided 


So Le oP) gs qd 


are all #0. But for that root r, of 10) whose abscissa is greatest, 
none of the coefficients 11) can vanish. Neither can they vanish 
when the two roots of 10) do not differ by an integer. 

Thus when the indicial equation admits two distinct roots 7, 
r, which do not differ by an integer, there exist two series 


yy =@— aye, +e, @—a)pe,e—ar t= - 5 ey0 


; ; 12 
Yo = (@— A)" {gg + Cy (4 — 4) + Cy (@—a)?+---$ , Co #9, ( 


which formally satisfy the given differential equation. These 
series converge within a circle whose center is =a and which 
passes through the nearest singular point of the coefficients p,, py 
Tie ley 

This may be shown by the method employed in 206. As the 
reader has been through one existence proof it is not worth while 
here to repeat the proof. 


2. The foregoing results can be extended to the general case. 
Let the coefficients of 
a (Nama 
Jip Se PE pores) (15 


dx” 1 dyn 


have at 2=a at most poles of orders not greater than 1, 2,...n 


respectively. ‘Then we can write 13) in the normal form 


aay EOS aes) 
ty at YO) ee te ie C4 
where the q’s are regular at ~=a. They therefore have the form 
given in 3), where now m= 0, 1, ++. , and as before we suppose 
Joo = 94) #0. It we now try to satisfy 14) by a series of the 
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form 5), we are led to a system of equations of the form 9). The 
indicial equation which determines the exponent r is here 


SoC) = qn(a) + rq, (a) + r(r — 1) qa(a) + os + r(r —1) «. 
(r—n+1)q (a4) = 9, (15 


which we see is entirely similar to 10). Since by hypothesis 
do(@) is #0, the indicial equation is of degree n. 
Let us arrange its roots in groups 


oh tee (16 


Here r, is the root whose abscissa is greatest and the first row 
embraces all the roots of 15) which differ from r, by an integer. 
Of all the remaining roots let 7, have the greatest abscissa; then the 
second row embraces all the roots which differ from r, by an in- 
teger, and so on. The roots 

Se ewe a C1i 
which head their respective rows are called prime roots. And 
now the existence theorem states that : 


To each prime root 17) corresponds an integral of 13) 
Ym = (L— A)™$§ Ong + Cm (@ — 4) + Coe — a)? + + h, (18 
Cm = 0, Whose circle of convergence reaches up to the nearest singular 


point of the coefficients p. 


3. In case that each group in 16) contains but a single root, all 
the roots of 15) are prime roots. As to each prime root cor- 
responds an integral 18), the foregoing method gives us n in- 
tegrals of our differential equation 13). Let us now show that: 

When the roots of indicial equation 15) are all prime, the 
n integrals 18) form a fundamental system. 


For suppose there exists a linear relation 
AyYy + AgYg + 0° +4nYn = 9 (19 


between them. If we put the values y,, y, ++ as given by 18) in 
19), we get a power series; the exponents of course are not in- 
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tegers in general. If a, 0 in 19), our power series contains the 


term 
AmCny (0 — a)", 


and this is the only term with the exponent 7, Thus 
OnCmy = 0, and hence ad, = 0, OF Cm) = 9. Both of these are con- 
trary to hypothesis. Hence a relation of the type 19) is im- 
possible. 

The case we have just treated is the simplest case that can arise 
at asingular point. We therefore call such points simple singular 
points. 


210. The Hypergeometric Equation. 1. This is, as remarked in 
205, T), 


2, 
we 1) 4 U + feet B+) — 7) Hey =0. @ 


dx 


Its singular points in the finite part of the plane are v= 0, x=1. 
Let us find the indicial equation for these points. 
The point x=0. Bringing 1) to the normal form 


(@ — 1)2*y' + Sx(a+ 841) —yiry'+ «Bry =9, 
we have 


ga) =e-1 , W@B=@4+8+1)2e-y7 , @@=ahe. © 
The indicial equation for x= 0 is, therefore, 
rm+(y—1)r=0, 

or rir—(1—y)t=9, (3 
whose roots are r; = 0, r, =1—y. 

The point x=1. The normal form of 1) at this point is 

aa —1)jYy" + {(at+ B+ 1a—y}(e—1)y'+ oB(@—-1)y =0. 
Here 

He=z , WKHM=@+8+)2e-y7 , %@)=e8@—-1). 


The indicial equation is, therefore, 


rir —(y—a—B)} =0, Gd 
whose roots are 


r, =0 . r=y—a—fBf. 
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2. Let us investigate the nature of the point =o. To this 
end we set 


L 
c=-, 
wu 
and 1) becomes 
d*y 2 yu—(e+ e+ t)) dy «8 Les 
dut Lr u(1—w) du wd — uy? C. 


Obviously w= 0 is a singular point. 


The normal form of 5) at w= 0 is 


(1—w)u? w+ {21 <u) + (e+ 8+ 1)jul “+ aby = 0. 
Here 
qo) =1—u y g(w)=20 —u)+qu—(@$ B41) , Qa(w) =a8. 
Thus the indicial equation for w= 0 is (6 
m—(ae+P)r+aB8 =), 
i —U) 5 To. 


whose roots are 


3. Let us now calculate the coefficients of our solution by the 
formule of 209, 9). We consider first the point x= 0. 
Now by definition 


i@y=r(r —1) pO) = pO) + qe () | (7 


n! 


As the q’s are linear functions as shown by 2), all derivatives be- 
yond the first vanish. Thus 


A(r=9 , f(r) =0 
Hence the equations 209, 9) are all two-term equations and they 


give er th) (8 


Let us now use the root r= 0 of 3). Then 
Sym =—niy+(n—T1)}, 
Fi(m— 1) =48 + (m-1De+84+1)4+™—-1Mm-2 
=(n+a—1)(n+ 8-1). 
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H 
ence ; = epee) tee Sea toe (9 
iy n(y+n—1)) 
We thus get 
“8, CE UICB AD eto Sta 
i ae Sele Ane 1. ie 
ie y° 2-(y+1) a es 


etc. Hence taking ¢ =—1, 

ae B apache ae B-B+1 cabs | 

LY, _ 1-2-y-y+1 (10 
=i (03, Ye). 

Let us now use the other root r=1—y of 3). As 
AM=rr—-lI+r@+84+14+ eB=7+(a+ P)r t+ eB, 
A= ao Ly: 

we have, from 8), on taking r=1-—y, 
Ba Ci) ae a 


hl ={1+ 


n1l—-y+n) 
Sees Ps (11 
n(l—y+n) 55 


Let us compare 9) and 11). We see that 9) goes over into 11) 
on replacing 


by 


ot ; B 2 as 
@tl-y , B+l-y , 2-y¥. 
Thus the integral corresponding to r= 1—y is 
Yg=u'*F(a+1—y, B+1—y,2—y, 2). (12 
4. Let us now turn to the point x=1. The recursion formula 
is found to be for the root r = 0 of 4) 


(nta—1)(n+8— Ly 
n(n +a+B—-y) 
We see that 9) goes over into 18) on replacing 


oS —— 


n 


are (13 


Cis as Y 
by a, B , a+8-q+1, 
aside from the sign which can be made right by replacing x—1 
by 1—2. ‘Thus the solution corresponding to the root 7 = 0 is 
¥,= F(a, Bha+ B—y+1,1-72). (14 
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The solution corresponding to the other root r= — a— B of 4) 
is found to be 


Y,= CU —a)r* 8 Fy — 8, y— a, y—0 —B+1,1—2). (15 


5. Finally we consider the point x=oo. The recursion formula 
for the coefficients corresponding to the root r= « of 6) is 


a CEM ce Ci a eee 
n(a+n— PB) 


We see that 9) goes over into this on replacing 


Cn 


n—1° 


rae B : Y 


by @® , @a—ytl ,«—f8+1. 


Thus the solution corresponding to the root r= a is 


=F (ee 7+1, e841, *): (16 
The solution corresponding to the other root r= 8 of 6) is 
similarly 1 1 

Y= 5F(B By +1, Bat, *). (7 


211. Bessel’s Equation. This is, as remarked in 205, 5), 
ry! + ry’ + (2 — m)y=0. Gi 


The only singular point in the finite part of the plane is x= 0. 
Let us consider the integrals of 1) for this point. The equation 
is already in the normal form. Here 


Qa=—L. 4@—!l , (=e —m. 

The indicial equation for z = 0 is therefore 
A(n=—m+r+rr—1)=9, 

ng fy(r) = 7? — m2 = 0. © 
ee G0 A=) Ot 2. 
Thus the equations 209, 9) become 

q=0 , Cy + gf o(r + 2)=9 | 0, = 0; 
and in general, Conf +20) + Cy 2=9 5 Con = 0. (3 
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One root of the indicial equation 2) is r=m. For this root 3) 


ely. n(2m+N)ent+ Cn2=9 5 m even. 
Hence a 
~~ 90m +4 2)’ 
C. os 
= — 2 = 5 9 5 
4(2m+4) 2-4 2m+2)(2m+4) 


etc. Thus the integral corresponding to r=m is 
2 A 
[ D x 
yY,= ea": 1— + ——— 
M1 OF  9Qm+ 2) 2-4am+DGm+H 


76 
= — fives fe (4 
2-.4.6(.2m+2)(2m+4)(2m+ 6) 


In case m is not an integer, the other root r = — m of 2) also fur- 
nishes a solution y, since the coefficient fy(7 + 2) of ¢, does not 
vanish for any n. 
Let us take the constant ¢,) so that 
ul 
Co = . 
27II1 Cm) 


Then as solutions of 1) we have 


ee) (— ike em S 
y=, = - 0 
fi = Jnl 2) > I(r) IGm + 7) \2 ( 


and 5 
oo —_ il yn (sy 
= J = oN es |S ; 6 
Ya = 4m (2) x lication) a) . 


They are called Bessel functions of order m and — m respectively. 


212. The Logarithmic Case. 1. We have seen that when the in- 
dicial equation 
Fr) =r(r— 1) qa) + 7q, (a) + qo (a) =0 Ci 


has its first coefficient g(a) #0, our differential equation, which 
we write in the normal form 


LYy) = (@= aq (2)y" + @-— ayy +q(@y=0, © 
has one solution of the form 


Yy = (@— a) $e + e(@— a) +(e — a)?-+ « }, (3 
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where 7, is that root of 1) whose abscissa is greatest. Suppose 
now the roots of 1) are equal, or at least differ by an integer. 
The method developed in 209 gives in general only one integral 
2), viz. the integral 3). 

To obtain another linearly independent solution Fuchs proceeds 
as follows. We set 


y=4; | 2d (4 


in 2). This leads to a linear homogeneous equation of order 1. 
Let z be a particular solution of this equation, and let y, be the 
value of 4) for this value of z. Then y,, Yq Form a fundamental 
system of our original equation. 


ee C11 + Coty = 0, G 


we have, on using 4), 
C191 + Cay [ede = 5 


a ttf edr=0. 


Differentiating this, we get cz = 0, 


and this requires that ¢,=0. Putting this in 5), we see that 
e,=0. Thus y,, y, are linearly independent as stated. 


2. Let us now set 4) in 2) and find the resulting equation 
which z satisfies. We have, differentiating 4) and setting for 


brevity 
= [ zdz, 


y =NAt yr 
y" =Wyat+2 yer ye: 
These in 2) give 
2Lyy) + (@— 4) {ay + 2@ — Maryse + @— a)qyyz=9. (6 
But L(y,) = 9 since y, is a solution of 2). Writing 6) in the 
normal form, we get 


(x— a)qe2' + {t+ 2@—a)qtt 20, (7 
1 
If we write 3) y, = (@ — a)", 


we have log y, = 7, log (2 — a) + log ». 
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Hence vl 

(w@—-a)B=r, + @— apa), 
Ny 

where (a) #0. Thus we may write 7) 


Mz) = (a@— a@)8,2' + 82 = 0, (8 
2), 
$(0) = W@) + 2Q@in + @-— OV@)s- 
Thus the indicial equation of 8) is 
78,(a@) + 8,(a) = 0, 
Gr) = 17q (a) + HC) + 29 (47; = 9. c) 


or 
Then 
(+ D4Qn)=q(@i-1¢,-1)4+¢ sg 1@+r,)} 
OD) Seeiy rn Chu s F 
as is seen by actually multiplying out. This we may write 
C+ DE) =—-In@y —Dga@+ nn@} 
HIGH MED H YQ O+ E+ 1+ Da@s. 


But the first term on the right is q,(a), since r, is a root of 
F(r) =9. Thus the last equation becomes 


CHD EM = 4+ 7 tDCtr n+ C+ntDag@+n@ 
= Vr +9 1) 
=(r+1)jr-—(@,—7,-D}. 


Hence the root of G(r)= 0 is 
r,—%—1=—m, an integer, 


since by hypothesis r, and r, differ by an integer, which may 
be 0. 


From this we have as result that the differential equation 7) 
admits a solution, 


@=(t@—a)™le, +e,(t—a)t+ +f, 
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whose coefficients may be obtained as before. Then 


Ry | 
frte=_ 1 te ieee TF log (@@— a) 


2— a) r—a 
+ hy(x — a) + ky(@— a)? +» (10 
But we have seen that 


os 41 } 2dr 


is a second solution of 2). Putting in the value of y, as given 
by 3), we get 


Yq =(@ — a)?h(©) + (@ — a), (x) log (@— a), (11 


which may also be written 


Ya =(@— a)" b(@) + h(w— a)” (x) log @-a)}, (12 
where ¢(z), W(x) are regular at z=a and do not vanish at this 
point. 


3. Thus when the indicial equation at the point =a has two 
roots which differ by an integer, there exist always two linearly 
independent solutions of the form 2) and 11) or 2) and 12). 

Let us note that the logarithmic term in y, may not be present. 
This takes place, as 12) shows, when = 0. 

That the two roots of the indicial equation may differ by an 
integer without y, containing a logarithmic term, is illustrated 
by Bessel’s equation 211. For let m=/ +4 in 1) of that article, 
1 being an integer. Then the two roots of the indicial equation 
a4 i+4 , —l-4, 
whose difference is 27+1, an integer. However, the recursion 
formula 211, 3) for determining the coefficients ¢, is such that 
the ¢, of odd index vanish, and thus ¢, for even index are uniquely 
determined if only m is not an integer. 


4. There is no difficulty of generalizing the foregoing result. 
We may therefore state the theorem: 
At the point x= aa let the indivial equation of 
yo ae | a at a + Prlf — (0) (13 


be of degree n. Let 
ae oe eet a woe ls) (14 
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be the group of roots belonging to a prime root r, arranged according 
to diminishing abscisse. Then 


y=(e@— ayo), 
Yy = (@— 4)" {by)(@) + Gy log (x — ay}, 
Yo = (@ — 4)” fbo(%) + $y; log (@ — 4) + hop log? (@— a)}, (5 


y= (@— 4) Shaw) + ba) log @— a) + --- +h, log* @— a)} 
are solutions of 13). The functions $ are one-valued analytic func- 
tions within a circle about the point x= a, and passing through the 
nearest singular point of the coefficients p of 13). Hach group of 
roots as 14) of the indicial equation furnishes a group of integrals as 
15). The total number of integrals obtained in this manner is n. 
They form a fundamental system. 


5. When the degree of the indicial equation at a singular point 
v=aisn, the same as the order of the differential equation, we 
say =a is a regular point. ‘They include the simple singular 
points of 209. 

When the indicial equation at the singular point z=a is of 
degree less than n, the foregoing method does not give us all the 
integrals of 13). Such singular points are called irregular, and 
their theory is too difficult to treat in this work. We shall soon 
see that Bessel’s equation has x=» as an irregular point. 


213. Method of Frobenius. 1. In the foregoing article we have 
established the existence of a fundamental system when the roots 
of the indicial equation differ by an integer, using a method due 
to Fuchs. Knowing the form of the solution, the coefficients may 
be obtained in any given case by the method of undetermined 
coefficients. Frobenius has given a method which leads more 
quickly to the desired result. 

Let us take the singular point =a at the origin; we write 
our equation in the form 


Ly=24 Ys ap ay th + q(z)y = 0. a 


dae He) 
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Using still the notation of 209, 9) let us set 
ef (8) + ey fo(s + 1) =0, 
CoFa(8) + yAi(8 + 1) + eafo(s + 2)= 0, @ 


where s is not necessarily a root of the indicial equation, but an 
arbitrary parameter. 
Then c, will have the form 


3 1,8) ae PNW Oh 
AS SAC SSDTACES an CEM ee 


Let us now set 
oe >t Ges) (4 
n=0 


inl). It becomes 


ES 


Ll g(a, 8)]= 2" D hens +n) + eu afls m= Vbot hao) 42" 


n=0 
= Co fo(s) 2; (5 
since all the terms on the right vanish except that which corre- 
sponds to n= 0, by reason of the relations 2). 
Thus when s is a root of the indicial equation 


Jy =r(r—1)+ pr + q(0)= 9, (6 
we see that = 
— 771 nr 7 
v2 Dent ( 


satisfies the equation 1). . 
Suppose that the two roots 7,, r, of the indicial equation differ 
by an integer, say 7}, =7,+m,m70. Then 6) has the form 


he Meg) — Ty I 


For ¢, let us take 


eo = Ch(s + 1)f,(8 + 2) --- fo(s+ m). (8 
Then the e¢, in 3) will have the form 
C1,(8) (9 


2 EG +m+1)-+-fo(s + n) 
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in which the denominator does not vanish. Also the coefficient 
of z in 5) has the form 


Gi 8) = = %) (8 =, 1) 


Hence in this case 


Ll g(a, 8)] = @— 71) @ — 7 + m)?*S2. (10 
Now ’ 
y _ 2! &y - 7B pe eee 1) 
55D > ae Eons oe des 3 era ds) 
= <(s —7r,)(8—17,+ m)iS = (s—r,+m)y8 + 2(s—ry)(s—7, + m)S 
2 a 


+(8—7) 6-1 + ry) 


Hence differentiating 10) with respect to s and then see ‘=F, 


we see that F 
oy 
E ie 


is a solution. Thus, provided the series 4) can be differentiated 
termwise, we have as a second solution of 1) 


da = ou = @ailog a > Cc,” + x ye 2 ge qig 
ro 0 0 8 /s=re 


2. When the coefficients of 4) are determined by 3) and s=7,, 
the first prime root of the indicial equation, the series 4) is a 
solution. But if we give the ¢, values as determined by 9) and 
take s =r, the second root of the indicial equation, we see that the 
series +) will also be a solution in the case that 7, 7, differ by an 
integer. 


214. Logarithmic Case of the Hypergeometric Equation. 1. We 
saw in 210 that the two roots of the indicial equation at x = 0 are 
Qandil—y. Thes when 

EN a 
is an integer, we have the logarithmic case. 

To fix the ideas let us suppose that y>1. Then our two inte- 

grals have the form 


9, = F(a, B, y, x), d 
Yq = F(a, B, y, x) log x + 2G (x), 
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where G is regular atx=0. We proceed to apply the method 


of Frobenius given in 213 to find G. We have here 


Jo(s) = — 8(s — 1)— ys = — 8(8 +g), 
ACs) =s(s— 1) +s(@+84+1)4+ «8, 
ho=F7,@) = eee = (0). 5 
Thus the relations 213, 2) become 
Cnfy(S +n) + eG, ~fiCs tr—1)=9, 
or pes ee Et!) | 
‘ (n+ s)\(s+tun+y—1) . 
The coefficient ¢, is by 213, 8) 
e(s)= Ch(s+1)--fyistyg) 
=(—1)°C((s+1)-- (s+ 9 etgtl)-: (8+29). 
As Cis arbitrary, let us take, in order to get simple formule, 


(1s 


7 @4e)--@+atg—l1GtBh)--@+h+g-1l 
pend), 4), 8) give 2 cs) = (8) 0,2), 
where 
(s+1)--(+g9)t+9g4+1)+@+29) 
e(s)= 


(sta)--(sta+g—1)(s+8)>: (@+B+g—1) 
(s+a)--(s+a+n—1)(s+ 8) + (s+ 8+n—1) 
(s+1)--(st+n)(sty)-: (8+y+n—1) 
CHT. 


C(s) “— 


’ 


Thus 2 
F=2 (eye ZU (se 4 C= 1 
n=0 
is a solution fors=1—y. We call this yy. 
From 8) we have * 


€5(8) Cntg(8) 


ty a (842 g9)(8+a)--(8ta+g+n—1)(8+f)- 


~ (8+a)---(@tat+g—1)(8+8)--@+8+9g-1)E+) 


(3 


(4 


(9 


-(8tgtn(sty)@tgtytn—l) 
(stg+a) + (statgt+n—1)(s+g+ B) ++ (s+B8B+g+n—1) 


(st+g+]) - (stgtn)(stgty)  Gtgty+n—-l) 


== Ci(8 + 9)- 
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Thus we can write 9), 
g-\ 2 
y=e(se > O(s)a" +a" > O(s + g)2"*9. (10 
n=0 : n=0 


This series satisfies formally the hypergeometric equation for 
s=1—- y=-— 79. 

As ¢)(s) contains the factor (s +g), ¢ =0fors=1—y. Thus 
10) becomes ie 
y= & 0,(0)2" = Fa, By 2) er 


since the recursion formula 3) goes over into 210, 11) fors =1—y. 

In order to apply 213, 11), let us show that 10) may be differen- 
tiated termwise with respect to s at the points=1—y. To this 
end we show that the series 


GSS C,(8 +g) 2"? = 29,(8) 
n=0 


is steadily convergent in a small circle ¢ about the point s=1—y. 
Inc we will have O<o<|st+g|<r. 

Thus if we set |a| =a, |8|= 06, we have 

(T+a)-- (T+A+n—1)(74+0)> (7F+h4tn— pv 
Cop) (on) (arn eae ere ae 

Let us now consider the series, 


H=e,+¢,R+ eh? + «-. aaa 


ee | es: 


ge 


This series is convergent since the ratio of two successive terms is 


(r+ a+n)(7T+b+n) 
(c+n+1)(o+y7+n) ” 
and this = R as n= oo. 

Thus 10) converges steadily and we may differentiate it term- 
wise. The new series so obtained is a solution of our differential 
equation for s=1—y by 213. 

We get thus 


oy ! Wer ay Fs oS vi 
0s. =ylogz+ ays)e 2U,(s)e os Co(s)a* = Co (ayer 


+ a4 $ Cl(st+g)a"*9, (2 
n=0 
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Let us now set s=1—y=—g. Then 
a(sy=0 , Ww KCN o Ros 


To find C10) we take the logarithm of 8) and then differentiate 
with respect to s. This gives 


fe ae LE ee. a Lee 
On(s)= Cats) | ae Lace s+1 seen) ad 


Setting in this s=0 gives 


il il 1 
NO)= C00 Fs pene Nes eee ary ace a Cn ee oe 
A ana {Eee ee ara ae 
1 5 ee | 1 
Leet 2 i) Rad Coens ee ——}. 
Cnt a Ng a er 


To find C/(— g) we note that 


ey(—g)=lim GD Dees Gar DE hm ae) 
: s=—9 s+g os +9 
- — "y= 2)!(y¥— 1)! | 
oe ea) 8 4 1) 


We have thus a second solution. 


Y_,= F(«, B, ¥, £) log x + F(a, Borys 2s 


where 
oe (—1)y—2)!yv—1! rly 
ee ee Gay Dh (ay 4) oe 
pete lye Alli 1), as 
che Ay eh nee tae a Linke =P Lay 


oa —= SS —_——— \ 
Pe e lye 8 eel 1 2 oy y+) 


Sd 


a(a@t+1)A(8+1) (1, 1 u. 1 uk an gal 1 
) 


2. In the foregoing we supposed y>1. If we suppose y as 0 or 
a negative integer, we have a fundamental system 


gat VFo+l—y,B+1—y, 2-4, «), 


ar 
Yo = YY, loge+a' TF, (a+ —y, B+1-y, 2—y, uD) 
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3. Let us now consider the point r=1. If y—a—B ts an 
integer, we have the logarithmic case. Jf y—«—8<0, a funda- 
mental system is : 


Y= LG B,«a+@—yt+1,1-~2), 
he logd—2)+f,(a, B, a+B—y-+l, 1l— 2). 


If y—a—>0, a fundamental system is 
Ys 2) FG By | ye Ll), (15 
Y,=y, log —2)+A—a2)r* Fh G—B, y—% y—a—B+1, 1-2). 
4, Finally let us consider the pointr=oao. Ifa— Bis a positive 
integer, we have 
y 
yaeF(« w+ «-B+1,-) (16 
. il ce at 
CD a F(a a—y+ti,a—6+1, =) 
If a— Bis 0 or a negative integer, we have 
=e F(8, B—y+1,8—«t1,*), 


(17 
ia log = +29 (8 Fe pte Picea a *). 


215. Logarithmic Case of Bessel’s Equation. 1. The indicial equa- 
tion of Bessel’s equation 


2 
EL Ol 2 m®)y =0 @! 


has, at x = 0, the two roots + m, as we saw in 211. When mis an 

integer, we have the logarithmic case. As in most applications m 

is an integer, we wish to find a fundamental system in this case. 
Applying Frobenius’ method given in 213, we have here 


A@= Sm. Fey 0 >. heat 
Jisy=0 for n > 2. 
The equations 213, 2) have the form 
Cnfo(S +2) + Cn_» = 9, 
Cni (8 +n)? — m2? + ¢, 9 = 0. 


and 


or 
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Thus 


Co = = weet aa 

2° (8 + 2)? — m?’ 

C= oh 

4° {(8 + 4)? — m3t$ (8 + 2)? — m2}? 


etc. We notice that f(s + ») occurs in these denominators only for 
even mn. We may therefore modify the formula for ¢ in 2138, 9) 
and take 


C= Ofy(s + 2f,(s + 4) f(s + 2m). (2 
L 
ebus seb pes) = (—1)™{ (9 + 2)? — m2 «f(s + 2m — 2)? — my 
so that ¢— =(— 1) 7C§(s + 2m)? — m3 Pcs). (38 
Then the series 
— S pol 
y se Oa ( 
becomes here 
=c¢ o[1 _ oa + Z 
ae (s+ 2)?— m2?" §(8 + 2)?— mi $(s+ 4)? -—m} 
at ea Edie ~s+2m z;2 ae 
Pp | +e E (s+2m + 2)2— me 


at 
3 ‘(s+2m+2)2?—mif(st2m+4)2— my | 
=¢,2u+ Crt?my = U+ V. (5 


Here U embraces only a finite number of terms. The series v 
is steadily convergent for every x and for any s>—(m+1). 
For let |z|< Rk. Then 


(s+2m+2)?— m>a>Q0. 
Hence each term in v is numerically < the corresponding term in 


Re? R PR 
o ot o(a + 1?) + a(o+1*)\(o+ 2?) . 


1+ 


The ratio of two successive terms is here 


R2 


a+ n 


and this =0 as n=. 
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Hence from the general theory of 213, if y, denote the value of 
4) for s=—m, 
y,= U,+ V, and i 
: dS /s=—m 
are solutions of 1). 
From 3) we note that e¢,=0 for s=—m, thus U,;=0.  Refer- 
ring to 211, 5), we see that 


GC 
a Se Bes Ey - 6 
i 2°11 (n) (2) C 


2. Let us now turn to the logarithmic integral. We have 


00 


i aucy(s) + {au log e+ xu'}. 
Hence 
oe aii | He ae ee 2(m — ne - els a, a) 
=(—1jn2mPem | CSU 1 Bie a 
Iim—-1) aS II(k) ) 
where P(—m)=( —1)?"-12?"2T12(m — 1). 
Similarly 


we = CII (m)/J,,(x) log «+ 5 OFn(2) 
8 nl 


ih = Il@m) 
=(G m ll k+l § 
Tg xe >, ( Sitges 


where ob) = 14 5b +7 » o@)=1. 


2 x \*k 
o(k) + o(k+ m)} (5) : 


Here we can neglect the term }CJ,, (7), as we are seeking a fun- 
damental system and this term is y, aside from a constant factor. 
Also for simplicity let us set 

—1 
ae 
2 Tl Gn) 


(Qs iam 
Os s=—m Os ds 


Thus the solution 
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leads us to take as second independent integral 


o mm— ‘T¢(m —1—h) Ke 
a a Pai (@) Jn(2) log x 


k=0 


Ss ae ro ae 
& : Lae " r 
+( ) Solan )+o(k+ m)} (7 


_ 


216. The Differential Equation for K, K’. 1. In 189 we saw 
that ‘ie: 
K= FES. 5 pik i) , K =FH(5. 5 ete 1-7). 


Thus A and A’ satisfy a special case of the hypergeometric equa- 
tion for which «= 8 =}, y=1, viz.: 


. oy il 


+(22 —1aly 5 c= ke, ‘é! 


Referring now to 214, we see that a fundamental system of in- 
tegrals of 1) for r= 0 is 


v= FG, b 1, 2), Q 


Yo = Y, logx+F,G, 4, 1, 2). (3 
Here 


ti a ee ae 2 \ 2 
F(;. 5? iF z)=2{(5)2+(5-4) (+55): 
123.552 2 =.) 
mes EES ay Se eae 
+(F33)( Pere er gaye (4 


2. Let us find the development of A’ aboutz=0. Since K! 
is a solution of 1), we must have 


kK — Ay, + By»; (5 
or since em ZH. es 1 x) 
w7K'=2AK+2 BK log k?+ cr BF. (6 


From 196, 2) we find (hy ong ae 16 q oe 


Hence pte 
a=kh?=16q¢+---=16e + oe. 
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484 
or Teo tee lea ee Ci 
172 
Also ofits pie 
@ 2 
i eee 
= Bie + (8 


In 6) let us divide by A and put in 7), 8); we get 
2A)—(1+2 B) log k?+ ... = 0. 


(4 log 2— 
Thus Af 21682 B=— t. 
Hence a gives 

=(CZlog2—slogh) 2G, FL )—-s7 


We saw in 212 that z=ais 


iCés 4, 1, 7). CO 


217. Criterion for a Regular Point. 
aregular point of 7 
TL + play + q(a)y = 0, @ 
dx? 


if p, g have the form 
_ 9) 
p et) 


~@— ae 
When xz =a isa regular “polnls 1) 


where g, hare regular at z=a. 
admits a fundamental system of integrals, 
(3 


= (w— a)"$,(2) 
(x a)" $$5(2) + day(e) log (@ —a) 


where 7, 7, are roots of the indicial equation at this point 
We wish now to establish conversely 
Lf 1) admits 3) as a fundamental system of integrals at the point 


r= a, it rs necessary that p, q have the form 2) 


For we saw in 212 that if we set 
Ga Ot [ eae, Gd 
then z satisfies the equation , 
yh (5 


de + gz=0, where g=p+ 21 
. 


1 


dx 
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gat (22). 
dx\yy 
Thus from 3) we see that z must have the form 
2= (w—a)'}$(@) + W(2) log (a@— a), 


where ¢, y are one-valued about x= a. 


From 4) we have 


Let now 2 make a circuit about =a. If z acquires the value 
z, this must be a solution of 5). Hence 


a= 02. (6 
z2=e"8(r—a)[b+ wilog (w@—a)+2 m7i}] 
= e824. 2 rie (a — a). 
Putting this in 6) gives 


2(o— eH) + 2 ariettt(x — a)" = 0. 


But 


This requires that ~=0. Hence 
z= (2—a)'$(2). 


Thus : ih = 8 ten fe 
where f is regular at r= a. 
On the other hand, 5) gives 
' 
ae. 
aye 4 + k(2), (8 


where £ is regular at a. 

Thus 7), 8) show that p(x) has at most a pole of order 1) at 
r= a. 

From 1) we have, setting y= ¥, 


i ! 


yy Wy. 
q(x2) = —— — p— 
q(2) Bl yy 
Now a I(x) 
V4 (a— a)? 


where J is regular at a. Hence q has at most a pole of order 2. 
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218. Differential Equations of the Fuchsian Class. 1. When all 
the singular points of a linear homogeneous differential equation 
are regular, it is said to belong to the Huchsian class. 

Now in order that x= a is a regular point of 


d? 
Fo + pay + g@)y = 9, a 


the coefficients p, g being one-valued, it is necessary that 2=a is 
at most a pole of p and q. Hence p, g having only poles, even at 
x=, must be rational functions of x As the poles of p cannot 
be of order >1, and those of g of order > 2, we can write 


_f@) _ I) 9 
~hie) ° 17 22)’ ( 


where f, g are polynomials and 
h =a" + Ce Se eaee Crs 
=(@— a,)(@— ay) ++» (@— a). 


To find the degrees of these polynomials we use the fact that 
x=oo must bea regular point. Let 


I (®) = ay" + aya 1+ -.. + a, 
9(@) = boas + brs 14... +,. 


1. : 
We set nowz=- inl). Since 
wu 


dy ot e) if? d 
sa ee a= = aren) us“, 
da du Ola du du 


we find as transformed equation 


d2y le ue — wp |) dy 
=% + 0: 
du? ut J du y uid : 
As _ % + ay + os + aur i 
— gm ue 


~ L+eut+ + e,u™ 


= Dye Dye oss 4 Oe 2 
1+ dye t+ dam 3 
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we see that 2u2—wtp P(x) 
Py aa us a yr mre? 
_4¥_ WM) 
i= ut ys- amt? 


where P, Q are regular at u= 0. 


As p, cannot have a pole of order >1, and q, one of order > 2, 


we hav 
be: r—m+2<1 , s—2m+4<2, 


or r<m—l , s<2m-2. 
Thus 

m—-r=1+k , 2m—s=24l1 , k,l>0. 
Also 


ui : 
Pras |2— au ton}, 


1 
ete) ites cee 


Hence P(uy=2—ajutte 3 Q(wy=buwit-- (3 
Let us set p 
eis e 
w=limZ= lim 29. (9 
=) U* THe 


Then we see from 3) that 
Py=2 A, OO) =p. (6 
2. At the singular point =a, let r, p; be the roots of the 


indicial equation. The roots at x= we will denote by 7., p.. 
Fuchs showed that these roots must satisfy the relation 


L(7;+ p=m—1, 1=1, 2, ++» M, ©. (7 


This is called Fuchs’ relation. 
Let us find the indicial equation at y= a; We bring 1) to the 


normal form 
2 “ 
(— a M2) EE + Ce — a hanyf (a) "E+ g@y = 0. 


The indicial equation is 
r(r— 1h a) + Pha fai) + g(a) = 9. (8 
oy Hee Oia): 
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Hence 
Thus 


M(a)=h(a)+@—a)hi(a). 
h,(a;,) = h'(a;y. 
We may thus write 5) 


: f(a; ) q(a;) 
~-_ i v 1 rd — 
ade J Wey + i (ai? 0. 
Hence F(a). 
oe os 9 
Foe Pi i (a) ( 


Let us now write 1) in the normal form forx=a. Setting 
C= * we saw that it takes the form 
EE uP Ws Oy = 0 
Its indicial equation is therefore 
r(ir—1)+rP(0) + YO) =9, 
mrm4+(Ll—-A)r+y=0. 
Thus Totpo=A—1. 


or, using 4), 


From elementary algebra we have 


WE Resa i 


ia h@) aha) 2 a; 
H f 4), 
ence from 4) ~ = lim ns S Koo ; 
Thus 
ee it (10 


h' (ai) 
From 9), 10) we have 7). 


219. Expression of F(a, 8, y, x) as an Integral. We leave now 
the general theory of linear differential equations and return to 
the hypergeometric function. Let us show that when 


Ws olin Or ory. G 
we may express f(a, 8, y, x) as a definite integral, viz. : 
EF (a, B, 6) L) a d 


BC; Pane 0 
J 


~ BB, y—B)’ 


1 
u&11 —u)y 8-10 —au)-"du = 
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where B(p, q) is the Beta function 


om 
Bp, ¥) ={I uP C1 —u)t ldu. (3 
0 
For by the binomial theorem 
(1=24)-*= et 1 242 4 vee 


al 


when |zu|<1. Hence the integral Jin 2) may be written 


a1 Pe pe 
J={ u8-1(1 — w)y FI du + 1 if ub(1 — wu) 8-ldu 
0 0 


e 


4 1 
on a: atl 2 f uPttC — w)y-® Idu + oe 
eI 


yet 


I Nab 
= B(B, y—8)+erB(8+1, y— 8) 
+2 tl eB(B+27-A)t+ 
Now 
B(B+1,7—8)=" BOB, 7-8). 
Hence 
B(B+2,y—-8)= SATB +1, y— ee B+! ae y—p), 


etc. Putting these values in +), we get 2). 


220. Loop Integrals of the Hypergeometric Equation. 1. In the 
last article we have shown that the hypergeometric equation 


n(x) Th + | fy (at B+ 1x5 2h — apy =0 ad 


admits as solution the integral 2) when the conditions 1) of that 
article are satisfied. Let us replace the path of integration (0, 1) 
by a more general path ZL, properly chosen; we proceed to show 
that 1) admits a solution of the form 


(2—x)-*u(z)dz. (2 
L 


In fact, putting 2) in Re: we get 


Li ae [tbacno (3 
= 
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where ° v=(e—2)% (4 
Paz 2) 98 — ja ¢(B— e+ Lei (5 
, 


dv du 


=e {ut 0 Lt emey Gee ey ne 
z 
To prove this we may proceed as follows. From 5) we have 
vo =a(1 —z)vu"+ Sl-a+y+2e(a—B— 3)tou' — (B—a+l1)w. 
z 
From 6) we have 
dG Cs I ‘ 2) ? if 
pee me + fe—y—1+(B—a+5)zivu 
z 
+ fa(a+led—z)(2-2)-*? + a(y—a— 14+ (a—B+1)z)(e—2)*" 
+(B—a+1)vtu. 


Thus 
ee = fa(a+1l)z(1—z)(e-2)"*” 
dz dz 


+afy—a—1+(a—8+1)z](e-27)*1u= Mu. 


On the other hand we have from 2) 


vt = tt fe —x)*"udz, 
L L 


4 eat) [ @-2) *udz. 


Thus 1) becomes 
[uw a(a+l)a(1—x) (e—-x)**+a(y—(«+84+1)2r) (2-27) 
L 
— aB(z~—x)Ndz. 


2 


Now we have identically 
a(1—#) =2(1—2)+ @Qze—-1) (2-2) — (2-2), 
y—-(@+8+1)2=y7—-C@+84+1)24+ (+84) Ee—-2). 
Thus the brace in the foregoing integral reduces to the function 
HT above, and this establishes 3). 
An integral of ja 


1s 
(re -yt(B-a+))e g, 
z(1=z) 
U=e~ 


= yaaa Gi 
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This in 6) gives 
G = az "(2 - ‘Dy Cia ee (8 
Thus when w is chosen as in 7), F=0 and hence the first integral 
in 3) vanishes for any path. Also if Z is so chosen that G@ in 8) 
takes on the same value at the end of Z that it had at the start, 
the second integral in 3) vanishes. 
In this case 2), or what is the same, 


v= | 2°-7(2— 1)-F-1(2— 2) “de = [ wayne, (9 
JL JL 
is an integral of 1). Here 
w= 2 -We— 1)) §-1(2— 2). (10 


2. Let J), U,, U., 1, denote loops about the points z= 0, 1, z, 0, 
respectively, each circuit being described about the corresponding 
point in the positive sense. 

Let @,, @, be the end values of G,, w, after describing J,, etc. 

After a circuit about z=0, 


ge—yt1 = e(4—-y+1) logz 
goes over into 


e(a-y+1 ) log z+277) — e27t a—yt+l1)ga—yr+1 


ert a-y)ga—y+1, 


Thus G, = p2nri(a—y) Ge: 


Similarly Dy = eri—Ywy. 


In the same manner we find 
a, = e2rt(y—B) GG, . Wy = erity—Bay, 
G, a= e72nta G, A Ww, = oy. 
"a a BT ee ie eae 
GH er, , 2=0 "uw. 

Let a, 6 be any two of the four points 0,1,2,0. Let L,, bea 
path about a, 6 as in Fig. 2,§ 150. Obviously, as far as the values 
of @ and the integral 9) are concerned, this path is equivalent to 

Sib, lye fe 


As & returns to its original value, 


c] 
Yar =| wdz 
Lay 
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is a solution of 1). Since we can choose the points a, 0 in 
4.3 
1-2 
ways, we get in this manner six solutions of 1). They must of 


course be linear functions of a fundamental system, as shown in 
210. 


= 6 


3. As an illustration let us consider y);. For simplicity let us 
take || > 1 and suppose that «, 8 do not differ by an integer. 

As the loop Zp, let us take a double loop % running over two 
little circles about z=0, z=1 and the segment of the real axis 
joining them. 


Then on &, 


nm 
e@ 


Hence =e ee gnta— ¥(2 — Le [= ldz 
0 (11 
if 


=« ey 44h 28 sf. 


Now the two fundamental integrals at z= are, as we saw in 
ZO LG) sa), 
n= a*F( aa—y+tl,a—8+41, a) 


mar PRB B—y+1, Bal, *). 
x. 
Hence y must have the form 


Y = ey, + CoN: 
As y does not contain any powers of x in common with No, We see 
ae e, must =9. Hence 11) differs from 7, only by a constant 
actor. 


CHAPTER XIV 
FUNCTIONS OF LEGENDRE AND LAPLACE 
Functions of Legendre 


221. The Potential. 1. We wish in the present chapter to de- 
velop some of the more important properties of these functions 
which are of great importance in mathematical physics. We begin 
with the polynomials introduced by Legendre, who was led to 
study them while treating of the attraction exerted by the earth 
on a mass exterior to it. Such questions arise in celestial me- 
chanics and in geodesy. 

Let us find the attraction exerted by a body B on a unit mass 
» situated at the point A. 

The force exerted by an element of mass dm situated at P on pw 
is, by Newton’s law, 


If AP makes the angles «, 8, y with 
the z, y, z axes, we have 
zr—a 

§ 9 


Cos y= 


cos 8 = ¥—*, 


cos ¢ = 


Ff eh 


6 


The 2, y, 2 components of f are there- 
fore 


2 um r—a pam ys (dm =e 
Ce eee, Be PC 

If we denote the total force of attraction exerted by Bon p by F 

and the z, y, 2 components of F by X, Y, Z, we have 


X= of 75" dm : Va=0f Lo" am , Zee am 
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Let us consider the function 


V= of 2. (1 


We have 
aV 0/1 dm xw—@ 
Cg erga nee flue EON: 2 
ox of = (5) a 0? é ‘ 
Similarly eo _ A cH 
dy "dz 


Thus the function 1) has the remarkable property that its first 
partial derivatives are, aside from sign, the components of the 
force exerted by the body B on a unit mass situated at A. This 
function V is called the potential of the body B with respect to 
the point A. It is of extraordinary importance in many parts of 
applied mathematics. For simplicity we shall set ¢ = 1. 


2. Let us now show that V satisfies the partial differential 


equation 
eV 2V , eV _ 


= 0. 3 
OL Oy aan ces ( 


This is known as Laplace's equation and is often written 


A= 0. (4 
We have from 2) 


and similar expressions for the two other derivatives in 3). Thus 
aang (3:0" 3)! 
AV fi ———}dm= 0. 
z 6° 3 J 


3. As a special case we see that 


on 


eel 
V= = 
i eee, 5 
is a solution of 3). 
4. As an exercise in the calculus the student may transform 8) 
to polar codrdinates, 


a=rcosOcosdé , y=rsinO@sind , z=rcosd. (6 


FUNCTIONS OF LEGENDRE AND LAPLACE 495 


It is convenient to call @ the altitude and ¢ the azimuth of the 
point 2, y, 2. 

After a lengthy calculation we find that the left side of 3) 
becomes 


a av hee Pat Ol 1 &@yV 
pie sno), 18 
ae or ) 2 sin @ a a ae a sin? @ dg? ee 


When the attracting masses are symmetric with respect to an 
axis, we may take this to be the z-axis. Then V cannot change 
when ¢@ changes. Hence 


aV_g 
dd 
and in this case 7) becomes 
ele al ee WW” Ae: aoV 
AP = — eee us é ay 8 
AG =)+ sin 5 aal oa 00 C 


222. Definition of Legendre’s Coefficients. 1. In many investiga- 
tions it is useful to develop the quantity : in a series. In doing 
this we are led directly to Legendre’s 
coefficients. 

Let @ be the angle between a and p. 
= 6? = a? + p?— 2 ap cos 6. 

Let a 


a 
r=— , whena<p 


p 
Sg 
a 


, Whena>p. 


Then S=a(1—2reos6+r7*) , a>p 


ad 


=p 1—2reos0+77) , a<p. 


In either case the development of ‘ leads us to develop 
v= : ee ee als (2 


V1—2r cos 6+ 7 
This we now do, using the binomial series 


—* 1 ila Nee} 
(1 —u) Ach Crag he STWR AS 
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which is valid when |u|<1. Let us therefore set 


x=cosO , u=2re—?r’, 
whence m 


_ 
NY Sala WO 2 )ym—spmts 
ci a ( I veers ge # 
This in 2), 3) gives 
—— S s (2m)! _y~Mm+sy,m—s 
Pee QntemtelCm—s)!- = 
= 2 2m—2s)! fi : 
= yc eahy ( lym. 0 2eem. 
Be > ¢ ) 2™(m — s)!(m—238)!8! ss i) 
Thus © : 
i Vo 2 Pala) = PotPiyr+ Pr +... (4 
where 
6 BY 6 i) ano 70 — 
ia 3-5 ¢ m—1) 
m! 
4 1 mn mL no og 5 
{2 2(2m—1)” Be Hd 1 Am ee J ( 


These are Legendre’s coefficients or polynomials, for on the one 
hand they are polynomials in z, and on the other they are the 
coefficients in the expansion 4). 


We have 
Jo yeail ) Pe - P,=3 7-1], (6 
S eee 
P,=$B—Fe , P,=Ahet—1) 22 + 3, etc 


2. From 5) we see that 
P,,C—2) = (—1)®P,, (2). (T 


Thus P,,(z) is an odd or even function as m is odd or even. 


3. When 0=0,2=cos0@=1. Then 
1 


ale 


V. = Ley. 


Comparing with 4), we see 
Eyer) = a nri= i 2, coe (8 
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4. From 5), 6), we have 


sarclpon Qa Il 
m 0) = u ml = ¢ 
soi ial ote, lca G 
Pom (0) Te (10 
5. The equations 6) enable us to express 2, 27, 23... in terms of 
‘Ee 1s 1 = 
Thus we find 


= P,(2), 
t= 4 Pi(2)+4P,(e), 
w= 2 P(x) +3 P,(2), ete. 
In general we see 2” has the form 
a*=a,P) (x) + a,P,(@) +--+ 4,P,(2), (On! 


the coefficients being constants. 


223. Development of P,, in Multiple Angles. 1. We have 
1—2rcos@47?7=(1— re”®)(1— re”). 
qd = reo) 4 =a,+a sree <2 Ayr2er + see 


where 13 18 50 
GR—-Ehae a5 4 W544" 


But 


1 
Fre (4, are OP +o) 
V1—2rcosé+ r2 : : 2 : 


=14+ Py4+P rt: 


Thus 
P,,(cos 0) =2 aya, cos nO + aya, Cos(n— 2) 


+ My In_2 COS(n—4) 04+ >> 
1 


g1-3- lie Baty Ae 
ym Aol Vise Pere oa 2n— 


15 pO ie Ah 
cope bp pp eee 


et cos(n— 2)@ (1 


=? 


cos (n — 4)0 + vo} 


From this we have 


P,=1 , P,=cos? , P,=}(8cos20+1) +: 2 
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2. We note that all the coefficients in 1) are positive. Thus 
P,,(cos @) has its greatest value when 0 = 0, for then 


cos nO, cos(n — 2)0; + (3 


all take on their maximum positive value 1. 

Thus P,(v) has its maximum value for z=1. On the other 
hand P, is certainly greater than the right side of 1) when we 
replace the quantities 3) by —1. ‘Thus 


= 2) 222, (cose) = FC), 
or using 222, 8), ee (eos 0) 1 (4 


224. Differential Equation for P,(x). Let A be on the z-axis. 
Then 1 
V= ; —- Pe ie 
V1 — 2rcos 64+ 7? a 


is independent of ¢. Now V satisfies Laplace equation AV = 0 
as we saw in 221, 3. This we saw in 221, 8) is here 


a 220) i a = 5 
ag Set Ee 50 ne 


Let us set 


x = cos 6. 


Then 1) becomes 


0 or) 0 L OU 
5) = a0), 
or (+ or 7 Ov ( oe) Ox 


Now by 222, 4) 
Ve= es (Oye 


n=0 


Putting this in 3) gives 


of a(n Ee ce a pa} = 0. 
oe ee 
Hence P,, satisfies _ IP, 
n(n + 1)P, + +f — ag) 2= 0, G 
dx 
- . 2 f 
o1 = 2) 24 2 Y nna Dy =0. G 


dx dx 


FUNCTIONS OF LEGENDRE AND LAPLACE 499 


If in this we set 


it becomes 


K 3 4 dy A 
ul —u),+ Ge — Da, yt en + Dy = 0. (6 


This is a special case of the hypergeometric differential equation. 
Comparing with 210, 1) we get 


n +1 
c=—->= , B=" > y=h. 


») 


A fundamental system of integrals of 6) is, as we saw, 210, 10), 12), 
mn+2 i . 
¥\ = F( 2)” Q 5) Y wv ’ 


ee et eee 
S72 9 ’ ty 
-~_ _ 


| es 


7) 


2) ; 


Now when « or £ is a negative integer, F(a, 8, y, x) reduces to a 
polynomial. Hence when 7 is an even integer, y, is a polynomial 
and y, is an infinite series; while when wis odd, y, isa polynomial 
and y, is an infinite series. This shows that 


’ 


© 
~~ 


t 


LPG 69, 42 Wever 
=O, 4 m oad, 


Comparing with 222, 5), we get 


ey oe 
ee ye ee a ee, 2CI 


HR Noyce PA 70) 


eS) 
iT 


+ eos Th con Bipatell 


E 2h (—n, n+ 3, 3,27). (8 
 2.4.6..-2n ( Tet 


es (4) =( AY i 


225. Integral Properties of P,(x). 1. In 224, 4) let us set 
y= P,,and then y= P,; we get 


ie PS +2 =) dPm _ 0, 
dx 


n(n+1)P,, +fa- foo = 0. 
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Multiply the first by P,, the second by P,,, and subtracting, we 
get on integrating 
i 
(m—n)(m+n+1)] PrP,pdx = 9. 
ay 


Thus 1 
P,Pidv=0 , men. @l 


—l 
From this follows the theorem: 


Let F,,(2) be a polynomial of degreem<n. Then 


1 
Poe) Beye =). (2 
e/ —1 
For by 222, 5, 11) 
Fy = Po + Py et + On Pm 


Thus the left side of 2) 


ca > C, ” P(2)P,(2)de 


fay Clee 
2. We have 
aT = 
=1l+rP,(e)+7P,(24)+<.-= 2 r™P(@). 
V1—2art+r? mS 2 (7) m=0 a 


Squaring, we get 


1 
jen eo ae > PE CEE Ce) ent — 0, Al. Os vile (3 


Now 
‘ dx 1 ee | Ie ) 
eee ae Se | eee =r Roce ae 
{mee pe eens gS ea ea ic 


Hence, integrating 3) and using 1), 4), we have 


9) 
a 


2 eed yan — > ioe 2 Pe (ayaa. 


n=0 


Hence, equating the coefficients of like powers of 7, we have 


1 9 
PL) de = ——— on, SD a (5 


ales Dig eA 
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3. We have 


5 


=1 + aP,(@) a oP) fads 


Hence, @ denoting a small circle about the origin in the z-plane, 


dz ae at Ge dz 
= 4 Pp a) fat tP@[S eA 
oa —2ez4+2 fe . Joe @) c 2 - 


= % mwiP,(2). 
Thus 
1 dz 
PA®M= 75 ip PA — Fae a . 


the radical having the value +1 for z=0. 


igen 
Let us set z =— in 6), we get 
u 


ees 1 urdu 
=) © 


where D is a large circle about w=0, which w describes in the 
positive direction. 


4. In T) let us set 


V1—22u+w=w—u , orl—22u+w=(w—u)?. 


Then oC cee | 


b= 
2(w—x) ’ 


While « describes the large circle D, w will describe a curve & 
which is approximately a circle of radius 2.R. Thus 7) gives 


2. 1 \n 
i! (w 1) ay. (8 


c . c 
2 ri} g2"(w — zy 


DEG = 


Since the integrand has no singular points in the distant part of 
the w-plane, ® can be regarded as a large circle whose center is 2. 
The relation 8) is due to Schlaf. 
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226. Rodrigue’s Formula. 1. Let 
f(a) =(a—1)". 
Then by Cauchy’s integral formula 


PA aN 
PCy ee | eee 


2ntJq w—Z 


5 


where & is a circle about the point w=xz. Hence 


n! (w? —1)” 


(n) 2) —— W 
ie GD) 2) a ay ay 
= 27 Pa) 4 by 220, 8)- 
Thus 1 qn 
P,(@)= Onan dae @—T)" ad 


a relation due to fodrigue. 


2. From this relation we can prove the theorem: 
The n roots of P,(«)=0 are all real, and lie in the interval 
1G). 
We start with 
f(@)=(@2-V=@—D)(@t 1 
This shows that 2=1 is an n-tuple root, and the same is true of 


a=—l. Asfis of degree 2, f(z) has no other roots. 
By Rolle’s theorem 


JO) —f = 1) = 0 = 2 a) — 
Hence f’(@) vanishes at x =a,, a point within Y%. But 
fi@)=2n@2—1) 2 
has x= +1 as roots of ordern—1. Thus f’(x7)=0atzv=+1and 


at a= a,, and only at these points. We may reason in the same 
way on f(z). We have 


| f'@)=4n(n— 1) @ 1)? + 2n@?—1)—. 
This has = +1 as roots of order n—2. Rolle’s theorem again 


shows that f’(2) must = 0 at some point 4, within (—1, a,), and 
at some point 6, within (a,, 1). We have thus found 2n—2 


FUNCTIONS OF LEGENDRE AND LAPLACE 508 


- x We a F SEN Sere ld 
roots of f"(x). Since the degree of f(x) is 2n— 2, there are no 
other roots. Thus f(a) vanishes at just two points },, 6, within 9%. 

Continuing in this way, we see that f(a) vanishes at » and 
only m points within %&f. By Rodrigue’s relation 1), P,(#) and 

) ] 7 r r at« ‘ , 0 G Fi 
J (@) differ only by a constant factor. Hence P, (a) vanishes 
n times within Y%. As P, is of degree n, these are all the roots of 
Petr). 

227. Development of f(x) in Terms of P,(x). 1. Let f(x) be a 
one-valued continuous function of 2 having only a finite number 
of oscillations in the interval %=(— 1,1). Then it can be shown 
that f(z) can be developed in a series of Legendrian functions 


F@)=6 +¢P,@)+¢F,(@) + a 


which is valid for any z in Y&. Moreover this series can be inte- 
grated termwise in YJ. 

Admitting this, let us show how the coefficients ¢, may be found. 
Multiplying both sides by P, (a) and integrating, we get 


1 1 
[ I@P,@) d= sf Cor Or: 
e/ -1 n -l 


All the terms on the right vanish by 225, 1), 5) except that 
corresponding to ¢,. Thus 


2¢. 
WGP, io ¢ iE Pal aydsz UES 
e/ =] Tv 


H 
ence 2 wd fresno Gnas, @ 


Thus we have the theorem: 


Let f(x) be a one-valued continuous function having only a finite . 
number of oscillations in the interval (—1, 1). Then 


2 1 
fay= YB ** Pa) [ f@ Palade. ec 


n=) 


2. Since P(x) satisfies the condition of this theorem, we have 


ao) = Py = 6,623 + An2P not 
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Since P’, is odd or even with n — 1, we must have 


Pi (2) = ay ihn 1+ Pr ot ee 


Here by 2) lings Onn ‘lp Pde. 


Integrating by parts gives 


1 
tg = AMET 9 P,P (dz | 
2 al 
=2m+4+1 
since the integral vanishes as P/,(x) is the sum of P’s whose in- 
dex is <n. Thus 
Pi(x)=(2n—1)P,1+ (2n—5)Py_3+ (20 — 9)Pas to (4 
3. Let us show that f(x) can. be developed in a series of 


Legendrian functions 


F(@) = U% + a P1()+ APo(@)+ + (5 


in but one way. For suppose that 


F(@) = by + bP) + O,Po(@) + + (6 
were a second development valid in (—1, 1). Subtracting we 
t 4 
Be 0 =¢)+ ¢,P\(@) + ePo(4) + «+ Co 
where 


C= Ora. 


Let us multiply 7) by P,(x) and integrate between —1 and 1. 
Granting we can integrate the resulting series termwise, we get 


1 1 <i 
O=cgf Pan + oy [ PPala + 6 [ PrPart 0 
= i e/ 1 


Here each term is 0 by 225 except the term corresponding to e,. 
Thus 8) reduces to 


aL 9) GC 
0=0,/ Piide= Sess) 
Hence pee a os 
C= 0, 


and thus ote one 


FUNCTIONS OF LEGENDRE AND LAPLACE 505 


228. Recurrent Relations. 1. 


(n+ 1)Pau — (2n4 1L)aP, + nP,_, = 0. el 
(1 — 2)P! + nzP, — nP,_, = 0. 2 (2 

C1 — 27) Pi. + oP, — nvP,_, = 0. (3 

2Pi— P! ,—nP,= 0. (4 

Pi, — Pi, —GQn+NHP,=0. — (6 


These may be proved by putting in the values of P,,, P’,, as given 
by 222,5). There results a polynomial in xz whose coefficients 
are all zero. A more expeditious method is the following. Let 


V=(1 — 2224+ zy} 


= P)(«) + 2P, (x) + *P,(@) + are (6 
Thus av 
ee r—z 


Ves 2a2+ 2 
eS area toe aye" +e = a CT 
z 
On the other hand, we get from 6) 
aV 


- = P,+22P,4+32P,+ --. (8 


Putting 6) and 8) in 7) gives 
S2"j(n + 1) Pi — 2anP, + —1)P,.14+ £1 — ef, } = 0. 


As all the coefficients are 0, the coefficient of 2” here gives 1). 


2. To get 5) we use 227, 4). Thus 
Pl, =(2n+ DP, +(2n— 3)Prot 
i= 3 +(2n —3)P,.+ ++ 
Subtracting gives 5). 
3. To get 4) we have only to differentiate 1) with respect to x 
and use 5). 
4. To get 2) we multiply 4) by a, getting 
eP! =a2P},+ neP,, 
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Hence CWI A espe 
or C= Pi ne Sas ee 
= ee 


on using 4), 5). 
229. Legendre’s Functions of the Second Kind. We saw in 224, 
6) that P,,(@) satisfies the equation 


7 2 
wu) S48 + (Gu 5) Lt n(n Dy =0 pI ania (ul! 


) 
a 


This equation admits, by 210, 16), 17), two integrals about 


U= 0, VIZ.: 


yg lL 2&—1 1 ro) 

ye 2 a 5) Le 2 ae (4 

x 1 p(rt+l n+2 2n+3 1 GB 
225 re a emo: rei 2s 


Since £(a, 8, y, x) is a polynomial when « or 8 is a negative 
integer, we see that whether m is odd or even 


n i) == AN 27) — al 
F( - = SS = 5 


9? ) 
I 


—_ -_ 


is a polynomial in w, and thus 2) is aside from a constant factor 
nothing but P,,(7). 

The other integral 3) multiplied by a constant factor gives rise 
to Legendre’s Functions of the second kind, viz.: 


owes yep é 
QC) = ee : ai Sula ts ya! 
el ae 
230. Recurrent Relations for Q,. 1. If in 229, 4) we set n=0, 
we get 
or My) =5 ng! Gi 


eee 
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Using 229, 4) we prove at once that 


Q,— 7% +1=0 (2 
and 5 
(m+ 1) Qn — (2n+1)e Qn + 2Qy_ ,=0. (3 
These show that 
Qn() = x(x) log? to + P(e) (4 


when S, 7are polynomials. We can go further by observing that 
‘ . Pee aye. 
the recursion formula 3) for Q, is the same as that for P, in 228, 
1). Let us set 1 
EE — log ae 5 Vs = 
x—1 : 


in 2, ete Na eee Pn 7 
oe 0. P= oP: 

fo Q,=41 P,L—Z, 

if we set Z,=3 Pi =32 


This is perfectly general. For let us admit that 
Gaal — Z,, (5 
is true for n and show that it holds forn+1. Here Z, is a poly- 

nomial of degree n — 1. 

For by 3), 

(n+1)Q,.1:=(2n+ 1)xQ, — 2@n-1, or using 5), 
=(2n4+1)2{i PLL — Z,}-—n}4P,1L-—Z,} 
=1L{@n+1))cP, —nP,i—Gn4t 1)2Z, + 22,1 
=1(n+1)LP,.14 (nZ,.-Ant+ DyaZ 


which goes over into*5) on setting 

—(n+1)Z,,, = 1Z,_1— (2 + 1)2Z,,. (6 
This is a recursion formula for Z, and shows that Z, is odd or 
even according as m — 1 is odd or even. 


2. Since Z is a logarithm and P,, Z, are polynomials, we see 
that Legendre’s equation 224, 6) does not define any new class of 
functions, that is, its general integral is a combination of poly- 


nomials and logarithms. 
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231. Development of Z, in Terms of the P,,. Since Z, is a poly- 
nomial, we can develop it in terms of Py, Py, P2 ++ by 227, 1, or 
222. 6." lus . 
by GORD eg, PS ee d 
the a, being all 0 on account of the parity of Z,. To determine 
the coefficients in 1) we use the fact that Q, is a solution of 
Legendre’s equation 224, 4) 


5,( 0-2 Etna Dy=0. 


This gives a 
mle 2, }+ n(n + 1)2,—2.Ph = 0. (2 
But by 227, 4) 
Pi=Q2n—1P,1+@n—5)P, 3+ - (3 
Thus 1) and 3) in 2) give 
2n—4m—1 
= = 0 2 
“m= (2m + 1)(n —m) tN tos 
Hence 
2n—1 2n—5 2n—9 
es P dae ay 2 Se 4 
peice SE as Joya 2 ( 


232. Laplace’s Equation. 1. One of the most important equa- 
tions in mathematical physics is Laplace’s equation 


2, a . aa 
Mie ee. a 
ox" 0y* dz" 


Example 1. Suppose heat is passing into a body at certain 
points of its surface S, and leaving at other points. It is easy to 
show that the temperature w at any interior point P of the body 
satisfies the partial differential equation 


SS GA, : (2 


where ¢ is a constant. In many cases a stationary state sets in; 
as much heat leaves an elementary cube described about the 
point P as enters it. In this case the temperature uw is constant, 
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Ou F ae ; 
and hence —=0. Thus w satisfies in such a case Laplace’s 
equation. 

It can be shown that when w is known on the surface § in this 
case, the value of w can be found at any point P within the body ; 
in other words, the solution of 1) is uniquely determined when 
u is given on the boundary S. 

Any function w satisfying 1) is called a harmonie function. 


Example 2. Suppose a fluid, that is, a liquid or a gas, is in 
motion. At the time ¢, the particle at the point P is moving 
with a certain velocity u whose components call u,v, w. Let V 
be the volume of an element of the fluid at the time ¢; at the time 
t+ dt, this volume has changed to V+dV. Thus the rate at 


= 


which V is changing is in it is called the divergence of the 


vector 1. It is denoted by eats 
One finds easily that Cer Le amar 
div u=—+—+—- (3 

or oy 02 


If the fluid is incompressible, as it is sensibly for liquids like water 


divu=0. (4 


In an important class of problems the velocity 1 is such that its 
components are the derivatives of some function $(%, y, 2), that is 


Z 0 |, a8, ; 
uU=— , ar ae as ( 


We call ¢ the velocity potential. 

If the fluid is incompressible and its velocity has a velocity 
potential ¢, then ¢ satisfies Laplace’s equation 1) as is seen at 
once by putting 5) in 4). 

The surfaces Le ene (6 


are called equal potential surfaces. 
A curve in space such that the tangent at each point of it 
has the direction of the vector u at that point is called a stream 


line. 
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These cut the surfaces 6) orthogonally. For the normal at a 
a point of 6) has direction cosines which are proportional to 


but these by 5) are proportional to the direction cosines of the 
vector u. 

2. When the particles of the fluid are all moving parallel to a 
plane, which we take as the 2, y plane, we may neglect the com- 
ponent w of the motion since it is 0. Let 


Ff@= U04iV (oi 
be an analytic function not necessarily one-valued. Then, as we 
have seen, the Cauchy-Riemann relations hold, or 


LEE Nae te (3 
dv dy > oy dx 


From these follow that 


dU co 


GK er ae 
ax" ay? =i 


dg 5 due 


=0 , (9 


Thus U, V satisfy Laplace’s equation for two variables. Let us 
take one of the functions U, V (to fix the ideas, say U) as a veloc- 
ity potential. Then by definition the components of the velocity 


ware 
ga? eau 


u= Ne ies 
Ox OY 


The relation 9) shows that divu=0, thus the fluid is incom- 
pressible. 
From 8) we now have 


oT OV) oaV & 


3 =). 
oz 0% dy dy 


Thus the two families of curves 


U=const , V=const (10 
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cut each other orthogonally. This gives the theorem: 


The two components of an analytic function 7) may be used to 
define two families of curves 10), such that one family represents the 
stream lines of the motion, the other the curves of equal potential. 


3. To illustrate this theorem let us take as analytic function 


f@aHZ@axer—y?4+1-2zry. 
Then 


e 


Gay, P= oxy. 


These give rise to two families of equilateral hyperbolas whose 
asymptotes are the lines 


7—27, ¢s—7 and g=2.,. r= 0. 


233. Theorems of Gauss and Green. 1. In studying the solution 
of Laplace’s equation we shall find it extremely useful to use 
some theorems relating 
to surface and volume 
integrals due to Gauss 
and Green. 

Let S be an ordinary 
closed surface. Let us 
effect a rectangular di- 
vision of the yz-plane. 
Each rectangle dydz 
may be used as the base 
of a cylinder which cuts 
out elements of surface ~* 
do’, do", do!” --- on S’ whose normals call n’, n!, n!” 

Then as the figure shows 


dydz = — do! cos (n'a)= do" cos (n'z)=... 
Eo dr = dedydz 


be an element of volume. Let u be a vector whose components 


Syn OU © 5 
are u,v, w. Then if — is one-valued and continuous, 
Ox 


ett = f dyae — dx = [aya = | cos (nx)do. (e! 
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blz 
ay ou Thus adding, 


Oy oz 


[(@+2 Me ihe oe r= [ aiv u-dt 
al his dz WES 


s\Ox Oy 


We get similar relations for 


Now the component of the vector u normal to Sis 
U, = wcos (nx) + v Cos (ny) + w Cos (nz) 


= fo cos (nz) + v cos (ny) +w cos (nz))do. (2 


GB 


If u denoted the velocity of a fluid, u,7S would denote the amount 
of fluid which passes across the element of surface dS’ per unit of 


For this reason we call quite in general 


time. For 
u,dS 
the flux of u across dS. Thus 2) may be written 
{i div udr = f flux u- do. e! 
S JS 
This is Gauss’ theorem. 
2. Let us now deduce Green's theorems. To this end we con- 
sider the integral taken over a volume bounded by SV. 
(5 


0UaV ee a 
ies er as ie 


We use the subscript notation 


where 2, %, %, are simply 2, y, 
in order to use the = sign on account of brevity 


We have now 
dU0V_ a ay” eV 
= . U—.. 
Ox, 0x; 02; On; Ox; 


Let g be the vector whose three components are oe! 
becomes ox; 
5c [aivg dr — [ Uavar. 
J S S 


By Gauss’ relation 4) 


fiaivar= f tux g do=— f US 


ue ve 


Then 5) 


,. 
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if we reckon the normal n inward. Thus 


OV = : 
= {fee do ai [val drt, (6 


or interchanging U, V 
avy 
is [ le ee i VAUar. 
Js On Ss 


Equating these two values of J gives 


rOV pou 
(j= = Pel Be 
fl Ve oS ae = [(vau UAV)dr. (1 
If we set U=1 in 7), we get 
plor Ree =i[ AVar. (8 
Js On Ss 


If we set U= JV in 6) it becomes 


NEGF i 5 f gle ib VA Var. e 
Ox? Js On s 


If V is harmonic, that is, if AV = 0, this gives 


DO ees | Py hes (10 
Fe a Ss on 


If U and V are both harmonic, T) becomes 


ie 0S aa at =[. eae ani 
S on 


If Vis harmonic, the relation 11) gives for V=1 


iL ge 0. (12 
son 


These relations are due to (Green. 


234. Potential Expressed in Terms of Boundary Values. 1. Let 
a be a point within the surface 8. The distance from a to any 
point z in Sis ; 
r= V (a — 4)? + (a2 — 4g)? + (23 — 4)”. 
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Then 
fee 


it 
is not continuous in S. Let us therefore describe a small sphere 
K of radius & about a and let 7’ denote the remaining volume, as 
well as the surface bounding this vol- 
ume. The normals » we will reckon 
inward as in the figure. 
From 233, 7) we have, denoting an 
element of surface by do, 


1 
[G2- Vv ot) dam — f Var al 
T\r on OU Tr 


since AU = 0. 
Let us suppose V satisfies the relation 
| Ta 
AV <some G , asr=0. (2 
2 
Then 
Ul AF ar < Gf dro , ask=0. 


Hence the integral on the right of 1) converges to 


a! 


ST 


—AVdr , ask=0. 


Let us turn to the integral on the left of 1). We have, taking 
account of the sign of the normals, 


LC Je=fC ef ae 


Now relative to A, am (tae okay eet 


dn r On Orr 72 
Let now V,, V, be the minimum and maximum of Von K. Then 


4 nie, < iE Vio < 4 7kVy 
JK 


or 
if Vigne 
K 


where V,, is a mean value of Von K. 
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Let now = 0, then V,,=V,, the value of Vata. Thus 


[rvs ade ado Fs 
. Orr 


Let us now look at ie a ae. 
Re on 
Since the first partial derivatives of V” are continuous, so is 
aV H 
= ence I 
a eS < some H on K. 
Thus 


(ee < tz ie lea 0! 
JK 


We thus get, the point a being within S, 


4nV.= [ (7 21 TeV Nig — f 7AVar. é 
as onr ron 


In case Vis a harmonic function, this gives 


ao (7 ot lao. (4 


Ag) s Onr ron 


2. In the foregoing, the point a was taken inside the surface ; 
let us now take a without S. 

Let & be a sphere of radius K=x. About a as a center let us 
describe a sphere f of radius k=0. The three surfaces &, S, f 
limit a region 7’ Bho boundary may be denoted by the same 
letter. 

Let z be any point in 7. Then 


iene 


va 


is continuous in 7’ and we have again 


{G EAL ag gk *)de = — [pid Var 
7 \r on onr 
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Then if we reckon n inward as in Fig. 2 we have 


IO AL 
+f( Jae = 7A Vite. (5 


We have already seen that 


Nei 
tr on 
ah sea 
f on r 


Let us suppose now that V is such that 2) still holds and that 
also 


a 
V=0, and | R? 7 | <some G as R=oo. (6 
n 
Then A 
fore aex0 RLU Sea Fe ag 05) 
QT on @ On r 


Thus 5) gives, the point a being without S, 


tnTi= f (Ver oo to — { 2aVar, re 
s onr 7 On sf 


where = denotes all space outside of WS. 
Tf V is harmonic, this gives 


4nVi= [ (vos tet Ae (8 
JS 


onr ron 


We notice that 4) and 8) are the same in form. 


235. Outline of a Solution of Laplace’s Equation. The following 
method is applicable to the sphere, the cylinder, and the ellipsoid. 
It depends upon the fact that each of these three surfaces belongs 
to a family of triply orthogonal surfaces, viz. : 


1° Sphere, cone, meridian plane. 
2° Cylinder, meridian plane, plane perpendicular to the axis. 
3° Confocal ellipsoid, hyperboloid of one and two sheets. 
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In passing let us note that the rectangular xyz codrdinates are 
also defined by a system of triply orthogonal surfaces, viz.: 
planes. To solve 

ou, yu , ote 
dx? ay? a? 


0, ‘al 


by the method we have here in view, we first pass from the rec- 
tangular codrdinates 2, y, z to a system of codrdinates determined 
by the triply orthogonal surfaces. 
To illustrate this let us consider the case of the sphere. Here 
the family of surfaces are given by 
2+ yt2— r= 0, 
e+ y*— 2 tan?é= 0, (2 
y —axtang = 0. 
If we solve these, we get 
Fi@YOQaVE+ P+ Far, 
V/ x2 a y? ay 
2 } 


S32 Y, 2) = arctg Lg, 


x 


I,(@, ¥, 2) = arctg (3 


Giving r, 0, ¢ definite values, we can solve 2) for 2, y, 2, getting 


t= 9(7,9,6) 5 Y= (79,6) » 2= 95% 9, >). 


In the case of the sphere these are 
x=rsinOcosd , y=rsinédsind , z=rcosé. 


The new coordinates are polar codrdinates. 
In general the family of orthogonal surfaces corresponding to 
3) may be written 


Fi 4@ yy D=E > AGE Y2Z=7 ; Sg Y> z= ¢. 


To each triplet &, 7, § will correspond one surface in each family. 
Their intersection, taking account of the octant, will be the re- 
quired point. The next step is to take &, n, € as new independent 
variables and transform Laplace’s equation 1) to this set of 
variables. For polar codrdinates this has been done already. 
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We saw, 221, 7), that 1) becomes 


_ 9 1a) ib, 2 9m 1 Soh ae 
rip ale ar sieieg ee 50 TEES: ( 


Having transformed 1) to the new codrdinates &, n, & we try to 
find solutions of the very special form 


u= KOGA), (5 


where F’, G, H depend respectively on a single variable as indicated. 
With this end in view we set 5) in the transformed Laplace 
equation Aw = 0 and find that it is possible to break it into three 
ordinary linear differential equations of the second order, of the 
type 
ar dF 
a Dae OL ==): 6 
and similar equations for 7 and ¢. 
Let F,(&) be a particular solution of 6), while G,(7), H,() 
may denote particular solutions of the equations analogous to 6). 


Then 
u, = FGA, (7 
is a solution of Au = 0. 
As we shall see, it is possible to get an infinity of solutions 


of Au=0 of the type 7). Then 
U = CyUy + CyQUg + Cg + ++ (8 


is found to be a solution and it is possible to determine the con- 
stants ¢ which enter so as to satisfy the given boundary values. 
All this will be made clear in the following. 


236. Solution of Au=0 for the Sphere. AxialSymmetry. 1. Let 
us apply the method outlined in the last article to find a solution 
of Au = 0 for the case that w must assume given values on a sphere 
S' of radius R, which are the same on all meridians having the 
same axis. This axis we call the axis of symmetry, and we say the 
boundary conditions have axial symmetry. 
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Let us take this axis as the z-axis. Since the boundary values 
are symmetrical, we take w as independent of ¢. Then CUE 0 
0 


and Laplace’s equation becomes 


a) Ou Lao 
or 2(n ot sin AG ee a= es C 
According to the general scheme we now set 
“= I(r) Ge) (2 


where # depends only on r, and @ only on 6. We find 1) 


becomes ‘ae “ 5 1 
ge! ee ae d dG 
F 5 an) G sin#@ FAC Hw aa © 


Here the left side is a function of 7 alone, the right side is a 
function of @ alone. Suppose then that we determine F so that 


Laie 
= 0 
ae : : : 
and G so that 
iON ae cc Awiges aG 
Fama (sin 0G) + a=0. (5 


The corresponding values of F, G put in 2) will obviously 
satisfy 1). 


2. Let us look at 4). This may be written 


CE dF 
re aes +9r 
dr? dr 
which is a linear homogeneous differential equation and so belongs 
to the class of equations treated in the previous chapter. 
Its only singular point in the finite part of the plane is r= 0. 
At this point the indicial equation is 


—ak=0, (6 


v+s—a=0. a 


Let s be one of its roots. We then set 


Y = 1°(Cy + or + gr? + ++). C 
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Here the e’s are determined by 209, 5), viz.: 
efils) + fos + 1) = 0 
oof (8) + ef (8+ 1) + ey fo(st 2)= 0, ete. 


Now in the present case f,, f,:-- are all zero. Thus ¢,, ¢ --- are 
all zero. Thus 8) reduces to 


y=". 


Since we are seeking only particular solutions of 1), let us choose 
ain 7) so that its roots are integers. Then if 2 is one root, the 
other must be —(n+1). Hence 


a=n(n+l1). (9 


For this value of a, 6) admits the two integrals 


pee 3 w= 1, 2, «-- (10 


grt 


Both types of solution are useful, as we shall see. 


3. Let us now turn to 5), which becomes on giving a its value 
in 9), and settin 
) S x= cos 0, 


2 
(1-2) SF 2 enn $1 =0. (1 


But this is Legendre’s equation for which 


PA)» (2) 
form a fundamental system. 
on 
Thus by 2) u, = 7"P,,(cos 0) 


P,,(cos @) 


th, =} 
pnt 


are solutions of Laplace’s equation Aw = 0. 

The boundary values being symmetrical with respect to the z 
axis, the value of w is known on S when it is known on a meridian. 
Call this value v, it is a function of @. If continuous and having 
only a finite number of oscillations in the interval (0, 7), it can be 
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developed in a series 


v= a + a,P,(cos 0) + a,P,(cos 0) + ++ (13 
where rei is 
oes { vP,(cos 0) sin 6d0 (14 


as we saw in 227, 1. 
According to the general scheme we now set 
U = CyUy oe CgUlg + Cgllg + °° 


and try to determine the coefticients ¢ so that uw reduces to v when 
the point P= 2, y, z is on the sphere S. 
There are two cases. Jf P is within S, we take 


oo \2 
U=%+¢, - P,(cos @) + (F) P,(cos 0) + +. (15 
If P is without S, we take 
“= om + ¢; (2)'P,ccos 0) + CG (2) P,Coos 0) +. (16 
Ife 


To determine the e’s we take r= R. Then 15), 16) give, since 
u =v now, 


v = ¢, + ¢,P,(cos 0) + ¢,P,(cos 0) + + (17 


Comparing this with 13), we see that the boundary condition is 
satisfied if we take pee 
where a, is given in 14). 


Functions of Laplace 


237. Spherical Harmonics. 1. We have just seen how to solve 
Au =0 when the values assigned to uw on the surface of a sphere 
J are symmetrical with respect to an axis. We wish now to con- 
sider the case that the values assigned to w on S have no such 
symmetry. This general case was considered first by Laplace, 
and the functions he introduced to effect the solution have been 
named after him. We begin by proving a number of theorems. 


2. The equation 2V ey BV 
= Sa = 


0, 1 
me Ox? dy? Oz? ( 
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admits as a solution the homogeneous polynomial 
U=2a,c'yi2" (2 
of degreen=i+j +k containing 2n + 1 parameters. 
For 2) contains 


(n+ 1)(n+ 2) 


”) 
“ 


terms. Putting 2) in 1) we get a homogeneous integral rational 
function of degree n — 2 which contains 


n(n —1) 
2 
terms. As AU must =0 identically, the coefficients of all its 
terms must =0. The number of independent parameters is 
therefore 
y+ 2 (n — 1 
(n+ Gs a as i SHEL. 


We call such polynomials harmonic polynomials of order n. 


3. We have at once the following theorem : 


There exist 2n+1 linearly independent harmonic polynomials of 
order n. 

As examples of such linearly independent harmonic polynomials, 
we add the following table: 


n = 0|a constant. 
INNES OR 
n = 2) a7 — y*, y27— 27, wy, ye, we. 
n = 3/ 8a%y— 9, 8x72 — 23, 3 ya? — 13, 3 y°2—2, 820 —23, 3z2y — y, vyz. 
4. Let us pass to polar codrdinates, 

a=rsin@cosd , y=rsinOsind , z=rcosé. (3 

Then the harmonic polynomial U of order n becomes 
=. (4 

where Y, is a homogeneous polynomial of degree in 


sin@cos@ , sin@singd , cosé. (5 
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We call Y, a spherical harmonic of order n, and have the theorem : 


There exist 2n+1 linearly independent spherical harmonics of 
order n. 


If we transform 1) to polar codrdinates 3), we get, as already 
seen, 


all ee RG Le dl Ae eg cotOaV _ 4 (6 
dr or? G2 r® sin? 6 ad? or Or pa 9G 
If we put 4) in 6), we see that Y, satisfies 
Sat Ae eee Ue oY 
t 6 — wl) Y= 0. T 
ae? - sin?@ d¢? Ses 00 ets ( 
Let us also note in passing that 
oS ry eam (8 
or 


5. If U, V are two harmonic polynomials or two spherical har- 
monics of orders m+n, then 


if Gio 0: (9 
JS 


the integration extended over the sphere S. 


Let us first suppose that U, V are polynomials. By Green’s 


relation 233, 7) _ 
f ( pues V2 Vie = 0. 
Allee on on 


Using 4) and 8) this gives 


ip (nRY,, VY, —mR"Y, Y,)do = 0, 
JS 


or ff FnPado = 0. (10 


If we multiply this by #”*", it goes over into 9). [f we sup- 
pose, on the other hand, that U, V are spherical harmonics, say 
U= Y,, V= Y,, they may be converted into harmonic polynomials 
by multiplying by 7”, 7* respectively. Then we are led to 10) 
again. 
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238. Integral Relations between Y,, and P,,. 

Let V=yey 
be a harmonic polynomial. Let 
P(p', ', 6") be a point inside the 
sphere S, and Q(p, $, 6) a point 
on its surface. Let 


p= Dist. CP, OQ), 
Then by 234, 4) 


Mei m (V32 2S ae. 2 
S 
Let 


Onr ron 


= cos (p, p!) = cos w= cos 8 cos & + sin @ sin @ cos (d—¢'). (3 


Then by 222, 4) [te (ey 
ia ae EVP Cia. 4 
p> : bh) C 
Hence ra) it fA) iL 4 Is 
. = . = Cat 
an 7 dp or >I: i 1) oe 
Also 
OV Gal een 
dn i 


do = p? sin 6d@d¢. 
4aVp=4rp'"Y,,(6', ¢') 
ay o In 
=| {P" Yn = (m+1)£ Pu) 
v7 § oa" ee , 
+ mp" Fad(E)P n( bh) p’sin Oded 


n=() 


= ye (Ef om +n+1)Y,,P,(“)sin 6d0dd | : 
S 


n=0 


These in 1), 2) give 


The right side is a power series in p’. Equating coefficients of 
like powers gives 


fo ["¥nC6, $)P,(#) sin @d0=0 , men (6 
0 e/() 


es et 
Fa ee [ dg [ Y,.(0, $)P,(u)sin6d0 (6 
J/J() e/ 0 


where m is given by 3). 
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239. Development of (0, >) in Terms of Y,,. Suppose the 
values of a function f are given at all-the points 6, of a sphere 
S. If fis continuous and has only a finite number of oscillations 
along any great circle, it can be proved that f admits a develop- 
ment of the form 


f= YO, b) + Yi, 6) + V4 6) + + (1 
where the Y, are spherical harmonics of order m. Moreover 
this series may be integrated termwise. 

Admitting this, we can easily show how to determine the terms 
in 1). Let P(@, ¢) be an arbitrary but fixed point on S; let 
Q(a, 8) be a variable point on S; let 

= COS @ = Cos @ cos 8+ sin @ sin 8 cos (8B— ¢). (2 


We multiply 1) by P,,(#) sin adadB 


and integrate over 8S. Then by 238, 5) every term on the right 
will drop out except that with the index nm. Thus 


ik ins f jie ey if ae up Ey Gin eile 
0 0 a 0 0 


4 or 
— 6 Jon, ater, (8). 3 
yee ees y 238, 6) € 


Hence 


FO, 6) = Se oes of dB ip P,,(cos @) sin ada, (4 


where cos @ is given by 2). 
For later reference we note that 3) gives 


ae at ‘ fe * ap f "f (u B)P,(cos w)sin ade. (6 


240. Fundamental Giga of Harmonics of Order n. 1. We saw 
in 237, 2 that there are 2” +1 linearly independent spherical har- 
monics of order n. Such a system we call fundamental. We 
show how to form them. 

We saw in 237, 4 that any spherical harmonic Y,, of order n is 
homogeneous in 

sin 8 cos re: , sin@sind , cos? el 
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Thus Y,, = =A,,,(sin 8 cos @)?(sin @ sin p)* cos”? 4 8 


eee: ee Ae 
= 2A, ,cos’¢ sin? ¢ sin?*? @ cos"? 4 @, 


(2 


Now cos? ¢ sin? can be expressed as a linear function of sines 


and cosines of the angles 


OO Pane Char = 2) oa 


In fact eae se 
2 5 e% e P/ pid — p—ib\a 
cos? $ sint  =( as ) € ) . 


24 


{xpanding this gives 


OP+d 4d cos? sin! d = el Pte 4 (p— gq etpta—2)e a iy Tey 1)%e- +98, 


Hence, when q is even, 


cos? @ sintd =a, cos(p+q)h + 4, cos(p+g—2)h+ «+ 


= a; cos (p+ 9—27)¢. 
0) 
When qg is odd, we get similarly 
cos? ¢ sin? ¢ = 2b, sin (p+ q—27)¢. 
; 


If we set these in 2), we get 


teen a 

Y,=2C,,)sin™ @cos*=" 0 { AEN dP, 
sin Gr — 27)¢ 

Now 


This in 3) gives, on setting n — m=hk, 


3 


Y,= = { F,cos kp + G, sin kd }, 


k=0 
where 


f,=L,8sin'@ , G,=M,sin* 0 
and L,, M, are polynomials in cos @. 

Now we saw in 237, 7) that Y,, satisfies 
oe ee i 
00? — sin? 6 ad? 


+ cot 0 it n(n+1)V=0. 


sin” @ cos"—” 6 = sin™- 6(1 — cos? 8)/ cos™-™ 0. 


(8 


é 
(5 


(6 
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Putting 3) in 6), we get 


. ar, af, ae 
= j sin? @——# 78 k+ sin 6 cos 6° 1 a + [n(n + 1) sin? 6 — 22] F} cos kp 
+2 = caiaalan expression in G,? sin kd = 0, 


This relation ae for any ¢ requires that F,, G, are solu- 
tions of 


sin? 9 24 +sin 8 cos 094 + {n(n +1)sin?6— key =0. 


de? 
If now we set 
is aati y=usint 8, 
we get by 5) the equation that Z,, M, satisfy, viz.: 


sin? 6 ~~ de 
de? 


5 + (2k + 1)sin @ cos 6 “ 


+ jn(n+1)—k(k+1)}sin?¢-u=0 


If we set 
x= cos 0, 


this becomes 


(1a 22) 8 2h Deo M$ in(u $1) — kk+D}u=0. (7 


This is closely related to Legendre’s equation 


(1-2) 92-2 Ft n(nt$ljv=0. (8 


For if we differentiate 8) & times, we get 7). 
Thus one solution of 7) is 


ee es PCr). (9 
dak 
Since now every solution of 7) is the kth derivative of a solution 
of 8), it follows that Z,, VM, are. 

But ZL, M are polynomials in z Now we have seen that 8) 
admits no solution besides cP,,(x), which is a polynomial. Hence 
L,, M, are aside from constant factors the function given in 9). 
Thus by 5), #,, G, have the form 


sint OP (cos @) = (1-2)! PED) = PCL) 5 (10 


They are called associated Legendrian Functions. 
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Thus we have: 

Revise 

P, ,=82vi-2® , Pi.=380—2, 

P,,=$6@-1VI-# , P,,=1521—2), 
P,,=15a—- a) V1 — 2. 


2. Returning now to +) we see that Y, has the form 
Vee 5 $n, x Pn, , (CoS @) sin kp + b, ,Pp,,(cos 9) coskp}. C1 
k=0 


Since sinkf=0 for k=0, Y, is the sum of 2n+1 terms of the 
ye sinkobP,,,(cos@) , coskpP, ,(cos@). (12 


It is easy to show that the functions 12) are homogeneous in the 
quantities 1) of degree n. To do this we reverse the process 
used in 1. Thus each of the 2n+1 terms 12) which enter 11) 
being homogeneous and also satisfying 6), is by definition a 
spherical harmonic. 

Since any spherical harmonic Y, of order n can be expressed 
linearly in terms of the 2n+1 harmonics 12), these latter form 
a fundamental system of order n. 

We have thus the theorem: 


The 2n +1 harmonics 
TE (COSE aa (13 
cos oP, (cos 9) , cos2¢P, (cosO) , ++. cosnP,, ,(cos 0), 
sin oP, (cos8) , sin2¢P, .(cos0) , ++ sinndP, (cos 0), 


form a fundamental system of order n. 


241. Integral Relations between P, ,, P,,,. We now prove the 
important relations 
1 
ip Pe) P(e de =0 MEN a 
-1 
1 ! 9) 
ih P22) dz = cn ne eee (2 
a4 (n—k)! 2n+4+1 
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To this end we consider 


i! 
yas iff (ee 
a 


=f a-2 pay EE EP a ty, 
J-1 


dk dak 


To fix the ideas suppose n >m. We integrate by parts, using 


the formula ; " 
if udv = [w]1,— f valu. 
=4 ot 


We take u=(1—2)'P® , v= Pe, 
Then Tur ]h, ==() 
and hence 


yee JE Pe <¢ — 22) PWde. 


Repeating this process & times gives 


Tat Pt LA = 22) Pde 


= Sake 45 "P, Frail, e 
=i 


where F,, is a pglynomial of degree m. 
Thus when n> m, J=0 by 225, 2), which gives 1). Suppose 
n=m. We have from 222, 5) 
,_1-38..-2n—1 
= a — +0. = Az” 
PON Toi n an 
Hence P,®(2) = An(n.— 1) ++ (m—k+ L)a”* + 
Also - d= 2) =(— 1)'e*+ -.. 
Hence 
G4, = P® (2) A — 2) =(— 1)*An(n — 1) (n —k + Lari we 


F, =F ass = (—1) An(n—1)--—k+Dmt+ky(nt+ k—-1) 
x 
(m+1)a" + 
p(n+k)! 


ye baat ee 
(—1) Gap a” -+- 
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Now F, is a polynomial of degree n; it can therefore by 227 be 
expressed in terms of Py, P,--- P,. We get 


F,=(=— prt ps Salome pea, Pee eee 


(n — ky! 
Thus 8) becomes 
) 7 = GA [Phas 
(n—k)! 


since each of the other terms = 0 by 225,1). If we now use 
225, 5), we get 2) at once. 


242. Development of f(9, >) in Terms of P,,. In 239 we saw 
that when f(6, $) is a one-valued continuous function of 6, ¢ 
having but a finite number of oscillations along any great circle, it 
could be developed in a series of spherical harmonics 


LO, b= Me yam Dec Oo = d 


But in 240, 10) we saw that each Y, is a linear combination of 
certain fundamental harmonics. Thus 


f8, $)= > s $Ay, cos kh + Byy sin kb} Pye(x), (2 
n=0 k= 


where 
x = cos 0. 


To determine the A’s and B’s we note that 
ar 
foes mp sinnddd = 0, always 
: ) 


2 
[ cos md cos nddd = 0, MeN, 
v0 


Qn 2a °2ir 
if cos*nddd = 7 , ip cosnddd = 0 , i sinnddd = 0,n>0. 
e/ 0 0 


e 


Let us multiply 1) by d¢ and integrate, we get 


{pas = 2 TE Ang P,(2). 
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This we multiply by P,,dz and integrate, getting 


1 23 1 
i def fP yi = 2. 0A [ PaPyde 
=I 0 f wal 


do 
= nv 
2n+1 


since all the terms on the right = 0 except when m=n. Hence 


») Qa Qn 
eek +1 18 | ent (eee CS 
/0 


T ./0 


Let us now multiply 1) by cos k¢dd, k > 0, and integrate, we 
get = “ 
if Pobods Pe 

0 


n=0 


We now multiply this by P,,dz and integrate. We get, using 
241, 1), 2), 


a _ 20 (mth, 
fief feos kb Pd = 395° Go pT Ane 


2n+1(nm—k)! ("" cers : 
aera sn he | F cos kBP,,,(cos «) sin ada. (4 


Thus 
Phen = 


Sunilarly we get 


B _24n4+1@m—k)! (/? 
Ey ere a P 


“ap | "f sin kBP.,,(cos «) sin ada, (6 
0 


There are no coefficients B,, since the factor sink ¢=0 for k= 0. 
Putting in these values of the A’s and B’s in Y, we get 


a ae 2n+1(n—k)! 
i df du S1Pu(eos @)-BL I=) $a, 8) 
0 0 G5 a 


(n+k)! 
{cos kp cos kB + sin kp sin kB} P,,(cos a) sin «dB, 
where m=} when k=0 


=1 when £>0. 
Thus we have 


n= [ "da i 3S : = 2 2+ 1 f(a 8) PagCc08 ©) PyyCcos 8) 
2 m+ | 290 
ie cos k(d — B) sin «dB. (6 
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243. Expression of P,(cosw) in Terms of P,, P,,,. Let 
P(aB) , QO, $) 
be two points on a sphere whose center is 0. If @ is the angle 
between OP, OQ we have 
cos @ = cos «7 cos 9+ sin a sin 6 cos (B—¢). 


Now in 239, 5) we saw 


VAC ae Wes i: iP Ca i ” £(«, B)P,(608 0) a9. 
e/() e 


If we compare this with 242, 6) we get 
P,,(cos o) = P,,(cos «)P,,(cos 8) 


SD eee (m—k)t ky! ~ P44 (COS «)P,,(cos @)cosk(8B—). C1 
(n+k)! 


244. Solution of Dirichlet’s Problem for the Sphere. 1. This 
problem is to find a solution V of Laplace’s equation AV=0 
which takes on assigned values f(6, ¢) on a sphere S of radius #. 

If the point P is in S, we set 


V=Y%+%5+¥,(Z)+- nein a 
Each term is a solution of AV=0 and hence 1) is. Forr=R it 
reduces to Vi oe eee ee (2 


Thus V, must =f(@, ¢) if 1) is to satisfy the boundary conditions. 
Thus the coefficients Y>, Y, --- in 1) are the terms of the develop- 
ment of f(0, ¢) given in 242, 6). 

If the point P is outside S, we set 


V=Y,+ y+ v,(**) + mae hee (3 
and reason as before. 


2. By the above we have solved the problems: 

1° Determine the temperature at any point in a sphere § which is 
ina stationary state, the temperature being given on the surface of S. 

2° Determine the potential for any point outside a sphere 8, 
knowing its value on the surface of S. 

3° Determine the motion of an incompressible fluid having a 
velocity potential V, knowing V on the surface of S. 


CHAPTER XV 
BESSEL AND LAME FUNCTIONS 
Bessel Functions 
245. The Integrals of Bessel’s Equation. 1. This equation was 
studied in Chapter XIII; it is 


?? ayes 
ge UY 4g SF 4 (92 — my = 0. 1 
dx? dx ( dy ( 
When 2m is not an integer, we saw in 211 that 1) has two linearly 
independent integrals 


Sr een eli 
Im = 2 Tr(a) Cm + 0) 3 Si 
and < ae 
; eee 
S_, (2) = > (nm) I(r — m) (6) ; s 


The first converges for every z, the second for every #0. 
In the applications m is usually an integer. For m=0, 1, we 


have 2 3 a 
W@)-l-o ote ep Peat ° 
z Be P x 
AO)-5- 4+ e@.6 2.8.8.8" C 


The function defined -by the series 2) is called a Bessel’s function 
of order m. 


2. When m is an integer, we have 
T(£) = (— 1) "Jn (2%): (6 
For k being an integer or 0, 


1 — 
Il(—k) 
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Hence the first m terms in 3) vanish. Let us therefore change 
the index of summation in 3), setting y=n—m. Then 3) becomes 


eae cs) ( = NOD ene x 2v+m 
Ja(2) = Il(m + etal 


=(—D"J,,(2)- 


3. Since 2) is a power series, we may differentiate it termwise, 
which gives 


— (—1)"(m4+ 2n) 2n— 
I x . men 1, 
In ( 2) = pS Qmt2n] | (n)I1(m + 2) - . 


n=0 


4. When z is complex, 


x=r(cos@+ sin @), (8 
we may write AG 
In(2)= (5) im): 
Now on an 
(5) oS (2) (cos 2n6+7sin 276). 
Thus 
; —S Drees 208  (— 1)" sin 2 nd (Z)° 9 
Jnl) n—y (nr) Im + n) \2 i ‘Lc Lcm +n)\2 ( 


When m is real, this enables us to write J/,,(z7) in the form 


Ty(@) = Uy + 1Vy 
where U, V are real. 


5. From 2), 3) we have 


rep 
(2 a= EE sin 2, (10 
2 TL 
oe 
of ei NCOs tre 
_1(@) y= cos 2 qi 


246. Relations between the J,, and the J}. 1. The following re- 
cursion relation exists between three consecutive Bessel’s Func- 
tions, 


De, 
: mice) = — J.C) a 8 EE E25 el 
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For 
ar —j 2s-+n—l 
Ja = Ta bs 9 
a 2-1 (mn — 1) > a ZERO NC —1+s)’ S 
aes gstn—l 
pre yo 2es—1T (gs — 1) (n+) 
Hence 
7 “ 7: = gn 
n—l n+1 — 21TT (n a 1) 
ystn— 1 il il ) 
Be a Fee Sa EEE ee 
C1 7 aa uae II¢s — 1) (m+ 8) | 
gn —l grstnAl 
ve 
~ ST (n — 1) n > G-— ) SETH Cs) oe 8) 
=") ee grsen 
ean ) ST (sy TT Cn sf 8) 
2n 
2 (2) 
2. We show next that 
2 I! (2) =, 4(@)— Jan). (4 


For subtracting 3) from 2) gives 
gstn— 1 n+2 9) 8 
= ij. ee ee 
ae ee ee Loi tasae ae Yel ) Se greet © II(s)II(m + 8) 


s=1 


J, 


n- 


“ (nn 2 Cg agate 1 
mB 1) Qnt2s— TI(s)II(m + 8) 


3. From 4) we get, on replacing J,,; by its value given by 1), 
T(r) = —2F,(@) + I a(#): G 
zx 


From 1) we also get 
Ty(2) = 2 T(2) — Ines): (6 
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4, From 245, 7) we have 
J\@)=—-A,@). Ci 
5. We have also d 
eae hae, 
‘ats dx 
or usin ; 
one a CEE ESAS) BEA GY (8 
dx 
6. By means of 1) and 245, 10), 11) we have the theorem : 
When n is a positive or negative odd integer, J,(x) can be ex- 
pressed in terms of the elementary functions. 


Thus in particular the recursion formula 1) gives 


Ty(@) =V= | 2 — cosa}, 
Fy) =V= {sin o(3.-1)—3 cosa}, 
ree io (eos e = 
_3(@) = —- VY + sin Zz}, 
5 TL de 


247. Integral Relations. 1. As a first such relation let us prove 


[ eXcayae = td ,(@). ad 


0 
For n= 0 Bessel’s equation becomes 


dy , ay 
—= fe y=0. 
: dx? a dz age 


This is satisfied by J); it therefore gives 
Bea alg 
re He 0 + a (\ Cama 0. 
Integrating this gives 


xd) (x) + ap: “ad da = 0. 
0 


Using 246, 7), this goes over into 1). 
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2. To get other relations let us set in Bessel’s equation 


ey i, ay 


x2 ey). (2 
u = f/x - (ax). 
It becomes Pe (w = aN =: e 
dx 42 
ws u=Vad,(ax) , v=V2xd,(Be) (4 


are solutions of equations of the form 


2 
From 5) wehave 7», py 


teat eerie Ue BLE (6 


On the other hand the left side of 6) 
a aC du _ ui), 
~ da\ dx “dt 


pues ua { h—guode + Cs Ci 
dx dx 


Thus 6) gives 


Substituting 4) in 7) gives 
(82 — ii “rJ,( 0) T,( Bada 
0 
= a§aJ,(Bx)J'(ar) — BJ, (ar)J!(Bx)}. (8 
If we use 246, 6), we get from 8) 


(62 — a2) i "F(a I (Bx) ax 
0 
= 25 BS,(ar)J,.)( Bx) — aI,(Pr)T 141 0x) §. (9 
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Let us differentiate 8) with respect to 8 and then set B=«. 
We get 


“ed 2(axv)dx 
ae asaxd'?(av) —S,(ar) I) (ar) — and, (ox Ty (aa) }. (10 
Expressing J!’ (ax) by means of 1) this gives 
[oRonde =F Son | 72 cx) + G — <4) aur) (11 
J0 


Using 246, 6, this cee 
ip ad 2(an)dae = = (Jeu) + J2.,(ar)} — — ao, CGE Iai ( 0 eee 
0 


Similarly if we differentiate 9) with respect to 8 and then set 
B=«a we get 


2a [ “rJi(aryie = 0F,Cue) Tone) 
: + ax? }J,(axr)J) (ar) —SiCar)J, (ac). (18 


248. The Roots of J,,(x), m Real. 1. In many of the applications 
it is important to know that J,,(@) has an infinite number of real 
roots. Let us consider the general question of the nature of the 
roots of J,(x). 

The roots of J,,(@) = are all real when mis real. For suppose 
J,,= 90 forz=a+ib,b+0. Then the series 


Roy psec Gi 

@) c >, Wan)Uon+n) \2 C 
would give A+ iB a0 

whence A= 2 peo 


This shows that then the conjugate number 2’ = a — 2% must be 
a root. Let us therefore suppose that 


e=adtwb , B=a—2 
are two roots of J,,. Then 
— B*=4iab. 
J,(0t) =P+1Q , J,,(Br)=P—70. 
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These in 247,9 give 
1 
a tak if x(P2+ Q2)dx =0 (2 
e/ 


ee ee ds) = 0. 


But the integrand in 2) is positive. Hence the left side cannot 
vanish unless a or 6= 0. 
Suppose a = 0, so that « = 76, b> 0 is purely imaginary. Then 


1) becomes 1 b\2 
A . ib m2 ff n 
m(2 ) a > (nm) Gm + n) (5) 


n=() 


Bed et 
= = Jm 
Here 7,, is a series all of whose terms are positive. It cannot 


vanish. As 6>0, J, does not vanish. Thus J,, has only real 
roots. 


2. The development 1) shows that: 
J,(09)=0 , whenm>O. 
It also shows that: 


Ifx=a>0 isa root, so isxr=—aa root. 


3. No two consecutive functions J,,(r), Imii(2) have a root in 
common, aside from x= 0. 


For if « were such a root, 247, 9) gives 


[ Cal Gee Bae = 0. 


e/() 


In this relation let 8 =a; we get 


f 27%) dy= 0. 


0 
This is impossible as the integrand is > 0 for x> 0. 
4, The roots of J,,(x) are all simple, aside from x = 0. 
For consider f(x) = 2" (2). 


This does not vanish for x#0, unless J,, = 0. 
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, DAG : 
But from 246, 8), Feo wre @y 


As J, J,,; have no root’#0 in common, f’(x) does not van- 
ish for any non-zero root of J;,. 
5. J,(x2) has an infinity of roots. 
For we have seen in 247, 2 that 
u=ViId_ (x) 


satisfies 


du 

a2 ae 
where Stee 4m2—1 

a 4 a? 


The index m being fixed, let us take & > 0 so that 


Oo I torre: 


The equation Dy 
g tts 
dx 
admits o) 
v= sine 


as a solution. Then by 247, 2 


. ( av B 
[» - mee Pal ={ (1—g) wdz. 


If we take a=2nr , B=(2n4+1)z, 


we get 


u(B)+u(a)=— if Ea vuede. 3 


Suppose now w is positive in the interval %=(e, 8). Then the 
left side is positive and the right side is negative, since 1—g>0 
in any case, and v is positive except at the end points of %. Thus 
the two sides of 3) have opposite signs, which is a contradiction. 

Similarly, if w is negative in %, we are led to a contradic- 
tion. Thus uw must vanish at least once in %&. Hence in any 
interval (a, 6) of length 7, J,,(@) vanishes at least once, pro- 
vided a>. 
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249. Bessel Functions as Loop Integrals. We have seen that 
Bessel’s equation 


de Ty + (4 —m)y=0 (@ 


admits J,, as a solution. As J,, has the form 

T= U™(Ay + aye), 
let us set 

Y= vu 
inl). We get Pu 7 

du du 
a eat (an n+ 1) + rw =O. (2 
This is a special case of a class of ae 
au 


(a+ 4, oo here ~ + (a, + ect ee Sen Can bau = 0, (3 


whose integral may be expressed in the form 


u =f ew(e)de (4 
L 


Let us suppose n = 2 in 3) and let us change the independent 


variable x by setting 
5 , a! =a) t+ doe. 


If we make this substitution in 3) and then drop the prime from 
v', we get an equation of the form 


mS d 
at (at bao + (e+ dx)u = 0. (5 
Comparing 5) with Bessel’s equation 2), we see that 


Same. ., €=0 . ¢=0 5; a=. (6 


If we divide through by z, the equation 5) becomes 


du Geen aie 
oe +(2 Be 0 e+ G she au = 0. CG 


Here the coefficients have poles of order 1 at x=0. Hence the 
integrals are regular at this point. 
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Let us now consider the point x =o. If we set 


ii 
Z=-, 
zZ 
we get p 9 
uU 2—a b\du c “) 
ee Se =e 8 
oat Zz ‘vg tet a) ( 


As the coefficient of a can have a pole of order at most 1, and 
2 


the coefficient of wu, a pole of order at most 2 when z = o is reg- 
ular, we see this point is an irregular point of 5). 
Bessel’s equation 2) becomes, on setting 6) in 8), 


du 2m—l1ldu 1 
=0. 9 
dz? 2 dz a zt C 


2. Suppose we try to satisfy 5) by a power series of the form 


hele a | (10 
ip = rp 


f 
u=arih 
tae J 


which shall be valid about =o. We shall find it possible to 
determine the coefficients ho, h, --- so that 5) is formally satisfied, 
but we shall find that 10) is divergent. 

To illustrate this let us consider the equation 2) for m=0 which 
is satisfied by J)(x). 


If we set : 
y= eu, 
it becomes 
du du 
12 —+ € +2 ij Hye, +—~%= 0. GEL 


Comparing this with 7), we see that 


a=1 5 b= 21 5 c= 3 C= 0: 
If we put 10) in 11), we find 
= 
d ‘ 
a Es oe aa 
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The ratio of two successive terms in the adjoint of 10) is 


iz ee att (2 =) : 
= = ~ | = 0 
Vhs) Sixl n 


The series 10) diverges therefore for every z. 


3. Returning now to 5), let us try to determine w and Z in 4) 
so that the resulting integral satisfies 5). Putting 4) in 5), we 


get 


if Fiz + (dG =0, (12 
e/L 
where * 
F=(az+e)w— ce w(2? + bz 4+ a), (13 
dz 
G = e* (22+ bz+d)w. (14 


Thus if we determine w so that F = 0 and choose Z so that @ 
takes on the same value at the beginning and end of JZ, the inte- 
gral 4) will be a solution of 5). 


Let us write 13) 
a ( pw) = qu. 
dz 
Then d 
ee we 
git Ne 
Hence 
log pu = 4 dz, 
: wallet 
2 
Let us now decompose % into partial fractions. We have 
p 


qg__ ate _» ._# 
p #@+le+d 2-« 2— 2 


where a, 8 are the roots of p=9, which we will suppose unequal. 
Thus we may take 


w=*(2—a)(2— B)* =(@— 4) (@— BY (15 
p 


This in 14) gives ¢ _ e(2 —a) (2 — 8)“. (16 


_ Thus 
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As a path of integration Z we may take a double loop about 
a, 8 as in 220. 
Hence, remembering that 


i" 


Yep = e*(z— a) 1(2 —B)* dz GL, 


=> 0 [e@-0nG@- aya. 


n=() 


we get from 4) 


4. For Bessel’s equation 5), 6) 
p=e + la0 gives wt 5 P= —% 
g=(2m+1)ez. 

Hence g_3Gm+l) , 3@m+)) 

p z2—-2t z+t 
A= p=m+4. 


which gives 
Thus 4), 17) become 


Uag = oe +1)" 2dz (18 
eal gn A 
= > of ee +1)”"2dz. (ig 
ay nN: J), 
et L = hte, 
where J, & are loops about z= 2, z= — 7. 


When z describes a small circle about z =2, the end value of 
Zn = 22+ 17-3 = 2"(2— 1)™-2(z a j)m-3 
é Rag = ernimZ = eee 7Z,: 


i =} ralale taf (20 
Urge io) 


since the integrand has the same values, while the direction of 
integration is reversed in / and I-14, ete. 


18 


But obviously 
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Thus 20) can be written 


f4ae=a <1 Z,d2 — [ Znde}, (21 
Jl e/k 
Now when » is odd, 
f Fate = [nce 
l dk 


ae eee [ nde 
Jk 


e/l ; 
Bute = , nodd, 
L 


= 20-1) [ Z,de , neven. 
e/l 


To compute the integrals we set 


when n is even, 


Thus 


am 
2= ty. 


Then the loop 7 will go over into a loop 7 about y= 1, and 


2 | Zndlz =(—1)% ip yr — y)r-tdy. 
: Ji 


Now ; eae ian , 
f=f -afo=a4n for ay Jandy 
Zz i) Jl 0 


Thus finally 19) gives 


m2 ‘ aoenement Ch 
=f 2rim>)2 i 6, 1 iF i 99 
Tih Cel toh Pe 2> Dat) Pomtn+ D2 ¢ 


Dm 
=i(1+e™)20 (4) (m+ 9) - —J,(2) (23 
A vd 
by 245, 2). 
Thus zu, aside from a constant factor is nothing but J,,(x). 


250. Other Loop Integrals for x>0. 1. A second path of inte- 
gration Z for which the function 


G = e*(z— a)*(z— B)*, ‘al 


considered in 249,16) takes on the same value at the beginning 
and end is indicated in Fig. 1. We will denote them by A and B; 
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both are parallel to the real axis and cae IE 

ae ati 4 ; eg °)B 
pass about the points «, 8 respectively. 

On A for example the real.and imagi- 
nary parts of | _ ; : ~ A 

poe of ae 
. wa 

are such that |v| << some 7 while u comes nee 
from —oo, moves up to a, and recedes again to —o. 

If we set ! 

z—a=re® , 2—B=se", 
we have G — ETM pr gh pt(xvtrO+pp) | 


Thus 


| Gesrete7 eit == (Cas a= — co, 
and G takes on the same value at the beginning and end of A or B. 


2. Let us now consider the integral 
Ua = fermdem f once —«a)1l(z— 8) dz (2 
A A 


where w is given by 249, 15). Similar results hold for the other 
integral uw, for the loop B. 


Setting 2—-a=y, «o—B=a, 


2) becomes 
t= [oop + andy (3 
o/ 


where %& is the new path. 
As y approaches indefinitely near 0 fora part of Y, call it %,, we 
have 


oes (4 
a| 
Then os 
(ytayq= ol + uy 
a 
—1.4 —1 — 272 
— wel il liad ¥Y K K Y 
: | Sar ae eee 
= = CHU ie 5 
n=0 Y ( 
where Mel i ee 
Ga Chao (6 
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For the other part of Qf, call it Q,, the relation 4) does not hold, 
and we write 5) 


Gey se ay +9" + Li, 7 
This in 8) gives 
AY Am z } 
U.= est > en gave da) aE = | eu Rdy (8 
n=0 /Y e/ W 


=e=(U +) ). 


We set now 
zy=——t a 


(ioe eet 


in the U integral. Then %& goes over into a ~y ———> 


loop @ as in Fig. 2. ial a 


We get now 


UT =(—L)w 3 (—1)e,2— [ ots Mt, (9 
x 


n=) *y 


But, as we have seen in 149, 2), 


| CP tdi = (CO *— 1TOA+n) (10 
x 


where by 144, 8) 
ieee tn 1). (1 
This in 10) gives 
U=(—1)'-Xer* — 1) = (- DT Atn)ee" (12 
= 2 P 
where g=(—1)(er*—1) fe FQ)—4TA+D: + 
+o TO+2)-5- wee he (18 


251. Relation between u,, and u,, us. We have now found three 
integrals of our differential equation 


pe + (a b2) + (e+ dx)u=0, al 
dx? dx 
Mgr Uap = [ #c = @) (2 =)" d2 (2 
JL 
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of 249, 17), and 

U, = [ -G —«a)"(z2— B)*"dz, (3 
JA 


ie, = fee ~ @)\(2 — Bye lde (4 
B 


of 250, 2). 
Since 1) is of the second order, a linear relation exists between 


them. Here the path of integral Z in 2) may be taken 
L=ABA Tb. 


Since (z—«)* is multiplied by the factor e"* after describing 
the loop A, and a similar result holds for B, we have 


Uap = [= [+ PON st erate [ = ce f ° (5 
JL JA B CM ia pol 
Since : 
a 
AA} 
we have 
i ae e2Ttn = 0, 
A e A 
or i a if 
— e7 ota 4 
Lie ed 
Similarly 
ff = — erin [- 
Bo} e/B 


Thus 5) gives 2 
Wap — ad cs ea { xs (a cS ety f 
vA B 


= (1 — e’)u,—A — "ug, (6 
and this is the relation sought. 
252. Asymptotic Solutions. 1. We show now that the solution 


u, admits the asymptotic development 


ny 


ue “a ~ , xrealand =+o. ql 


Referring to 250, 8), 12) we have 


Ue = ok, (2 
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Thus 1) holds if 


lim at V= 0 (3 
rS+0 
where by 250, 8) 2 
i ryy,A—1 P 
= Se’ vy Rdy. (4 
The path of integration % we <—~\ 
take as follows. About y=0 we ee se 
describe a circle c of radius y. Let a: : 
a=(—o#, —y) asin Fig.1. Then Fig. 1. : 


Hence 


hie later G 


e 
and 


r= at fares [pats [= A+ B+ 0. (6 
a c a 
We show that A, B, Call =O asr=4+ om. 


2. We consider first A. From 250, 7) we have 
R= (yt aye — (ey ayy +--+ + ey"). 


Hence 2 ; 
A = me f (y af a) reruy dy mach > eats | myst tdy 
a k=0 a 


=> A, ae D>; cA, 
k=0 
We show now that A,, Aj,-:- A,=0 as v= +o, beginning with A). 
For complex z = re we have 


logz=logr+70+42mmi. 


Thus for large values of y on the path of integration, 
|logy|=log|y| , nearly. 


But from the calculus, Pee 
lim °8 7 = 0. 
Z=+0 wv 


Thus for | y| > some Y, 
Jlogy|<ly| » llog@a+y|<lyl- 
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Hence for some 7 > 0, 


| log y* Ng tae | < | y|. 


Thus pty + aye] < pa y= SOmeya — O> 


Hence sy 
[Ag ls oe f ee ndy=) , as osc. 
—o 


We now show that A,=0. Changing the variable by setting 


ry =—t, 
we have 74.09 
A, — (— | eth tk A1dt 
e/ yt 


a0) oe aS a oho oon 


3. Having shown that A= 0, zt is easy to see that C=0 also. 
For @ differs from A only in two respects. The path of inte- 
gration is reversed and the integrand has another value at y= 
— ry, due to the fact that y has described the circle c. After this 
circuit y*1 is multiplied by the factor e*, while (y+a)*" is 
multiplied by e’. Thus the C integral behaves essentially as 


the A integral, and we see at once that 


lim C= 0. 


w>=+0 


4. We show now that B=0. We have 
Baw [omy Ryly 
(e 


where R&, is the remainder of the series ' 


ax 
Cy +a)e =e) + Cy + Cy + ++ 
beginning with the exponent s +1. 
If we set ay = — t, we get t=ary 
ape (- Lye [eRe ce ay, 
iS 


where € is the circle corresponding to ¢ 
ba 
in Big. 1: Fic. 2. 
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As the singular point of R, is t= az which lies t=o f=avy 
outside of ©, we can replace © by the loop & in ia 
Fig. 3. This loop is made up of a segment 7 and BiG 23: 


two small circles about the points t=0, t=ay. Thus B will be 
the sum of three integrals 


B= B+ B+ B,, (8 
corresponding to these three parts of &. 
Since the integrand in 7) is one-valued about ¢ = xy, the inte- 
gral BL, = 9. 
The integral B,=0 also. For 


+1 s+2 
R, =— Cay “+ C0?" ap Soe 


ie i t 
= 1)s*1—_ Cota — Cata7 1 oh (9 


gst { 


Thus R,= 0 as the radius of the circle about t = 0 converges to 0. 
On the other hand, the reasoning often employed shows that 


ipa mig es ea aff oO Rt. 
l 
To estimate the numerical value of R, we use 112, 3). Here 
a=0, |tl|=p<jry| , r=lazl. 


Thus G@ denoting a sufficiently et constant, 


—e s+1 H 
|R,| < 5] = 
| a Ae = x 
| @ | 
Hence 1 
|Bj=2|e°—-1|-H if olde, (10 


taking the real pontiave value of the integrand. 
Let now z=+o. Then the integral in 10) converges to 
TA), and hence B,= 0. Thus 
lin B=. 
g=+n 
We have now shown that each term of 8) is 0 or =0. Hence 
B=0as asserted. Thus the proof of 1) is finished. 
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253. Asymptotic Development of J,,(x). 1. Let us apply the re- 
sults of the last articles to the equation 249, 2) which results from 
Bessel’s equation 249, 1) on setting 


Y= UU. 
As in 249, 4 
a=t , B=—t , A=p=m4ti , a=a—fB=21. 
The coefficients ¢ are given by 


(ytayh) =e + ey + egy? + s+ 


m+ ® il 
=(y+ 27) =(2ie{14 2) Pees 


704 ae (2) ¥ seas 
Sok eee 2) Qa? 


@ m—1)(2m— B)e ‘Am—2rt+ 1)on- rem 
ik 6 PA coe 2 


Thus 


C= 


Substituting in 250, 13) and 252, 1), we get 


rt u 
ue Pata ~ 259 TDL + erm '((m + 4) D, ‘al 
where 
4m?—1 4m?—9 4m?—(28s—1)? 1 
Hat Gaile ae we 
a s mn 4 4 4 ay 


In a similar manner we have for the integral ws = u_; 


Cea ~ fGen 5) d+ e"™)Tom+ 4) #, (3 
where 


= 1 4m*—1 4m?—9 4m—(2s—1) 1 
aos s! 4 4 + x . 


2. Another integral of Bessel’s equation is 2”u,g as given in 
249, 23). Now in 251 we have expressed ug. in terms of w,, Ug. 
Thus the asymptotic expressions 1), 3) just found enable us to 
express J,,(x) asymptotically. In fact 251, 6) gives here 


Uap = (1 + e’r*™) Cu; — U4). 
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Hence if we take only the first terms in D, F of 2), 4), we have 


1 


J, (2) ~ —————— 
EEG) 


Tv 1 F a 
{ Car m—;)) ae) g ha$ ln )) \ 


or, since '3 = Va by 144, 15), 
cacy Cape ees rere 
In) ~¥|2- cos je—3(m +5)I- @ 


254. An Expansion in a Series of Bessel Functions. Let us show 
that u—u—1 


Ca tas Sud, (2x) Ga 


for any zand forw#0. For 


2 2 
x x 
Dh Raa a aa Qu 222) y? vf 


Now for any 2, and for any w#0, the series in the braces are 
absolutely convergent. Their product may therefore be written 
in the form 


= (a 1 /x\3 1 eh 
—w5— 5 (5) tam = 
_ 
men Re cet a lyo~ae Gus jae 
o/. = 4h at a ee 
— 


=J,(x) + ud, (4) + wWI(@) + 


_ SJ) a J,(2) Sek 
u u 
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255. J,(x) expressed as an Integral. 1. Let us show that 


Jef) = Baie mpl cos ¢x cos @) sin*” ddd el 
(v) = eyCESS (a cos $) 
where n is a positive number. 
For = us 
cosu= > (—1)*— 
> (28)! 
Hence fe 1). 


cos (xcos d) = Se 


Qayl” 


cos (7 cos }) sin?” dh = y a oo 
ia Soe 


Thus 


x** cos f sin” d. 


As this series converges steadily in the interval (0, 7) for any 
value of x, we may integrate termwise, getting 


iL cos (x cos d)sin’” ddd = ae Gs 


| “y? I; “cos®  sin™ ddd 
0 


(2 2 


~ api2stl 2n+1 
Sia: _ eS , am ) , py 141, 7) 


= SS ES. 
; (Qs)! D¢s+n+1) : = 


) SSO atone. Coe = 
Geel S28 8) byl 


9 
nd 


Thus the last series above 


ey pare eal CDs ae ae 
val ieee =p (28)! a CES 


Thus 


AY, ees 6 i cos (x cos ) sin’*"*ddd 


= (— 1)sa?s*” 
= . Sain 
ee !Il(m+s8) 2 
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2. Another integral expression is 


sae ii Wacstmd — asin ddd, 
Te/0 


where m is a positive integer. 
For from 254, 1) setting wu = e*, 


ezising __ ¥ pmid J (x) 
m 
= Jo(2) + 23 cos 2 mp Jin(2) 
+ 27S sin (2m — 1) dJm,_\(2). 
1 
Since end — cos(x sin d) +7 sin (wsin ¢), 


we have cos (xsin$)=J,(av) + 2 > cos 2 Mh Tim(X), 
1 


sin (asin @) =2 = sin (2 m —1)6dJom_)(@). 
1 


Let us multiply 3) by cos 2 m¢ and integrate, then 


[cos 2m¢ cos (@ sinh) = Td, (2), 


e/(0 


since all the other terms = 0, by virtue of the relation 
[eos mxzcosnadxr=0 , m#n 
0 
If we multiply 3) by cos(2m + 1)¢ and integrate, we get 
[cs (2m-+1)¢ cos (asin )dd = 0. 
0 


Similarly we get 
[sin (x sin d) sin 2mddd = 0, 


0 


[sing sin fy ain (2m + 19d) = 1Jim (2). 
0 


Adding 5) and 7), or 6) and 8), we get 2). 
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(3 


(4 


(5 


(6 


(7 


(8 
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256. Bessel’s Solution of Kepler's Equation. This equation is 
(9) 
“=u —esinun, cl 


where 7'’is the period of the planet, e the excentricity of its orbit, 
wu the eccentric anomaly, and ¢ the time. 

As w is a periodic function of ¢ or of 7, it can thus be de- 
veloped in Fourier’s series, 


i=), d SID IT, @ 
n=1 
where ia eras Awe ; 

On = — usin ntdt, or by partial integration 
Te/0 
9 me, il n+1 1 7 

= {{ ) 7 + cos ntdu | . 

1 n NJ 0 


This in 2) gives 


ao 


= i re 7 
sinnt , 2 yssin 7 . 
u=2 Ss) (S12 152 > i cos n(u—e sin u)du. 
1 n 


Tia nN 0 


But the first series on the right=7, while the integral in the 
second series is 7J,(me). Thus 3) gives 
U=T+ 2 SiGe 
2 


n— 


which is Bessel’s solution. 


257. Development of f(x) in Terms of J,. It can be shown that 
if f(v) is continuous and oscillates but a finite number of times 
in Y&=(0, a) then f(x) admits a development of the form 


S(2) = ¢J,(a,0) + CaF (Cyt) + +++ ad 
a << Xs <a eee (2 


are the positive roots of J,(az). 
To determine the coefticients e we make use of the relations 


where 


i “hd, EVE Coe a (3 
0 
ff “aP(ax) de == J? 41 a,a) (4 
0 ~ 


obtained from 247, 9) and 12). 
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Let us therefore multiply 1) by aJ,(a,x). Granting that the 
resulting series. can be integrated termwise, we have 


[POI )de = Cy [eFC it) ae ( 
e/( 0 


since all the terms on the right = 0 except the one written down, 
by 3). 
Thus 4), 5) give 


9 a 
om = = ny 4 J, m™m hdc) 
e Leyes a (2) I, (hv) az (6 


Hence 1) gives 


2 Ji(u,2) if 
— nm m . i 1 ‘ 
J@) BOLT (asa). 0 Ba) I oon) de o 


258. Development of f(7, >) in Terms of the J,. Let f(7,¢) bea 
one-valued continuous function in a circle Y about the origin, of 
radius a. Then, f admitting the period 2 7, we have, for a given 
r, by Fourier’s theorem, 


F(r, 6) = 4 + a cosh + a,cos2G+ + 


th 
+ 6, sing@+b,sin2¢ + + ( 
where 1 - 
a=5-[ SO $id. (2 
27/0 
An an) [Fe p) cos npdd, (3 
aT. 0 
pee ip ” £(r, 6) sin node. (4 
7/0 
But these coefficients-a, 6 are functions of r and may be developed 
by 257. 
Let therefore «,,, k=1, 2, 3 --- be the positive roots of 
J,(ar) = 0. © 
Then by O5T, Ay — Aj Jo(@ 1") + A (or) a eee (6 
a, = Any, (Gn? ) + AjngJ,( On?) aie iets wl 


= BayJn( On”) + Brodin (On) de ae (8 
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where 


il Qn l 
SSS ——— a 5 sh d : 9 
Au mol. of tr i (Hor ar ( 


A,,.= ee ee [cos mpdd [ore DT m( Omer ar, (10 
Aad 2 1 (mpd) e/() e/0 


Bur= 2 fsa mpdd ip (0s Pig Cat VOT. a Ee 
A ard 2.) (med) 0 e/ I 


259. Solution of Au=O for the Cylinder. 1. Let us apply the 
method outlined in 235 to find a solution w of Laplace’s equation 
which takes on assigned values on the surface of a given 
cylinder C. 

Here the triply orthogonal surfaces are a family of cylinders, 
meridian planes, and planes perpendicular to the axis of OQ, which 
we will take to be the z-axis. Our new coordinates are therefore 


r, , 2, where 
Z=Teosghd ; y=rsing. 


Transforming to the new codrdinates, we find that Laplace’s equa- 
tion Au =0 becomes 


2 2 
Ou 1 du Loy , Hy ah fal 
a ror rod? az 


According to the general scheme, we now set 


u= RZ, (2 


where # is a function of r alone, ® of go, and Z of z. If we set 
2) in 1), we find it gives rise to three equations: 


GR dh fe ee 
See gear —%)B=0, @ 
Gd 
dg? oe np = 0, (4 
es, aZ = 0). ( 
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The general solution of 4) is 
® = Acos nd + B sin nd. (6 


As ® must admit the period 27, we take n a positive integer. 
The general solution of 5) is 


Z = Ccosh ez + D sinh az. (7 


The equation 5) is a form of Bessel’s equation. To reduce it to 
the standard form we have only to set 


ee oe 
— 7 (8 
Thus a special solution of 3) is 
(eA Cae (9 


2. Problem 1. It is now time to specify the boundary conditions 
on the cylinder C, which we will suppose is of length J and 
radius a. 

Let us suppose that on the lower base and on the convex sur- 
face of C, w has the value uw, a constant. On the upper base 


z=l let 
u=f(r). (10 


The boundary values being symmetrical with respect to the z-axis, 
® is independent of ¢ and is hence a constant. Thus we take 
n=0. A special solution of 1) is therefore 


u= RZ = Asinh (az)J(ar). 
With special solutions of this form we now construct the series 


r —\ pinh(a,2) 
ii (2, 1 We paid sane Jy Cent), Cit 


n=1 


where 0> @, >a, > ++ are roots of J,(ar). 
Since each term of 11) is a solution of Au = 0, ¢ is a solution. 
Let us see if y satisfies the boundary conditions. 
For : 
Faw ay = Uy since sinh(a@,z) = 0. 


For r=a , p=U since J)(a,a) = 9. 
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Let us now look at the boundary condition 10). If it is satisfied, 
we must have, setting z = / in 11), 
Uy + Deg (aar=L (Ps (12 
n=l 


or setting 


IM =F (1) — UW 


we must have I(*n= Se qeTy (in) « 
n=1 


Using 257, 7), we see 12) is satisfied if we take 
D a 


Thus the ¢, being taken in this way, the solution of our boundary 
value problem is 11). 


3. Problem 2. Let us keep the boundary values as in 2 except 
for 
eee th Ta) (14 


In this case uw is no longer symmetrical with respect to the axis of 
C and hence w now depends on ¢. A special solution of 1) is 


therefore 
(A, cos nd + B, sin nd) sinh (az)J,(ar). 


With special solutions of this form we now construct the series 
u=wW(z, $, 7) 
=Uy+ » > (An cos np + ie sin nd) sinh (@,42) I, (Ong) als 


n=0 k=1 sinh (a,,,) 


where «,,, & = 1, 2, 3... are the roots of J,(ar)= 0. 

Since each term of 15) is a solution of Au = 0, we see wu is a 
solution. Let us see if 15) satisfies the boundary conditions. If 
we set 2 = 0 in 15), we see that 


uU=U , since sinh (a,,2)= 0. 


If we set r = a in 15), we get 


U=U , since J,(a,,a)= 0. 
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Thus two of the boundary conditions are satisfied. If the condition 
14) is satisfied, we must have 


IC, ?) a = An COs nb + Bix sin np Tn Ong)s (16 


where we have set 

I =FO@ &)— Uy: ayy 
Referring to 258, we see the condition 16) is satisfied if we choose 
the coefficients A,,, B,, as in 258, 9), 10), 11), where, however, we 
should replace f(r, ¢) by g(r, #) in 17). 


Lamé Functions 


260. Confocal Quadrics. 1. We wish now to consider very 
briefly a class of functions introduced by Lamé which play the 
same role for the ellipsoid as Laplace’s functions for the sphere. 

Suppose we wish to find a solution of Laplace’s equation 


02 | du , 02m 


A A te 1 

da2 dy? age” ; ( 

which takes on assigned values on the surface of an ellipsoid & 
whose equation is Ha Ne 

eee 1 a<b<e. (2 


According to the general scheme outlined in 235, our first step is 
to replace the z, y, z codrdinates by a set of codrdinates defined 
by a family of triply orthogonal surfaces, one of which is the given 
ellipsoid €. This family is the family of confocal quadrics defined 


by 
Se (3 


the parameter A ranging from —x# to +2. We note that for 
X= 0, 3) reduces to 2). We observe that F is 


an ellipsoid for A <a, 

a hyperboloid of one sheet fora<r~< b, 

a hyperboloid of two sheets for b<r<e. 
Let us give to A values A,, Ag, Az lying respectively in these three 
intervals. The corresponding surfaces 3) will cut in 8 points 
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symmetric with respect to the origin, one in each of the 8 octants. 
Thus, if we state in which octant the point les, the three numbers 
Ay» Ag, Ag determine the position of the point in that octant uniquely. 
Let us now show that through a given point P =a, y, 2 there 
passes one and only one of each of these three kinds of surfaces. 
To this end we have only to show that the cubic equation in X 
2 


FQ)=- e+ f a (4 


has a root in each of the above intervals. 
Let € be a small positive number. ‘Then 


Fa-o="+ US ee ea 
bese Cable 


we : 
since the first term ~ = +0 ase+0. Let X%=2,, a large negative 


€ 
number. Then #(A))<0 since F(A)=—1 as X¥=—oo. Thus 
F(A), having opposite signs at A) and a —e and being continuous 
in the interval (Aj), a@—e), must vanish somewhere in this in- 
terval. Similarly we see that #=0 for some point within the 
interval (a, 6) and within (6, ¢). As #(A)=0 is a cubic, it has 
no other roots. 

These considerations show that we may take A,, X,, Ag as Cco- 
ordinates of a point. They are called ellipsoidal coérdinates. 
When we do not wish to use subscripts, we may denote these 
coordinates by any three letters as A, p, v 


2. Let us show that the three surfaces A, pw, v meeting at a 
point x, y, 2 cut orthogonally. 
Since the A and mw surfaces pass through the point xyz, we have 


ae y g2 a i 2 
=1==0 1s Zs = 0-3G 
eb a ee i Fe are Be = 


The direction cosines of the normals to these surfaces at vyz are 


‘tional t 
propor tiona 0 y 


aN ee ON C=) 


and to 
a y zZ 


a— ph s b—p ay iy: 
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These angles are at right angles if 


3 


2 4 y? en 2 a 
(a—dA)(a—pn) (6-A)(—B) (C—A(C—B) | 


This is indeed so, for if we subtract the two equations 5) and 
discard the factor X— mw we get 6). Thus any two of the three 


quadrics 2, w, v meeting at the point 2, y, z cut at right angles. 


0 6 


3. Let us now express 2, y, z in terms of A, u,v. To this end 
let us establish an identity in w which will also be useful later, viz. : 


ime y? zg (u— A)Cu— B)(U— V) 
= —l= 5 . 
eee (a—u)(6—u)(e—u) a 


To prove 7) let us consider 


a y? 2 . 
G(u)= + —— + -1} @-wb-w(e-w), (8 
a—u b—-u e—u 
which is a polynomial of third degree in uw. The coefficient of 
wisl. Since the A surface goes through the point xyz, the 
first factor of G vanishes forw=2. Hence u =X is a root of . 
Similarly wu = uw, w=vare roots. Thus 


Gu) =(u —A)(u — #) (Cu — v). 
Putting this in 8), we get 7). 
Having established 7), let us multiply it by a — wu and then set 


=@ We get 
eS EE gy (D(a p)(a= 9), 


(b—a)(e— a) 
Similarly, g_ (b—A)(b—4)(b—Y) 
y Cait) (9 
(AC —H)C=»v), 
(a — c)(b —e) 


These determine 8 points + z, + y, + 2, one in each octant. 


4. For later use, let us find an element of arc, or the value of 
ds? = dx? + dy* + dz (10 


in terms of ellipsoidal codrdinates. 
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Taking the logarithmic derivatives of 9), we get 


dz dn f Ob OY 


a ’ 


dy __ adr dy 4 dv 
y A—b p—b y—b 


dz _ dn ie dp ae dv 
2 A—C p—C YV—Ee 


Putting these in 10), we get 
ds? = Add? + Bdp? + Cdv?, C1 


ye yf g2 | 


where a 1n¢ : 
emmeh Glee —)? 


and similar expressions for B, C. The other terms which result 
from this substitution vanish by virtue of the relations of the type 
6), which express the orthogonality of the A, u, v surfaces. 

To eliminate the z, y, z in the coefficients or 11), let us differ- 
entiate the identity 7) with respect to wand then set u= A, p, v. 
This shows that 

OS Ca) 
4(a—2r)(b— r»)(e— Ad)’ 


GSD) 12 
(a— #)(6— w)(e— p)’ ( 


ae 
4 


a! (v — X)(v— p) 
4(a —v)(b—v)(ce — pv) 


261. Elliptic Coordinates. 1. The equations 9) show that z, Che 
are not determined as one-valued functions of the codrdinates 
A, H, ¥, Or using subscripts 4, Ay, As We may remove this 
ambiguity by introducing three other quantities wu, v, w or using 
the subscripts uw, uy, uz defined by 


[ea Na 9 = iL 2, 
as follows. ie e : ad 
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The ellipsoid € on which the boundary values are given is, by 
260, 2), 


; ieee A 
eye 70. 
‘ a@ 6 ec 
et us set 
a@=A,—e, , b=rN—-e& , C=Xy— Cp, (2 


and determine Ao» Cy a> @g SO that ° 


Qt+ete=—0 ; ey < es < &. (3 
Then the equation of € is 


se: ee 8 eae, 4 


and the equation of our confocal quadrics is 
2 2 2 
ee a) 5 
We see that 5) is 
an ellipsoid when A > e,, 
a hyperboloid of one sheet when e, < AX < e, 
a hyperboloid of two sheets when eg < A < é. 


Let us now set 
4 p?— gop — gg = 4(p— ey) (p — &2) (P — 3) (6 
and suppose the p function introduced in 1) to be constructed on 
the invariants g,, g,, in 6). The periods 2.,, 2, of this p func- 
tion are given by 
dp * dp (T 


@, = 


ao, = == ; — = ? 
: fl V4 p> — gop — 9G -« V—(4p?— gop — 9s) 


as we saw in 173, 9), 14). Putting 1) in 260, 9), we get 


_. [Cpu — ea) (ply — a) (Pl — Ca) | 8 
a =v (¢, — pg) (ea — &y) ‘ 


where a, 8, y is a permutation of 1, 2, 3. 
Now from 172, 16), 17), we have 


__ Fas , (9 
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These in 8) give 
TW,00 CBU T Un TU 
Ne ee atts ES ee NE hija he (10 


FOF ,0, TUjTUZTUs 


The quantities u,, U., Us are called elliptic codrdinates. Having 
once chosen the + sign in 10) they determine z, y, 2 as one- 
valued functions of w,, UW, uz. Let us agree to take the + sign in 
10). From 172 we have 


a,(—WU) s G.(%) Ta Ube 2@,) = o,(u), o,(u+2 3) ee o,(uU) 
o(—%) a(u)’ o(ut2@,) o(u)’ o(ut2e,) o(u) 
(11 


These relations show that the 2’s are periodic functions of the w’s 
admitting 4o,, dw, as periods. They also show that if we restrict 

u, to range in the interval (0, o,)=U, 

u%, to range in (@,—@,, @,+0,)=U, 

Us to range in (@,—2@,, o,+20,)=U, 
the point 2, %, % passes over every point in space once and only 
once. Such restricted w’s we shall call normal elliptic coérdinates. 

Let u? be the value of u, lying in U, such that 
pul = rj. 

Then the point 2, 7, 2, describes the given ellipsoid © once and 


only once when w,, ug range in the normal intervals U,, Us. 


2. The expression for 
ds* = dx? + dy? + dz* 


is extremely simple in elliptical codrdinates. We saw in 260, 4 
that 

ds* = A,drdt + A,dr3 + mee (12 

Ls 40, aratee ayo =e. 


and similar expressions for A,, A3. Making use of 1) and re- 


membering that ] 
du = : ee 


V 4( p —_ C1) (Pp — &)C p— es) 
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we see that 
ds? = ( pu, — pug) ( pu, — pug) du? + ( PUg — Pz) ( PUg — puy du 
+ (pus — puy)( pug — pug du. (14 
262. Transformation of Laplace’s Equation. 1. The next step in 
the solution of Laplace’s equation 
my roeV - 702} 


ag = dy dz? 


as outlined in 235 is to transform the equation to the new codrdi- 
nates. ‘This is a lengthy process even in the polar codrdinates ; 
for the new coordinates Ay Ag: Ag, OF Uy, Uy, Uy it is far longer. In 
order to avoid this we will make use of a theorem due to Jacobi: * 


Let Xuv be any system of triply orthogonal codrdinates in terms 
of which an element of are is given by 


ds? = Add? + Bdp? + Cdr. (2 
Then Laplace’s equation 1) becomes in the new codrdinates 
8 a) a 0 a) 
Aao)+2 ors (24 Ai é 
OrA\A OX Ou\ B du dv\ C ov 
aan D=~VABO. 


2. To illustrate this theorem on a simple case, let us transform 
1) to polar codrdinates : 


a=rcosO , y=rsinOcosd , z=rsin@sin¢. 


As ds? = dx? + dy? + d# = dr? + 72d 2 + r? sin? Odd?, 


’ w=O ) v= 4, 
A=1 , Ber’ , GC=r'sin?? , D=r'sin?. 


we have on taking  _ 


Thus 3) becomes 


df ,0V Sy Ge ls es ee, 
au pee aac 00 Eine Oat ; 


which agrees with 236, 4). 


* For a proof of this theorem the reader may consult: C. Jordan, ‘*‘ Cours 
d’ Analyse,’’ vol. 3, p.540; H. Weber, ‘ Differential-Gleichungen,”’’ vol. 1, p. 94, 
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3. Let us now transform 1) to ellipsoidal coordinates dy, Ag, Ag 
By 261, 12), 13), we have, on setting 


=4(r, — ¢,)(Aa— @g)Aa— @) » a=, 2, 3, 


LESH Gy. —Dy oe 
A 


4213 
teal dj ie Me Moe d ( 8) 
dr,\A Or, Oda ON OMY 


Thus Laplace’s equation becomes 
d OV ) d a 
= ae! —, 
CAg—As) M1 xe 15x noon ee Va {95 
) it ) 
4 — Ae) Ga——! Ga—— )= 9. 4 
+Qy D154 ag c 


8. Let us pass to elliptic codrdinates. We have 


i g00e ae een ee 
OA, OA, du, q1 Oy 


etc. 


Thus 4) becomes 
02V nits 
(Puy — pus) oe + (pus — pu) a (pu, — PUy) —> = Ve (Gs 
Uy duz 
whose form is extremely simple. 


263. Lamé’s Equation. Having reduced Laplace’s equations to 
the new codrdinates, the next step in the solution as outlined in 
235 is to set 

=f (Uy) 9 (Uy )h(Ut3)s ad 


where f, g, h are each functions of one of the variables Uy, Uny Ug 
If we put 1) in the transformed Laplace equation 262, 5), we get 


Pug — pu, CF 4 Pity — pry dg 4 Puy = pus Che. (2 
F(u,) dui JU) dus h(u;) du rar r 
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Suppose f, g, h satisfy the equations, 


Lf i 

dat = (ape, + b)F (mq), 

me = (apuy + b)g(uy), Si 
a? 


* = (apis + b)h(usg). 
Putting these in 2), we see that the left side = 0 identically, how- 
ever a, 6 are chosen. 

We are thus led to consider differential equations of the type 

TL — sap(2) + bly =0. C 
As in the case of the sphere, we are not looking for the general 
solution of 4) for arbitrary a and 6; rather we seek to determine 
a and 6 so as to get an infinite number of particular solutions 1) 
with which to construct a series which will satisfy the conditions 
imposed on V on the surface of the given ellipsoid €. 

Let us apply the general method developed in Chapter XIII to 
the equation 4). Its singular points are those of p(x) or the 
points = 0 mod 2 @,, 2 ay. 

Let us consider the point x=0. Writing 4) in the normal 


form, 
ay +0-y' —xfap(a)+ bly = 0, 
we have 

g(@)=1 , g@)=9 , gle) =— az*p(2) — 62. 


sae @O=1 , g(0)=9 , 900) =—4. 


The indicial equation for z = 0 is therefore 
rP—r—a=%. (5 
This shows that if we take 


a=n(n+1) , n an integer 


5) will have —n,andn+1 
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as roots. This choice of a gives us especially simple particular 
solutions, infinite in number. Putting this value in 4) it becomes 
d*y 
dx? 
These equations are called Lamé equations, in honor of Lamé, who 
first studied them. 


—in(n+1)p(a) + bty = 0. (6 


264. Lamé Functions. 1. In Lamé’s equation, 263, 6), 6 is still 
undetermined. Let us see if we cannot choose it so as to get 
particularly simple solutions of the form 


y=L(p), 
_ Te. a(@) 
y=L(p) Bes 
o(£) , Fal@) i 
y=L(p): ee ( 


271) , T(x) o3(@) 
o(@) o(#) a(#)’ 


y=I(p)-p@) , p@w=-2 


where L is a polynomial in p= p(x). Since the sigma quotients 
admit 4 ,, 4, as periods, as noted in 261, 1, the expression 1) 
will admit these as periods also. 

We set then 


where M is the product of y= 0, 1, 2 or 8 factors 
o,(v) o,(@) G2(2) GB 
ACIP ne a(x) 
ing D = anp"(2) + dn p"M(@) + + + dy. (4 
If then we set 2) in Lamé’s equation 
ao 1 ay 5 
ee Goan pe) + bly = (5 


the result should be an identity in 2 The coefficients of the 
different powers of this result developed about 2 = 0 will thus all 
be 0. These will then give us a system of equations which if 
consistent will enable us to find the quantities we seek. 
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To set 2) in 5) we need to calculate y'’. Let Wbe the product 


of the factors 3) which do not enter M, we call it the cofactor of 
M. Since (x) ; 

Gas SS 

See ae 5) — 2 

a(x) ae 
we observe that m= M2 


is a polynomial in p. Also let us note that 
MN=—ip'(2). 


We have now y' = LM’ + ML'p'(2). 


But $ f 
Mp! (x) _ 
I — PN, = — d . 
i om Mm NV. 
Hence y = — N(2ML' + LM’) = NE. (6 


Thus the first derivative of ZZ is the product of a polynomial in 
p and the cofactor of M. Hence at once 6) shows that 


y"' = MR, 


where # is a polynomial in p and Mis the cofactor of J. 
Thus setting 2) in 5), its left side becomes 


y''—jn(n4+1)p +b} LM= {R—-n(n+1)p@) + 6L}M= BM, (7 


where § is a polynomial in p. 

As 7) must=0 identically and as M+0 we see $ must=0 
identically. 

Now y has a pole of order 2m+v at v= 0, hence the left side 
of 7) has a pole of order 2m+v+2. Hence § has a pole of order 
2(m+1). Thus § considered as a polynomial in p is of degree 
m+ 1, or . 
B= Omi pt + bmp” + vee + My (8 
As § is to vanish identically, all the «’s = 0, and conversely if 
the «’s = 0, $ = 0 identically. 


2. Suppose then we develop 7) about «=0. Equating the 
first m+ 2 coefficients of the development to 0 will give us a 
system of relations between the a’s and the a’s. These we shall 
see are linear in these letters. If now we set the «’s = 0, we have 
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a set of equations to determine the a’sin 4). Let us now carry 
out this scheme. We have 
a a 
h=—#+—1 +4... 


gm . gem 2 


where aj, al, --» are linear and homogeneous in the a’s. Also 


Hence All 


i 


where a], aj --- are linear and homogeneous in the a’s. Hence 
1 _(2m+v)\(2m+v4+1) A, 
y ae ee) Qn ae 9 Se Bae 
tie yre army 


where A,, A, --- are linear and homogeneous in the Ay, Ay + 


Also | 
n(n) pa) DM Ce ae 


2m+y+2 2m+y 
wv x 


eee 


where the Aj, Aj... are linear and homogeneous in Ay Ay ++ 


Finall 
nally 1EM = bam - bal! 


» » D) 
pom ne —2 
v +v a m+y 


These set in the left side of 7) give 

a Omer) 2m+v)(2m+v+ 1a, —n(nt+ Lan} 
+ a OP) A, — Al — bay + a Om A Al ball} (9 
+ a Omty 1 A, — Al — ball} + ... 


We turn now to the right side of 7). We have 


fo Pee (10 


gmt 2 x" m yi “ 
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ute 
where a, a --- are linear and homogeneous in a @ + Hence 


! 
5,7 eS i a a (1 


gemtity gimty y2m—2+ 


where a, « --- are linear and homogeneous in «, «, + 
We now equate the coefficients of like powers of 2 in 9), 11), 
getting 
Omi = {(2m+vr)\(2m+v4+1)—n(n + lta, (12 


and the system aj! = A, — A} — ban, 
ay = A, — Aj — bal, 
(S 


! 
ae igxe a ae Al,. i aor bain. 


As the e’s are to be all 0, set a, = 0, then 12) gives a relation 
between m, n, and », viz. : 


(2m+v)(2m+v+1)—n(rn+1)=9, 
or (2m+v)?+Qm+v=n(n+1). 
Hence 2m+v=n, or —(n+l1). 


As m and v are not negative, this gives 
2m+v=n. (13 
Consider now the system 8). Since «,', aJ/ --- are linear and 
homogeneous in @, @ +++ @,.;, they all vanish when the a,  -+- 
vanish. Hence §) goes over into the system of m+ 1 equations: 


A, — A\ — ba, = 9, 
RA A fal =, (Ss! 


! " 
ee oan Ana ba,,= 0. 


These equations are linear and homogeneous in the unknowns 
Gy, 4 *** 4m In order that the system 9’) has a solution different 
from a) = 0, a4, =0 ++ it is necessary that its determinant 
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Thus 6 satisfies an equation of degree m+ 1. Let us put a root 
of 14) in 8’). This system of equations allows us now to deter- 


mine the ratios : 
pi Ug dy ores Oy 


Suppose the a’s are determined thus. Then 4) and 8) show 
that 


ie i ' fas, 
Om+19 Ua ’ hs 5 DOD L rei 0. 


From this follows that Ba een aay 
For the development 11) shows that a contains besides «,, at 
most o,,3 that of contains besides «,_, at most ap, O41, etc. 
Thus F 
Oa, Py ( Gms Ort) 


cel => Gorn (2a Ome Oa) (s4 


Hal 
Up 3 (Gm—2» bn» Gms ms) 19 


where the ¢’s are homogeneous functions. Now ae and «@,,., 
being = 0, the first relation in S/’) shows that a, =0, as ¢, is 
homogeneous. Putting this in the second equation of 8’’), we see 
that «,_; =9, and soon. Thus $= 0 identically. 


3. Let us see in how many ways we can satisfy the relations 
12) and S$). There are two cases. 


Case 1. n=2s8. Then 18) gives 
2m+v=28 (15 


and vis even. Hence eae CS 

For v=0, m=s. For each of the m+1=s8s+41 roots of 
A(6)= 0, the system 5’) gives us a set of coetticients for the poly- 
nomial Lin 2). We thus gets+1 polynomials Z which satisfy 
Lameé’s equation 5). 

For v= 2 we get, from 15), m=s—1. Each of the m+1=s 
roots of A(b) gives us a polynomial Z of degree s—1. As here 
v= 2, 

Pa iN NC iF 
. o(@) c(@) ce 
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Thus we can take the factor MW in three ways corresponding to the 


indices ; 
1, 2 4p RS ae 


Each of these determinations gives us a new system of equations 
S) and hence a new equation A(6)=0. Hence v being = 2, there 
are 38s values of 6, each of which leads to a solution 16). 

We thus get in all 


st1l+38s=48s4+1=2n4+1 


solutions of the desired type. 


Case 2. n=2s+1. Reasoning in exactly the same way, we 
see that also in this case there are 27+ 1 solutions. As it can be 
shown that these solutions are distinct we may state the funda- 
mental theorem due to Lamé: 


The constant 6 in 
1D 
d? 
La 


i jn(n+1)p(x)+ bly, 
dx 


may be determined in 2n+1 different ways such that this equation 
admits a solution of the type 


Tip) , Vp—e:L , Vp—eVp—e,:L , 


V (Pp — &1)(P — &)(p — es) + L. C17 
Moreover the b's belonging to different n’s are also different. 


The functions 17) are called Lamé functions or polynomials. 


265. Integral Properties. 1. In order to develop an arbitrary 
function f(@, @) in terms of Laplace’s functions we made use of 
certain integral relations established in 238. We wish to establish 
analogous relations for Lamé’s functions. 

We saw in 264 that fora given n, the constant 6 can be taken in 


2n+1 ways, 
bin ’ Baas ta Oe 2n+19 ad 


so that y!' =in(n + p(w) + bn dy C 


admits a Lamé function, denote it by Z,,(w), as solution. We 
saw in 261, 1, that if uw, has the value u® lying in U, = (, 1) such 


that puy Ae Nes 
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and if w, ranges in U, = (@, — @,, @, + @,) and u3 in Uz = (@,—2 ap, 

@, + 2@,), then the point 2, x, x, corresponding to uf uw, uz describes 

just once the ellipsoid € on which the boundary values are given. 
For brevity let us set ; 


a=o0,—20, , b=a,+20, , e=a,-20, , d=o,+20,. 
Thus the interval (a, 6) is twice as long as U, while the interval 
(c, d) is the same as U;. Obviously if wu, ranges over (a, 6) and 
Us over (¢, d), the point 2, x, 2, corresponding to wu}, uy, ug will 
now describe the ellipsoid € twice. 

We wish now to prove : 


b ad 
j= f Atty J Limp Ug) Lr (tg) Ling (Uy, ) Ling Ug) ( PUg — pus) du,=90, (3 
when 5 eR 


For, let us set 5 
A= [Tino thg) Esl Pe Uy, 


d 
B= i Lin Ug.) Lina Ug) PUighUlg, 


b & 
C= ih Dita is) Lee Ula) lls 
*d 
D= { Ep (Ug) Lng (Ug) dg. 
wee TA Dee (5 


Now 2) gives, u being either w, or ws, 


D2 Ding (U) 

ie = {m(m+ 1)pu+ Brine} Limp), 
A? L.(W) 

Shite = jn(n ++ 1)pu ae beet Det): 


Let us multiply the first equation by Z,, and the second bya 
and subtract. We get on the left side 


du 


1 
Lee. i i yew Be = ae onde a TL oH Fu). 
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On the right side we get 
per Ly Ly.§mon+1)—n(n+1)} + Lp Ling Ome — Ong) = G(u) + Hu). 
Thus we have dF(u) 
du 


Set here w = u, and integrate over (a,b). We get 


= G(u)+ Hu). (6 


li) 
| Fo) | Wimtne sl ne 1A 2 a 3 O. 


As F(u,) admits the period 4o,, the left side =0. Thus 

jm(m + 1)—n(n+1){}A+(,, — b,,)0= 0. (7 
Similarly integrating with respect to ws over (¢, d) gives 

fm(m + 1)— n(n +1)iB+(4,, — 6,,;)D = 0. (8 


Suppose now m#n. We multiply 7) by D and 8) by O, then 
subtract. We get 


Jim(m + 1)—n(n+1)} = 0. 


Hence Tee 


Supposer +s. We multiply 2) by B and 8) by A and sub- 
tract, getting aes SY 
Hence again Pay 


2. We next wish to calculate 
ab d 
K= | dy 2, Uy) L7,( Ug) (Pla — Pz) AUg, © 
which is what J becomes form =n. Let us set 


; ap 
P= | D2, Ug) pug duty 


d 
oe a T2,, (tty) prigil tgs 
¢ (10 


b 
R= [ Fant de 


d 
iS! ={ L?,,.( Uz) dug. 
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Then Keep sero aul 
We begin by observing that 
V=22,()p(u) , W= £2,(u), (12 
admit 2,, 2@, as periods. They are even functions and have 
but a single pole in the parallelogram of periods Q constructed on 
2, 2,. Thus Q is a primitive parallelogram. 
Thus by 168, 
Vw) = vy + rp) + rgpl" (at) + vgp"(W) + (13 
Wa) = Wy + Wy p(u) + wap" (wu) + wap (u) + (14 
Here we have used the fact that V, W, being even functions of 
u, cannot contain derivatives of even order of ¢(~); also that 


gu) =— pu), 8'"(u) = = p(w), ete. 


We have now 


b °b § 
P= i Va)du= of du + af rood 


the other terms dropping out since they admit the period 4 a,. 
Thus 


P =){2 @, + @, — (@, — 2 @,)} — 94{F(2 @, + 2) — S(w, — 2 @)}. 
Now 
Cut2o) =fu)+2y, , Su—20,)=f(u)—2y,. 


Thus 
‘ P=4v0,— 4 rm,. 


Similar! 
J Q = 4 v0, — 4 vn: 
R= 4 ww, — 4 wn. 
S= 4 wow, — 4 wynp- 
Thus 


= 16 (ae, — 249) (@91 — ©1722) 


= 8 12(v,w,—2,%,) , by 171, 8). 
Hence finally aaa : 


b ‘a 
if dts ff TE? Uy) Lis Ug) (pul, — pug ) dus = 8 ri(vyw, —v4w,), (15 


where v%, Wo, 4, W, are given by the developments 13), 14). 
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266. Solution of AV=0 for an Ellipsoid. We are now ina posi- 
tion to obtain a (eas V of aie Ss equation 
Ves 


(pu, — p us)= 
0 uz 


which will take on ee values f(%,, %3) on the surface of a 
given ellipsoid € 2 


qy 


— pUy) 


Ok 


ae _ oR pk ae = 1. 
Ayp—@, Ay— ee x, cn 

For let L,,(%m), m= 1, 2, 3 be Lamé polynomials satisfying 
d*y 
du? 


Then by 263, the product L,,(u,) Ln.(uy) Lng) is a solution of 
1), and hence the series, 


(Uy ,Ug,Ug) = VLVAnsLng(U,) Lns(Ug) Line (Ug), (2 
if convergent, will satisfy 1). 
For the boundary values to be satisfied it is necessary for 2) to 
take on the value f(u,,u;) for u, =u). If we set 


={n(r+1) plimt bash y. 


Ans Ling UY ) = A, (3 
the boundary condition is satisfied if 
F (Ugg) — 2 Ansbins(Ua) PEROT (4 


To determine the unknown coefficients a,,,, or what is the same, 
A,» we multiply 4) by Dp,-(ty) Lmr(Ug) (pug — pus) and integrate. 
Granting that termwise integration is allowed, we get 


1E du if F (Uv) Lr U) ae (pu — pv) dv 
= Aye fa Ap T2,,() 12,(2)(pu— pr) ar, 


since all the other terms = 0 by 265, 3). 
Le T?.,.(b) p(t) = ty + a put agp"(u)yt 
Dine (U) = Bo + Byput Byp"(u) + + 
Then by 5) and 265, 15) 
2 d 
7. a eal. du F (6,0) Liu) Lin (VY) (pu— pv)dv. (6 
Thus the coefficients a,,, in 2) are given by 3) and 6). 
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the unshakable foundations of analysis. Hitherto, in order to gain a knowledge of the 
best that has been done in the subject, it has been necessary to repair to foreign institu- 
tions; now it is no longer necessary to have recourse to foreign tongues, thanks to 
Professor Pierpont’s simple and scholarly presentation. — The Nation. 


144 


GINN AND COMPANY Pustisuers 


BOOKS ON 
HIGHER MATHEMATICS 


BYERLY: ELEMENTARY TREATISE ON FOURIER’S SERIES, AND 
SPHERICAL, CYLINDRICAL, AND ELLIPSOIDAL HARMONICS, 
WITH APPLICATIONS TO PROBLEMS IN MATHEMATICAL 
PE YisiCSi 3:60. 


AN introduction to the treatment of some of the important linear partial dif- 
ferential equations which lie at the foundation of modern theories in physics. 


HEDRICK: GOURSAT’S COURSE IN MATHEMATICAL ANALYSIS, 
VOLUME I. $4.00. 


Tue French edition of this work at once attracted widespread attention on 
account of the clearness of its style and the thoroughness and rigor with which 
the subject matter was presented. 


HEDRICK AND KELLOGG: APPLICATIONS OF THE CALCULUS 
TO MECHANICS. $1.25. 


A COMPLETED summary of those parts of mechanics which occur as applications 
of the calculus, 


PEIRCE,B.O.: ELEMENTS OF THE THEORY OF THE NEWTONIAN 
POTENTIAL FUNCTION (Third, Revised, and Enlarged Edition). $2.50. 
INTENDED for general students who wish to acquire a sound knowledge of the 
properties of the Newtonian Potential Function. Nearly four hundred miscella- 
neous problems have been added in this new edition. 


PEIRCE, J. M.: ELEMENTS OF LOGARITHMS. 50 cents. 


DESIGNED to give the student a complete and accurate knowledge of the 
nature and use of logarithms. 


TAYLOR, J. M.: ELEMENTS OF THE DIFFERENTIAL AND INTE- 
GRAL CALCULUS (Revised Edition, Enlarged and Entirely Rewritten). 
With Examples and Applications. $2.00. 


PRESENTS Clearly, scientifically, and in their true relations the three common 
methods in the calculus, 


MATHEMATICAL TEXTS. Edited by Percey F. Smith, of the Sheffield Scien- 
tific School of Yale University. 

EISENHART: DIFFERENTIAL GEOMETRY OF CURVES AND SURFACES. $4.50. 
GRANVILLE: PLANE TRIGONOMETRY AND TABLES. $1.00. 
GRANVILLE: PLANE AND SPHERICAL TRIGONOMETRY, WITHOUT TABLES. $1.00. 
GRANVILLE: PLANE AND SPHERICAL TRIGONOMETRY, AND TABLES. $1.25. 
GRANVILLE: ELEMENTS OF DIFFERENTIAL AND INTEGRAL CALCULUS. $2.50. 
GranviILLeE: LoGaritumic TABLES. 50 cents. 
Hawkes: ADVANCED ALGEBRA. $1.40. 
SmitH AND GALE: ELEMENTS OF ANALYTIC GEOMETRY. $2.00 
SMITH AND GALE: INTRODUCTION TO ANALYTIC GEOMETRY. 


$1.25 


133 


GINN AND COMPANY Pusttsuers 


TEXTBOOKS IN MATHEMATICS 


FOR COLLEGES AND UNIVERSITIES 


Anderegg and Roe: Trigonometry (Revised Edition) . $0.00 
Bailey and Woods: Plane and Solid Analytic Geometry 2.00 
Byerly: Elements of the Differential Calculus . . . 2.00 
Byerly: Elements of the Integral Calculus (Second Edi- 

tion, Revised and Enlarged). . . . . . . . 2.00 
Byerly: Fourier’s Series. . . po ia ate to memes) 
Comstock: Method of Least Bader Se Pere ee le) 
Durfee: Elements of Plane Trigonometry. . . softs 
Eisenhart: Differential Geometry of Curves and Soars: 4.50 
Bamnce> Descapive Geomevy 6.455 3 4 3.28 
Pme> College Algebra... I.50 


Granville: Plane and Spherical T rigonometry on alles mee as 
(Lssued also in parts) 


Granville and Smith: Differential and Integral Calculus 


CE erie Bion cow cco ial See Oe ys ag 2.80 
Hall: Mensuration . . ae me eee es dO, 
Halsted: Metrical eee auc tamarisk se iy TOO 
Piatdy- Anaivue Geometry) <8. i ey es wn FSO 
Hardy -siements of ine Calculus 2. ai ss THRO 
Hardy- Mements-of Quatemions « «5 . +. « = » 2.66 
Hawkes = Advanced Alebra . 1. 2 2 ts &% 1 & E40 
Hawkes: Higher Algebra. . . 5 oe Rigel) 
Hedrick: Goursat’s Mathematical ale Vol. I Sul AOO 
Hedrick and Kellogg: Applications of the Calculus to 

Meets 2p em Dale ee a ee fe EZ 
Hooper and Wells::Electrical Problems . . . . . 1.25 
Hyde: Directional Calculus. . 2.00 
Ingersoll and Zobel: M eee Theor y oS Heat 

Conduction . . . A ie ee Pe bec TOO 
Lester: Integrals of eam ee hs er eS) 
Manning: Non-Euclidean Geometry. . . . - - + «75 
Osborne: Examples of Differential Equations . . .  .50 

14a 


GINN AND COMPANY PvuBLisHERs 


TEXTBOOKS IN MATHEMATICS 


FOR COLLEGES AND UNIVERSITIES 


Continued 
Peirce, B. O.: Theory of the Newtonian Potential Func- 
tion (Third Revised and Enlarged Edition) . . . $2.50 
Peirce, J. M.: Elements of Logarithms . .. . . «50 
Peirce, J. M.: Mathematical Tables. = = = EAS 
Pierpont: Theory of the Functions of Real V Sees 
Volume Dl” (ee on ae re te er SO 
AVONBIANE WM 5 i ke ee SOO 
Randall: Elements of Decne Gennes 2.00 
Randall: Shades and Shadows, and Perspective . 1.50 
Shepard: Problems in the Strength of Materials . 1.28 


Slocum and -Hancock: Textbook on the Strength of 
Materials (Revised Edition) . s 

Smith and Gale: Elements of Analytic Canes: 

Smith and Gale: Introduction to Analytical Geometry 

Smith and Gale: New Analytic Geometry 

Smith and Granville: Elementary Analysis 

Smith and Longley: Theoretical Mechanics 

Taylor: Elements of the Calculus (Revised and Enlar ae 

Taylor: Plane and Spherical ‘Trigonometry 

Taylor and Puryear: Elements of Plane and Schone 


Poi SS Fb ei ey totes 
on 
Oo 


Trigonometry . . Spe sed ube Oe eee 
Veblen and Young : Proeceve Cooma “eee, Seve AnOO 
Wentworth: Analytic Geometry . 2°22. . ae. to 
Wentworth: College Algebra. . . 1.50 


Wentworth: Trigonometries (Second Revised Ediony 
(For list, see Descriptive Catalogue) 


Wentworth and Smith: Plane and Spherical Trigonometry 


Wilsons Advanced Calculus” <0) "2 5.) Gam soo 
Chapters\ lake). Uses 9h <a ee ee 
Woods and Baiiey: A Course in Mathematics 
Volume Ts Shoe) Aeon. od ae nn ore 
Volume TD... 0s os Pe) ee a eee ee 
114 b 


GINN AND COMPANY Pusptisuers 


. 


WILLS COLLEGE LIBRARY 


BNF Functions of a cog 


Mills Coliege ciprary 
Withdrawn : 


ee. ee ae 


ue 


—. 


Meteieret titty Fain rit 
ne 
TF , i eh 7; 
Ca A a 
Tp yeaa aTaReRa STM ara Higidiehe 
th att une Fai i ail 
iia Teli leR i ielgiie) 
a 
ih i HET at i Hee 
_ oe 
Pana HEEE ia i ie ih i 
a . AYE 

Tit i i a 


aes 


ae — 
i rae 
Seep eeeeeaes 
ma 3 
Sey 
<7 Sa 
ss 
eS tstsee 
pay krtpl 


i 


i itat 

itty i Mutt : 
i i : ; : 
en i | 
: a eg) ih i 


Tien Hah 
ee 


—e 
<< 
ee 
ast 
= = 
aoe ee aoa tee 
a apps tee rt 
5 
> 
be eeeeae. 


Sitetecetata® reteles ere 
ater aeaee 
> = 


ee 


— i — ht 
errs aie. 
SSeseesseseatgsseresetscatteesteee” 
Se asess tse. 
HS 


—-. 


= 
oa. 
= 


| 4 
} 4 ie tit Ht i i 1 
f { He F tu Teledetetat stare igataa i 
Hit i Felelers) at ; itt t ih nti i ; a iH La it ie if 
is HAT Th a i fi itt arising it ait ih eae a 
eae Tn a a cee i ee 
42043 t ihe ' iy Hares hele siglgleng leith SET TET 
ae a ee 
i eR ea aa i : 
ae aa ea 
a He oo 
: t Tan TEE 
 .  . 
if) af pit i fit) Hate fs Highs if j bela Ee RE 
eine MUSE Eee TEE ages ag iS ae siet ren ae ese reteIE ieee 
. | 
sae an CNN oe rtf ait y ie Sana aa uhh 
ee ae ce aE ne 
H ana HT aT pin eM ea HME} 
i i a HE ae 7 Ha ae PRA at 
: ‘ i a I i | i | i nn if ne a a 
tetera ett i : iy nant f it i heepend 2s i Tae in aie i i i ie i 
sata ith tht of t tt tae se : i Hs 
: ae a ae a ao [ata 
nt Ra aR aa ii Prealgtaleetaietdatetp rb Tee pte ge 
nt a nH sti t ie a adh aekHt i uit — i aebeleleant eit ieani yan a i segetate tat 
HP Ree REE a a 4 THNU NREL 
i He i Cab attt ata a ithe nt Hh f f Maeiia 
iglia Talat i ISaeseae a thats at Hitt retreat Rae rat Tetete ii ios ri 
: 4 oe Se a 
aM ra as a erinisieaisate eae Hany Ma Tn 
; i Ra sete Isiah at Tene Hpcheaa it Hately if Te 
SES Pehle nt BT ARMIES E : 
LR 
— a 
Pate reverie t 
i i ae i i i His i ad pat i ne i 
: 1 i ii i 4 : e i na a Tai isn nf 
a a i? ae r i iu t Ht i an at ty 
iif i , nt a . atte 
f ats ul R 
: 


Stats 
Sas eeet anette tees: 


ese 


Sess. 
Oto eh ee eee 
325252 2 = 
SSS = 
oe eae 

PSS 

Sseats 
5 


SES 
Se satssststatetiests 
= Ses 


<b 6 ea 
Fr. 
ary 


vy. 

Teete ys 
oe 
i 


yen 


= 


6s 


atetste 
>. 
> 
= 


—6 he c 
dptpirr ies ret siete ere 
eta 


UE a TTY 
a ebslehrletetatvinia lt ty 
ER 


